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Chapter 2 Solutions

Problem 2.1
Let v=a x b, or in indicial notation,

vi€; = a;€j X b€k = €ijxa; b€}
Using indicial notation, show that,
(a) v-v=a’b?sin’9 ,
(b) axb-a=0,
(c) axb-b=0.

Solution
(a) For the given vector, we have

vV-v = si,-ka,-bk’e\i . qusaqbs/e\-p = €ijk0jbk£pqsaqb551p = eijkajbksiqsaqbs
= (6jq5ks — 6j56kq) a]'bk(lqbs =q ajbkbk — ajbkakbj
=(a-a)(b-b)—(a-b)(a-b) =a’b? - (abcosh)’
= a’b? (1 —cos*0) = a’b*sin* 0

(b) Again, we find

axb-a=v-a= (sijkajbk@i) . aqéq = sijkajbkaqéiq = ei,-kajbkai =0
This is zero by symmetry in i and j.
(c) This is

axb-b=v-b= (eijka]-bk@i) -bq@q = Si)’kajbkbqéiq = ai]-kajbkbi =0

Again, this is zero by symmetry in k and and i.

Problem 2.2
With respect to the triad of base vectors uy, uz, and usz (not necessarily unit vectors), the
triad u' ,u?, and u3 is said to be a reciprocal basis if u; - W = &;; (i,j =1,2,3). Show that
to satisfy these conditions,

1 Uz X us 2 us X uq 3 u; XUz

u=—""" . yY__="" . P
[ur,uz,us] [u1,uz,us] [ur,uz,u3]

and determine the reciprocal basis for the specific base vectors

u = 2, +¢é; ,
u; = 2/6\2 — /6\3 y
us = /e\] + /e\z + /6\3 .



2 Continuum Mechanics for Engineers

Answer

l,l1 = % (3/6\1 — /e\z — 263)

uz = $ (—e1 +2¢; —é3)

ud = 5 (—eq + 2e; +4e3)
Solution
For the bases, we have

1 Uz X us 2 Uz X Uy 3 u; X uz
wmu =u—=1 wuw=uy——=1, uzuw’=uz3—— =1
[ur,uz,u3] [ur,uz,u3] [ur,uz,u3]

since the triple scalar product is insensitive to the order of the operations. Now

U X us

272 )
[ur,uz,u3]

uz.u1 =uy-

since u;-u; xu3 = 0 from Pb 2.1. Similarly, uz-u' = uj-u? =uz-u? =uy-ud =uy-ud =0.

For the given vectors, we have

21
[uj,u,us]=10 2 -1 |=5
1 1

and
/6\1 @2 €3 1
Uu; X uz = 0 2 —1 :3/6\1 7627263, u1 25(3/6\] */6\2*2/6\3)
1 1 1
/e\l /e\Z /e\?) 1
uy xuy =| 1 1 1 =—€; +2¢, —¢€3; u2:g(—@1 +2¢e, —é3)
2 1 0
e, e €3 1
u xu,=| 2 1 0 2—61 +2@2 +4@3; u3 Zg(—é1 +2€2+4@3)
0o 2 -1
Problem 2.3

Let the position vector of an arbitrary point P (x1x2x3) be x = x;€;, and let b = b;€; be
a constant vector. Show that (x —b) - x = 0 is the vector equation of a spherical surface
having its center at x = %b with a radius of %b.

Solution
For
(X — b) X = (xi@i — biéi) 'X]'/e\j = (Xin — bin) 511' = XiXi — biXi =
ZX%—I-X%—I—X%—]D]X] —boxy —b3x3 =0
Now
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This is the equation of a sphere with the desired properties.

Problem 2.4
Using the notations A(ij) = 3(Ay + Aji) and Apj) = (Aqj — Aji) show that

(a) the tensor A having components Aij can always be decomposed into a sum of
its symmetric A (y;) and skew-symmetric A ;) parts, respectively, by the decom-
position,

Ay = Ay + A

(b) the trace of A is expressed in terms of A(y;) by
A=Ay,
(¢) for arbitrary tensors A and B,

AyjByy = Aij)Bij) + Ay Brigy -

Solution
(a) The components can be written as

Ag; + Aji Ay — Aji
(B2 (3) a

(b) The trace of A is

Aii + A
Aqy = (u 2 u) = Ay

(c) For two arbitrary tensors, we have

AuBy = (Apy) + Apg)) (Bras) + Braj)) = Ay Bas) + A Brijy + Ay Brij) + Apj) By
= A(ij)Brij) + Ay Briy

since the product of a symmetric and skew-symmetric tensor is zero

A+ A\ By —Bji\ 1
Aii)Brij) = ( ) ]1) ( -5 ”) = 7 (A4iByy + AjiBy — AyiBji — AjiBji)

1
=7 (A4;Bij + AjiBij — AjiBi; — AyjByy) =0

We have changed the dummy indices on the last two terms.

