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2. DETAILED MODELING SOLUTIONS: A& LL PROBLEMS

[1] Step 1 Modeling
4 spring (truss) elements; 5 nodes; 1 DOF/node

Step 2 Element equations
Element 1

[K](I) :|: ko - kli| {u}(l) _ {”l

- kl kl }
ko =k |y
we get =
-k k],
Similarly we have

[k, k| F. k., —k ot
For element 2 ? ? {uz} = { 2(2)} For element 3 |: ) 3}{%} = { 3(3)
ko k| |us F; -k, ko ||u, F,

[k, —k,] )
For element 4 4 )t = £
[~k Ky

U
{P}(l) = {Fl } Figure P1

Step 3 Assembly
Global stiffness matrix
i k, -k, 0 0 0 |
-k k+k,+k, -k 0 -k,
[K]=| © —k, k,+k, -k, 0
0 0 —k, ky 0
0 -k, 0 0 k,
Global unknowns vector and load VéCtOI' )
U, E(l) R
u, Fz(l) + FZ(Z) + F2(4) 0
)=, (P=] E R0 L =Lo
u, F:;@) R,
U FY P
Global FEM equation
K —k 0 0 0 |(v] [R
-k k+k,+k, -k 0 -k, ||u, 0
0 -k, ky+k, -k 0 Quyp=<0
0 0 —k, ky 0 ||u, R,
| 0 -k, 0 0 ky |lus P

Step 4 Boundary condition and solution
Wehave u, =u, =0
Therefore, the reduced global FEM equations are:



ki+k,+k, -k, -k, ||lu, 0
—k,  kytk, 0 Ru,r=10
—k, 0 k, ||\us P
The solution is
u, = b+ P ouy= s P ous=| b+ 2+L]P
(kl + kz )(kz + k3) - kz (kl + kz )(kz + ks) - kz (kl + kz )(kz + k3) - kz k4

Step 5 Post processing
Reaction force:

Rk Rath) o k,ky :
(kl + kz)(kz + k}) - kz (kl + kz )(kz + ks) - kz
[2] Step 1 Modeling v —,r%

3 truss elements; 2-nodes / element; 2
DOF/ node 10 ft
For the shown coordinate system:

1000 Ib

1000 1b
1 3
10 ft
2 . .
v e Figure P2
A=
2
E bar o cosa sina cos’o. | sin*o. | cosasino
1 1-3 180° -1 0 1 0 0
2| 14 [ s |y n | yva | 2 | 172
312 [225° | a2 | 12 | e 172

Step 2 Element equations
Here only stiffness matrices and unknowns vectors are provided.

1 0 -1 0 u,

6 0 0 0 O 12
[K](l) _30x10"x2.5 {u}(l) _"
120 -1 0 1 O u,
10 0 0 O v,
05 -05 -05 05 u,

[K](z)=30><106><1,5 -05 05 05 -05 { }(2) v,

— = u
12002 |-05 05 05 -05 i,
|05 -05 -05 05 v,




05 05 -05 -05 u,
[K](3) B 30)( 106 X 15 0.5 0.5 - 05 - 0.5 {u}(3) _ vl
1202 |-05 -05 05 0.5 0,
-05 -05 05 0.5 Vv,
Step 3 Assembly
Here only global stiffness matrix and load vector are provided:
s, L5 15 15 15 15 15 o 15 15 ]
TUov2 2v2 22 22 22 22 T 22 242
L5 15 15 15 15 15
242 242 242 242 242 242
1.5 1.5
—— == 0 0 0 0
22 242
1.5
K|=2.5x10’ —= 0 0 0 0
[ ] x 22
25 0 0 0
0 0 0
15 15
22 242
Sym 1.5
i 242 |
(356 0 —053 —053 -25 0 —0.53 0.53 ] 1000
1.06 —053 -053 0 0 053 -053 1000
053 053 0 0 0 0 R,,
R
—25x10° 053 0 0 0 0 Py Ror
25 0 0 0 R,
0 0 0 R,
053 -0.53 Ry,
| Sym 0.53 | Ry,

Step 4 Boundary condition and solution

We have u, =u; =u, =v, =v, =v, =0, therefore the reduced global FEM equation is

s 1356 0 ||y 1000
2.5%x10° x =
0 1.06]|v 1000
The solution is u, =1.124x 10 inch v, =3.774x10*inch

Step 5 Postprocessing



=2.5x10°

3.56
0
-0.53
-0.53
-25
0
-0.53

| 0.53

0
1.06
-0.53
-0.53
0
0
0.53
-0.53

-0.53
-0.53
0.53
0.53
0

0
0
0

-0.53
-0.53
0.53
0.53
0

0
0
0

-2.5
0
0
0
2.5
0
0
0

1000 —649 —649 —702 0 351 -351}

The forces are shown in the following figure.

