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Chapter 1

1.1. A finite element is a small body or unit interconnected to other units to model a larger
structure or system.

1.2. Discretization means dividing the body (system) into an equivalent system of finite elements
with associated nodes and elements.

1.3. The modern development of the finite element method began in 1941 with the work of
Hrennikoff in the field of structural engineering.

1.4. The direct stiffness method was introduced in 1941 by Hrennikoff. However, it was not
commonly known as the direct stiffness method until 1956.

1.5. A matrix is a rectangular array of quantities arranged in rows and columns that is often used
to aid in expressing and solving a system of algebraic equations.

1.6. As computer developed it made possible to solve thousands of equations in a matter of

minutes.
1.7. The following are the general steps of the finite element method.

Step 1
Divide the body into an equivalent system of finite elements with associated
nodes and choose the most appropriate element type.

Step 2
Choose a displacement function within each element.

Step 3
Relate the stresses to the strains through the stress/strain law—generally called
the constitutive law.

Step 4
Derive the element stiffness matrix and equations. Use the direct equilibrium
method, a work or energy method, or a method of weighted residuals to relate the
nodal forces to nodal displacements.

Step 5
Assemble the element equations to obtain the global or total equations and
introduce boundary conditions.

Step 6
Solve for the unknown degrees of freedom (or generalized displacements).

Step 7
Solve for the element strains and stresses.

Step 8

Interpret and analyze the results for use in the design/analysis process.

1.8. The displacement method assumes displacements of the nodes as the unknowns of the
problem. The problem is formulated such that a set of simultaneous equations is solved for
nodal displacements.

1.9. Four common types of elements are: simple line elements, simple two-dimensional elements,
simple three-dimensional elements, and simple axisymmetric elements.

1.10 Three common methods used to derive the element stiffness matrix and equations are
(1) direct equilibrium method
(2) work or energy methods
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(3) methods of weighted residuals

1.11. The term *degrees of freedom’ refers to rotations and displacements that are associated with
each node.

1.12. Five typical areas where the finite element is applied are as follows.
(1) Structural/stress analysis
(2) Heat transfer analysis
(3) Fluid flow analysis
(4) Electric or magnetic potential distribution analysis
(5) Biomechanical engineering
1.13. Five advantages of the finite element method are the ability to
(1) Model irregularly shaped bodies quite easily
(2) Handle general load conditions without difficulty

(3) Model bodies composed of several different materials because element equations are
evaluated individually

(4) Handle unlimited numbers and kinds of boundary conditions
(5) Vary the size of the elements to make it possible to use small elements where necessary
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Chapter 2

2.1
(@)

] = 0 0 0 0
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ks®)] = 8 3
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[K] = [K9] + [@] + [k
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(b) Nodes 1 and 2 are fixed so u; =0 and uz = 0 and [K] becomes

_ [tk kg
(1= L —k; k2+kj
{F} = [K] {d}

Fsy _ k +k, -k, Ug
Fax L~k ky+ks] LUy

0 [k, +k —
N _ Ktk k, Us
P L =k, k, +Kk; ] (U,

{F} = [K]{d} =[K]*{F} = [K]* [K] {d}
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= [KI* {F} = {}
Using the adjoint method to find [K™]
Ci1=ka + ks Cau= (1P (k)
Ci2= (-1)1*?(~k2) = k2 Ce= kitk
det [K] = | [K] | = (ki + k2) (kz + ks) — (—k2) (= ko)
= |[KI|= (ka + ka) (ko + ks) — ko?
[C"]

K= =
(K det K

[K-1] = ke ktkl Lk ktk

(K +Ky) (Ky + k) — Ko%Ky Ko + kg kg + Ky kg

k, +k; k, 1[0
ok Ktk P

Us
U)Kk kg kg Ky K, Ky

= U3z =
K Ky +Kq Ky +K; kg
= U= (ky +kp) P

K Ky +Kq Ky +K; Ky

(c) In order to find the reaction forces we go back to the global matrix F = [K] {d}

Fix kk 0 -k 0 Uy
FZX - 0 k3 0 _k3 UZ
k, P
Fix= —kiuz=—kg 2
kl k2 +k1 k3 +k2 k3
Ki Ky +Kq kg +Ky Ky
(ky +ky) P