Problem 2.5
Expand the following expressions involving Kronecker deltas, and simplify where possible.

(a) 813815, (b) 81505kdki, (c) 84305k, (d) dyyAisx

Answer
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Solution
(a) Contracting on i or j, we have

0301 = 855 = 013 =811 + 022+ 833 =1+14+1=3
(b) Contracting on k and then j gives
81505 0ki = 81051 = 811 = 3

(c) Contracting on j yields
04505k = dix

(d) Contracting on i gives
dijAk = Ajk

Note: It may be helpful for beginning students to write out all terms.

Problem 2.6
If a; = ei5kbjck and by = g45k95hx, substitute bj into the expression for a; to show that

ai = gxckhi — hxcxgi,
or in symbolic notation, a = (c- g)h — (c-h)g.

Solution
We begin by changing the dummy indices for b; = ¢jmngmhn and

ai = €ijkbjCk = €ijkEjmnImhnck = — (§ikEjmnImhnck) = — (0imOkn — dindkm) gmhnck

= —gihkck + grhick = grekhi — hkexgi

where we have used the anti-symmetry of €i5x = —¢jix and the ¢ —6 identity. Symbolically
a=(c-glh—(c-hjg

Problem 2.7
By summing on the repeated subscripts determine the simplest form of

(a) ezjajax, (b) e4xdyj, (c) e15xa2Tiy, (d) 151035V .

Answer

Solution
(@) Summing gives

€3jkQjAk = €31k A1 Ak + €32kA20 = €312a7102 + €3210207 = a1a; —a07] = 0
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(b)

€ijk0kj = €451015 + €4j2025 + €45303;

=¢€121012 + €131013 + €112021 + €132023 + €113031 + €123632 =0

(©)

e1jka2 g = er2ka2 o + e13az Ty

=e€123a2T32 + €13202T23 = a2 T32 — axToz = az (T32 — T23)
(d)
€15%k03jVk = €12k032Vk + €13k033Vik = 0+ €132033v2 = —V2

Problem 2.8

Consider the tensor Bix = €4jxVj.
(a) Show that Biy is skew-symmetric.

(b) Let By be skew-symmetric, and consider the vector defined by vi = ei;xBjk
(often called the dual vector of the tensor B). Show that Bmq = %smqivi.

Solution

(a) For a tensor to be skew-symmetric, one has A;; = —A;;. For the given tensor
Bik = €ijkVvj = —€xjivj = —Bii

(b) For the dual vector of the tensor B, we have

EmqiVi = €mqifijkBjk = (Omjdqk — dmk0qj) Bjk = Bmgq — Bqm = [Bmgq — (—Bmg)]
— 2Bomg

since B is skew-symmetric.

Problem 2.9
Use indicial notation to show that

Ami€mjk T Amj€imk T AmkEijm = AmmEijk

where A is any tensor and &yjx is the permutation symbol.

Solution
Multiply both sides by &;x and simplify

AmmEijk€ijk = 6Amm = Amifmjk€ijk + AmjimkEijk T AmkEijmEijk

Am126mi + Aij(Smj + Amk25mk = 6Amm

Problem 2.10
If Ayj = 645Bii + 3Byj, determine By and using that solve for Bij in terms of Ay and its
first invariant, Ai;.

Answer
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Bik = tArk; Bij = 1A — L0i5A
kk = g/ Vkks 1 — 37\ 18 Y1j/Ykk

Solution
Taking the trace of Ay gives

Aii = 8iiBik +3Bii = 3Byi + 3Bii = 6Bk
since i and k are dummy indices. This gives

1
Bk = gAkk

Substituting for By and solving for Bi; gives

1 1
gAi)‘ — 3201 AKK

1
3815 = Aij — *6ijAkk or Bij = 18

6

Problem 2.11
Show that the value of the quadratic form Tijxix; is unchanged if Tj; is replaced by its
symmetric part, %(Tij + Tj1).