Stress in bar 1-3: 0, ; = 55 280.8 psi

V649 + 649

Stress inbar 1-2: o, , =

Stress in bar 1-4: 0,_, =

702

1.5

3517 +(=351)°

1.5

=611.9psi

=-331.1psi

-0.53  0.53 |
053 -0.53
0 0
0 0
0 0
0 0
0.53 -0.53
-0.53 0.53 )
Y

4
h3

1.124x1073
3.774%1073

S O O O O O

[3] Step 1 Modeling

3 truss elements; 2-nodes / element; 2 DOF/ node

L, =10 ft =120+/2 in

Li=L;=101ft=1201n,

Step 2 Element equations
Element 1:(nodes 1-2)

The angle between the element’s local coordinates and the global

coordinates is 6 = 90.

For a 2-D truss element, the global stiffness
by (where k. = the element stiffness matrix , C = cos (0), and S

= sin(0)):

matrix is given

Therefore, the global stiffness matrix and the element
characteristic equations are given by:

10 ft

10 ft R
10,000 1b
Figure P3
c* ¢S -C* -CS
K = cs §* -Ccs -§°
‘|-c* -¢cs ¢ Cs
-CcS -§* s 0§



0 0 0 o i 0 0 0 071
e R R AR I
1 S 0 0 0 O ||u

0 -1 0 1 £l 0 -1 0 1]y,

For element # 2 (nodes 1-3)
The angle between the element’s local coordinates and the global coordinates is 6 = 45.
The global stiffness matrix and the element characteristic equations are given by:

1 1 -1 -1 fi)zc 1 1 -1 =1 u,
2
[Kz]gzk_z -1 1 -1 -1 kf(EZAz} S _k 11 -1~y
. L) 20 20-1 -1 1 1 ||u
-1 -1 1 1 f‘32 _1 _1 1 1 V3
y

For element # 3 (nodes 1-4)
The angle between the element’s local coordinates and the global coordinates is 6 = 0.
The global stiffness matrix and the element characteristic equations are given by:

3
1 0 =1 0 ﬂx 1 O —1 O ul
3
ok |0 0 00 k3:[E3A3j _ I |00 0 0y
-10 1 0 L, ’ 2710 1 0|y,
00 0 0 \
f4y 0 0 0 Oflv,
Step 3 Assembly
The global matrix Assembly [K]¢
[ & k —k —k ]
(f —+ K 72 o o 22 22 —k; O (), 1 Where:
x 1
Sy L2y o 0 —x ke Zk o of|v
2 2 ! ! 2 2 !
Sox 0 o) 0 0 0 0 0 o ||u
S5, 0 —k o0 k 0 o) 0 o||v:
< - = 1 1 < L
S3x — kK, — kK, 0 0) ks ks 0 o ||¥s
fsy 2 _2 2 2 vy
_ kz kz kz kz
S > > 2 2 5 5 9 O
7 ] — ke, 0 O O 0 0 ky O||v, |
o 0 O o 0 0 0O O]
30x10°x2 30x10°x2 5x10°
ki =k,=—"—"= =5x10° Ib/in k,= = Ib/in
1= 120 o 27 12042 2

Step 4 Boundary Conditions and Solution
From the geometry model, the boundary conditions are:
U, =v, =uy=vy=u, =v,=0.0

£, =0.0, and f,, =-10,000 Ib



0.0 %+k3 % 00 _§2 _fz ks 0 u,
—10,000 % k—2+k, 0 —k _;‘2 _;‘2 0 0y
o 0 o 0 o o0 0 o ollo
V2T N ) ~k 0 kK O 0 0 0}]0
S | _fz _;‘2 0 0 % % o of©
ff3y —k e 8
ax 2 2 2 2
Lo —k, O 0 0 0 0 k& ollo
0 o 0 0 0 0 0 0

By eliminating the corresponding rows and columns in the global characteristic equation, one gets:

2

ko kK LI
{ 0.0 }: 5 3 5 {ul} or { 0.0 }:5x105 2\/? 2\/5 {w}
k

—10,000 ko kL —10,000 Lol
2 2 242 242
gives u, =4.142x10" in  and v, =—0.01586 in
Step 5 Post processing
To get the forces at nodes 2,3 and 4
L3 k, Koy o Zh Zk —k, 0
0.0 2k . 2 %{ %{ 4.142x107°
~10,000 72 72+k1 0 —k _22 _22 0 0] -0.01586
Ja 0 0 0 0 0 0 0 0 0
Lo |_| O ~k 0 k O 0 0 0 0
o ks ks o 2 kR 45 X
Jax 2 2 2 2 0
fi —k, 0 0 0 0 0 Kk O 0
0 o 0 0 0 0 0 0]
f2x
ny T
—k —k
£ _ 0 o0 22 22 -k, O {“1}
Sl fo -k, =2 Z o o]
f4x 2 2
f4y