Fox=—ksus=—ks

K Ky + K kg +Kk; Ky

—K; (k; +ky) P
ki Ky + K kg +Ky Kg

2.2
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k1= k2= k3=1000 %

W @ @ ©
k —k|@ k —k]@2
1= |l w1l o

By the method of superposition the global stiffness matrix is constructed.

o @ (©)
k -k 0] k -k 0
[Kl= |-k k+k -k|@=[K]=|-k 2k -k
0 -k k [(3) 0 -k k
Node lisfixed=>ui=0anduz =9
{F} = [K]{d}

5 el |
7

REEE
-[% W=

ko _ o
= Up= — = — =

I =05
2k 2 2
= k(05" +k(1")

| /u1 = \

‘ u2 =7
Uz =
F3X —ku, +kd

T
w
X

|

Fax = (— 1000 —) (0.5") + (1ooo )(1")

Fsx = 500 Ibs
Internal forces
Element (1)

f, @] Tk —k][u=0
£,@ L=k k]lu,=05"
> 0 = (1000 ) (057 = £, =-5001b

W = (1000 —) (05" = £, =5001Ib
Element (2)
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f,, 2 { k —k} {uz = 0.5"} f, ) =—500Ib
= =
fay —k - kJlu =1" fa? =500 Ib

’I k 3 k 3 k 4 k 5

(@) [kW] = [k@] = [kO] = [k®] = [_t _k}

2.3

k
By the method of superposition we construct the global [K] and knowing {F} = [K] {d}
we have
Fo=" = ——6—0—0{ur=0-
F, =0 -k 2k -k 0 0]|u,
Fy =0 D 0 -k 2k —k||u,
=2 —6—6—k—k1t=—"H
0 2k -k 0 |fu, 0 = 2ku, —kus (1)
() JPr=|-k 2k —k|juzr=>P = —ku,+2ku;—ku, (2)
0 0 -k 2k|lu,)] 0 = —kug+2ku, @)
_ U . _ U
= U= =2 ==
2 4 2

Substituting in the second equation above
P=—kuy+2kus—kus

— P= _k[ﬁj +2ku3_k(ﬁ)
2 2

= P=Kkus

= Us

Uz = y Ug =

P

k

P P

2k 2k

(c) In order to find the reactions at the fixed nodes 1 and 5 we go back to the global
equation {F} = [K] {d}

P P
Fix=—-kuz= -k— = Fix=-—
1x 2 2k 1x 2

P P
Fsx= —kus= -K— = Fsx= ——
5x 4 2k 5x 2
Check
Zsz 02F1x+F5x+P=O
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2.4

@)

(b)
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[k®] = k@] = [k®] = [k¥] = [_E _ﬂ

]L

5
3

s

By the method of superposition the global [K] is constructed.

Also {F}=[K]{d}andui=0andus=¢
F—=2 —R—k—0—0—0+{tr="5
F,, =0 -k 2k -k 0 Of|u,="?
Fi =0 0 0 -k 2k —k||u="?

n a a) fa) | |
'_5X =7 C AV U K K] 5 — O
0=2k Uz — k Us

0= —kuz+2kus—kus
0=—-Kkus+2kus—k o
From (2)

Uz= 2 Uy
From (3)

o+2u,
2

Substituting in Equation (2)

Ug =

Sk (U2) + 2K (2 U2) — K (5”“2)
2
4

o
:>—UQ+4U2—U2—E:0:>U2:
=u -2é =u -é

3 4 3 2
5+2 ¢ 35
> W= > W= —
2 4

(c) Going back to the global equation
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{F}

F5x

= F5x:

2.5

[k®] =

[k®] =

[k©®] =

Assembling global

[K]=

Simplifying

[K]=

[K] {d}

—k u; = _ké = Fi = _Q
4
kU4+k5‘k(¥) +ko
ko
4

U1 uz U2 Ug
1 -1 2 -2
NG E
3o
U2 Usg U2 Ug
3 —3’ [k ®] = 4 -4
-3 3] -4 4
Us Uz
f 5 e
-5 5]
[K] using direct stiffness method
[1 -1 0 0
-1 1+2+3+4 0 -2-3-4
0 0 5 -5
|0 -2-3-4 -5 2+3+4+5
1 -1 0 O
-1 10 0 -9 |kip
0 0 5 -5/in
0 -9 -5 14