Solution

The quadratic form becomes

2 2

since i and j are dummy indices and multiplication commutes.

1 1 1
Tinin = *(Tij + Tji)Xin = f(Tinin + TjiXin) = E(Tﬁxixj + Tinin) = Tijxix;5

Problem 2.12
With the aid of Eq 2.7, show that any skew symmetric tensor W may be written in terms
of an axial vector w; given by

Wi = _Egijkwjk

where wjy are the components of W.

Solution
Multiply by €imn
EimnWi = —liimnﬁijkwjk
7? (6mj6nk - 6mké‘nj)m}jk
) (Wmn - an) =Wnm ,

or,

EmniWi = Wnm

Problem 2.13
Show by direct expansion (or otherwise) that the box product A = eijkaibjck is equal to
the determinant

a az as

b; by b3

C1 C2 C3



Chapter 2 Solutions 7

Thus, by substituting A;; for ai, Az; for b; and Aszx for ck, derive Eq 2.42 in the form
det A = ey5A11425A31 where Ajj are the elements of A.

Solution
Direct expansion gives

A= ei,-kaibjck = E]jkO.]bjCk + Ezjkazb]’Ck + €3jka3bjck
= e12ka1b2CK + €131 b3ck + €21k azbiCk + €23ka2b3Ck + €31a3biCk + €32ca3back
= g123a1b2c3 + €132a1b3c + €213a2b1¢3 + €237a2b3C1 + €312a3b7C2 + €321a3b209
= ajbycz3 —aibszcy —azbics + azbzey + azbicy — azbocy
and

a az as
by bz b3 | =aibycsz +azbszcy +aszbica —ajbszcy —azbicz —azbyer =A
Ci C2 C3

Using the suggested substitutions for a;, b;, ci, we have Az
A= gyrriAgiAze = e At Az Az + e25A12A25 A3k + 3513 A2 A3k

= e AriAn Az + ez A1 Az Az + e21cA12A21 Az + €231 A 12423 A 31
+ezrArz Azt Ask + e32kA13A22 A3k

= e13A11A2A33 + e132A11A23A32 + €213A12A421A33 + €231 412423437
+ez12A13A21A32 + €321 413422437

= A11AxpAszz — AnAxzAszr — A1 A21 Azz + A2 A3 A31 + A1z A1 Azx — A3 A2A37

and

A Az Ass
Azr Az Azs = AnAzxAzz — A AzzAszz + A1 A3 Az — A12A21A33
Azr Azz Aszs

+A13A21A32 — A3 A22A31 = A

Problem 2.14
Starting with Eq 2.42 of the text in the form
det A = ey A1 452Ak3
show that by an arbitrary number of interchanges of columns of Aj; we obtain
eqmn det A = eijxcAigAjmArn

which is Eq 2.43. Further, multiply this equation by the appropriate permutation symbol
to derive the formula
6det A = Eqmnsijk‘Aiqum‘Akn .

Solution
Each row or column change introduces a minus sign. After an arbitrary number of row
and column changes, we have

Egmn det A = eijkAigAjmArn



8 Continuum Mechanics for Engineers

Multiplying by € qmn gives

Eqmnéqmndet A = (dmmbdnn — Omndnm)detA =(3-3 —dnn)detA
= (9 — 3) det A = EqmnsijkAiqumAkn

from the e — b identity.

Problem 2.15
Let the determinant of the tensor Aji; be given by

A Az Ass
detA=| Ay Az Az
Asz1 Aszz Az

Since the interchange of any two rows or any two columns causes a sign change in the value
of the determinant, show that after an arbitrary number of row and column interchanges

Amq Amr Ams
«Anq Anr Ans = Emnp&qrs det A .
Apg  Apr Aps

Now let Ajj = di; in the above determinant which results in det. A = 1 and, upon expansion,
yields

5mnp5qrs - 6mq (5711-5]95 - 6n56pr) - 6mr(énq 6ps - 6n55pq) + 5ms(6nq (Spr - 6n1—5pq) .
Thus, by setting p = q, establish Eq 2.7 in the form
Emnqgéqrs = 61‘r11‘6ns - 6m56nr .
Solution
Letting A;i; = 8;; in the determinant gives

5mq dmr  dms
5nq dnr  Ons
dpg  Opr  dps

= ‘qu (6111"61)5 - 61155191") - 6mr (6nq6ps - ‘Sns‘qu) + 6Tns (6nq6pr - 5nr5pq)
and

Emnp Eqrs = 6mq (5nr6ps - 5n55p‘r) - 61111‘(5nq6ps - 5nsépq) + 61115(6nq5pr - 5nr6pq)

since
d11 S12 413 10 0
021 822 b3 |=|0 1 0 |=1=¢923¢723detA
d31 032 033 0 01

Setting p = q gives

6mp 6mr 6ms
5np dnr 6ns
610‘P 6191” 5193

= 6m‘p (5nr5ps - 5n56pr) - 6mr (5np5ps - 6n56pp) + 6‘ms (5np5pr - 6TLT6DP)
= 6Tv.1"6nls - 6nsémr - 6mr (611.5 - 35ns) + 5ms (6111" - 36111‘)

= 6nréms - énsémr + 26m1'6ns - 26m55nr = émréns - émsénr

= Epmnéprs
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Problem 2.16
Show that the square matrices

1 0 0
5 2
[Byl=]0 -1 0 and [ei-]:[ ]
J { 0 0 1 ] ) -1z

are both square roots of the identity matrix.

Solution
The product of the matrix with itself should be the identity matrix for it to be a square
root. Thus
1T 0 0 1T 0 0 100
0 -1 0 0O -1 0|=]010
0 0 1 0 0 1 0 0 1
and
5 2 5 21 25-24 10—-10| |1 0
-12 -5 —-12 5| | —60+60 —24+4+25 | [0 1

Problem 2.17
Using the square matrices below, demonstrate

(a) that the transpose of the square of a matrix is equal to the square of its transpose
(Eq 2.36 with n = 2),
(b) that (AB)T = BT A" as was proven in Example 2.33

3 01 1 3 1
[Aij] = 0 2 4 N [Bij] = 2 25 .
5 1 2 4 0 3

Solution
(a) For the matrix A, we have

30173 01 14 1 5
MglP=10 2 4]0 2 4]=]20 8 16
512|571 2 25 4 13

and
305][3 05 14 20 25
(457 = 02111021]—[1 8 4]
14 2] 1 42 5 16 13

This shows that (.AZ)T = (AT)Z. Similarly for B, we have

1 31 1 31 1m 9 19
[Bi;]° 2 2 5][2 2 5]:[26 10 27]
4 0 3 4 0 3 16 12 13
and
1 2 4 1 2 4 11 26 16
[93;]2213 2 o][3 2 012{9 10 12]
153 153 19 27 13
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(b) For (AB)T = BT AT, we have

3.0 1 131 7 9 6]
AylByl=]0 2 4|2 2 5|=]2 4 22
512|403 15 17 16 |

and
12 47[3 05 7 20 15
[BL][AG] =13 2 0 021 |=|9 4 17
153 14 2 6 22 16 |

The result is demonstrated.

Problem 2.18
Let A be any orthogonal matrix, i.e., AAT = AA" =1, where I is the identity matrix.
Thus, by using the results in Examples 2.9 and 2.10, show that det A = +1.

Solution
From Example 2.9
det (AA") = detAdet A"
and from Example 2.10,
det A =det A"
Then
det (AA") = detAdet A" = detAdetA = (detA)” =detl =1
and

(det A) = 1

Problem 2.19

A tensor is called isotropic if its components have the same set of values in every Cartesian
coordinate system at a point. Assume that T is an isotropic tensor of rank two with
components ti; relative to axes Ox1xx3. Let axes Oxll x’le3 be obtained with respect to
Ox1x2%3 by a righthand rotation of 120° about the axis along il = (& + € + &) /v/3. Show
by the transformation between these axes that t11 = t22 = t33, as well as other relationships.
Further, let axes Ox/{x/zlxg be obtained with respect to Ox1x2x3 by a right-hand rotation
of 90° about x3. Thus, show by the additional considerations of this transformation that if
T is any isotropic tensor of second order, it can be written as Al where A is a scalar and 1
is the identity tensor.

Solution

For a 120° rotation about the axis i = (&7 + €, + €3) /V/3, the transformation matrix is