2.6 Now apply + 3 kip at node 2 in spring assemblage of P 2.5.
F2x = 3 klp

[KHd} =
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[K] from P 2.5
1 -1 0 0] (u=0 F

110 0 -9||u 3
= (A)

0 0 5 -5||lu=0[ |FR

0 -9 -5 14|y, 0

where u; =0, uz =0 as nodes 1 and 3 are fixed.
Using Equations (1) and (3) of (A)

I

Solving
u= 0.712 in., ug = 0.458 in.
2.7
1 K 2
S SV V2 VA VA P
C C
iy — = OO —— 4+,
+ nodal force conv.
fix=C, fx=-C
f= —ko=—k(uz—uy)
fix = — k(uz — u1)
fox = — (= k) (U2—u1)
fix | [k —k) [u
foo ] |k k] lu,
k —k) same as for
[K] = .
—k k| tensile element
2.8

k=1000 Ib/in. & =1000 Ib/in.

500 Ib

1 1 1 1
k; = 1000 ; k2 = 1000
-1 1 -1

So
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1 -1 0
[K]=1000 |-1 2 -1

0 -1 1
{F} = [K] {d}
F=? 6+ u—"0
= |[F,=0 |[=1000{41 2 -1|{u,=?
F; =500 0 -1 1]|uz=?
= 0 = 2000 uz — 1000 us 1)
500 = — 1000 uz + 1000 us 2
From (1)
1000
U= — uz=Uu=05u 3
27 2000 0 ¢ : @)

Substituting (3) into (2)
= 500 = —1000 (0.5 us) + 1000 u3
= 500 = 500 us

= us=1in.
= uz=(0.5) (1in)=u2=0.5in.
Element 1-2
f, @ 1 -17(0 in. f, . ® =—500lb
. :1000[ H _ }:» 1*
f, Y -1 1]05 in. f, Y = 5001lb
Element 2—3
f, @ 1 -17(05in) f,,® =-5001Ib
2 :1000{ H _ }: 2
£, @ -1 1][Lin f3,? = 500 Ib
0
Fix=500[1 -1 0] |0.5 in.|=F, =-5001b
1in.

2.9

k=5000 1b/in. k= 5000 Ib/in
1000 1b

k=5000 Ib/in

4000 Ib

o @
] = { 5000 —5000}
~5000 5000

@ O
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kO] = 5000 -5000
| —5000 5000
3) 4)
K9] = 5000 -5000
| —5000 5000
“» @ @ ®
[ 5000 —5000 0 0
K] = —-5000 10000 -5000 0
0 —-5000 10000 -5000
| 0 0 —-5000 5000
rr=2——+—T—$600——5000—0 — =0
F,, =—-1000 _ | —p000 10000 -5000 0 u,
Fyy =0 ~5000 10000 —5000 | |u,
F,, = 4000 L 0 -5000 5000 | (u,
= up= 0in.
uz= 0.6 1in.
us= 1.4in.
us = 2.21in.
Reactions
u,= 0.6
Fix= [5000 —5000 0 0] { 2 = F1,=—3000 Ib
US = 1.4

Element forces
Element (1)

{flx(l)} _ [ 5000 —5000 {o } f,, Y =-30001b

= =
£, @) [-5000 5000 |10.6/ " f, ®— 3000l
Element (2)
fox?| _ [ 5000 ~50007/06] _ f,,?=-4000Ib
£,@] ~ |-5000 5000 ||1.4] " @ _ 000lb
Element (3)

{fgx(”} [ 5000 —5000 {1.4} £, =~ 40001b
B 2.2

=
£, @ [-5000 5000 fi) = 40001b

2.10
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k=500 Ib/in.
M’; 2 8000 b
4
Rigid bar—"" 72
ik =500 Ib/in.
%z
k] = 1000 —1000
| —1000 1000
k2] = 500 -500
| -500 500
K] = 500 -500
| -500 500
{F}= [K]{d}
Fi =2 1000 -1000 0 0 [y =0
F,x, =—8000| _|-1000 2000 -500 -500 ||u,="?
F =2 | 0 -50 500 0 ||u;=0
F, =7 0 -500 0 500 | {u, =0
_-8000 _ .
= U= —— =—4in
2000
Reactions
Fix 1000 -1000 0 0 /(0
F,x| _ |-1000 2000 -500 -500 ||-4
Fax 0 -500 500 0 [0
F, 0 -500 O 500 | (0
F 4000
Fay ~8000
= = b
Fay 2000
= 2000
Element (1)
i, & 1000 —-1000( O 1, 4000
= = =
f.® ~1000 1000 ||-4 fp —4000
2X 2X
Element (2)
fp {500 —500} {—4} fp {—2000}”J
= = =
£, @ -500 500 | O fa, P 2000
Element (3)
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211

212

Element (2)

fo| _ [3000 30007 [0015) _ [f5] _ {—15}N
fs, ) | =3000 3000 | | 0.02 fa 15

O] _ [ 500 -5007[-4) _ [£,® {—2000 Ib
i, @ [-s00 5001 of |, @ 2000

1000 N/m 3 3000 N/m 3

]

Element (1)

& = 20mm
[KO] = 1000 -1000 . kO] = 3000 -3000
| —1000 1000 -3000 3000
{F} = [K]{d}
F,=? [ 1000 -1000 O u =0
F,, =0y = | -1000 4000 -3000||u,="?
=? | O —3000 3000 || u3=0.02m
uz = 0.015m
Fix= (- 1000) (0.015) = Fix=—-15N
fix _ 1000 —1000 0 - f1x _ -15 N
for | —1000 1000 0.015 for 15

L4 10,000 N/m 30.000 N/m 10,000 N/m
450 N 7
1 2 3 4

1 -1
[k®]= [k®]= 10000 {_1 1}

3 -3
[k@] = 10000 {_3 3}
{F} = [KI{d}
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F, =450 N 1 4 -3 U, =?
2x = 10000 2
Fpp =2 —60—+—H—tt;—0

0=—3ut4uzs=uz= % us= U,=1.33 us
450 N = 40000 (1.33 us) — 30000 us

= 450 N = (23200 ﬂ) Us=>U3=1.93x 102m
m

= Up= 1.5(1.94x 102 = up = 257 x 102m
Element (1)
f 1 -1 0 f.®—-_257N
{ “} = 10000 { _2} = "
foy -1 1] [257x10 f, M = 257 N
Element (2)
f 1 -1] [2.57x1072 f,,? = 193N
{ 2*}: 30000 8 =
fax -1 1] [1.93x1072 fy,? = —193N
Element (3)
f 1 -1] -2 f,, ) = 193N
{ 3X}: 10000 {1.93><10 } _ fa
fax -1 1] 0 f, & =—193N
Reactions

0

- Ny
{Fu} = (10000 —)[1-1] {2.5“10_2

} = Fix=—257N

{Fud= (10000 V) [1 1] {1.93><10_2}
m 0

= Fx=-193N
2.13

60 KN/m 60 kKN/m 60 KN/m

7 60 KN/m SKN
2 o NN VV\— 3
'
1 -1
[k(l)] = [k(2)] = [k(3)] = [k(4)] =60 |: 1 1:|

{F} = [K]{d}
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Ry =2
Fpy =0
Fy =5KN ' = 60
Fy =0
oy =2

0=2u, —U; => U, =0.5Uug

}:>U2=U4

= 5kN=-60uz+ 120 (2 uz) —60 u;
= 5=120u; = u;=0.042 m

= us = 0.042 m

= us = 2(0.042) = u3 =0.084 m

Element (1)
el _gof T2 0 f, Y =—2.5kN
foy -1 1] (0.042 f, M = 2.5kN
Element (2)
foc| - go| 1 1] [0.042) _ f, @ =—25kN
fax -1 1] (0.084 fo, @ = 2.5kN
Element (3)
f| L go[ T 1] 0.084} N fo, @ = 2.5 kN
fau -1 1] (0.042 £, =—25kN
Element (4)
{f4x}: 50 [ 1 -1 {0.042 - f P =2.5kN
fox -1 1] (0 fs, @ = —25kN
0
Fix=60[1 —1] {o 042} = Fi=-25kN
0.042
Fsx= 60 [-1 1] o [ = =25 kN

2.14

N 1 -1
[k®] = [k@] = 4000 {_1 J

{F} = [K] {d}
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