£, =0.0
oy ==k, = —5x10° x(-0.01586) = 7929 Ib

—k, ~5x10° S
=Ty +y,) = 4.142x107 - 0.01586) = 2071 Ib
fas 2 (u,+v) = 2 ( )=

N 5
/i :%(u1 +v) = 531_0 (4.142x107 - 0.01586) =2071 b
for = kst = —5x10°x(4.142x10) = 2071 Ib
f,, =0.0

Stresses at each bar
Since the structure in hand is a truss structure, the stresses are axial stresses (tension or compression)
Stresses at bar #1

F N+ 0479292
4 4 2
Stresses at bar #2

F, Afatfo 2071242071
2

=3964.5 psi, Tension

1 =

=1464.4 psi, Tension

2:

4 4
Stresses at bar #3
F, —-2071
o, =—2= o7l _ —-1035.5 psi, Compression
4 2

[4] The model has 7-2D truss elements, with 2-
DOF/node as shown.

Element 1
Ko 0 =K, Offu) |FL 300 in
0 0 0 Ofw]|_ F,
-K, 0 K, O0llu, F,,
0 0 0 0l F,,
E A
where K L
Ll
100 in
Element 2
0 0 0 0 |(u F? -
0 K, 0 -K|jv|_|FA
0 0 0 0 ||lu, F2
le
0 —-K, 0 K, ||v, F;, 100 in 300 in



E,4,

where K, =
2
Element 3
a=135% cos135°=-0.7071, sin135°=0.7071, cos®*135°=0.5, sin®135°=0.5
[ 05K, -0.5K, -05K, 05K, |(u, F,}
—0.5K; 05K, 0.5K; —0.5K; ||v,| _ Fy, where & = sy
~0.5K, 05K, 05K, -05K,||lu,| |F} ’ X
| 05K, -05K; —05K; 05K, ||v, F,,
Element 4 Element 5
0 0 0 0 |[u F, K, 0 —-K, 0]fu, F;
0 K, 0 —-K,||v,| |F), 0 0 0 0fv| |F,
0 0 0 0 [lu| |F -K, 0 K, Ollu| |F:
0 -K, 0 K, |[v] |F 0 0 0 O] |F
where K, = Eidy where K = Es 4,
4 LS
Element 6
a=45° cos45°=0.7071 sin45° =0.7071 cos’ 45°=0.5 sin” 45°=0.5
05K, 05K, -05K, —0.5K, |(u, I
6
0.5K, 05K, -05K, -0.5K, Vil F, | hore g Fod
~0.5K, —-0.5K, 0.5K, 05K, ||u, F! © L
—-0.5K, -0.5K, 0.5K, 0.5K, |(v,] F
Element 7
6 = atan G) =36.9%; cosf@=08 sin@=0.6 cos’ 0 =0.64 sin® 6 = 0.36
[ 0.64K, 048K, —0.64K, —0.48K, |(u, (F)
0.48K 0.36K, —-048K, 6 -0.36K, ||v F’
° ¢ ¢ ° L= 47y$whereK7:
—0.64K, —-0.48K,6 0.64K, 048K, ||u, F,
| — 048K, -0.36K, 0.48K, 0.36K, ||V, F

Assembly of Global Equation

[K]{U} = {F} where

E. A,

7



s

k0 —k 0 0 0 0
0 k& 0 0 0 0 0
-k 0 k+05K, -05K, 0 0 ~0.5K,
0 0 -05K, k+05K, 0 —k 05K,
0 0 0 0 k+05K, 05K, —k
0 0 0 —k 0.5K, 0 0
0 -k -05K, 0.5k, —k 0  k+05K, +0.64K,
0 -k 05K,  —0.5k, 0 0 —0.5K, +0.48K,
0 0 0 0 ~05K, -05K, —0.64K,
[0 0 0 0 ~05K, -05K, ~0.48K,

k=K1=K2=K4=K5
{U}:{Ul v u, v, U, vy U, vV, U, VS}T

{F}: {Ex F'1y F2x F2y F3x

Boundary Conditions

0
—k
0.5K,
~0.5K,
0
0
—0.5K, +0.48K,
0.5K, +k +0.36K,
~0.48K,
-0.36K,

F3y F4x F4y F5x FSy}T

S O O O

0.5K,
0.5K,
~0.64K,
~0.48K,
0.5K, +0.64K
0.5K, +0.48K

0

0

0

0
~0.5K,
~0.5K,
~0.48K,
~0.36K,

0.5K, +0.48K,
0.5K + 036K, |

U, =V, =V, =0, therefore we can eliminate 1%, 2", 4" rows and columns from the unreduced

global stiffness matrix above, we get:

[k +0.5K, 0 0 ~0.5K, 0.5K, 0 0
0 k+05K, 0.5K, —k ~0.5K, ~0.5K,
0 05K, k+0.5K, 0 ~0.5K, ~0.5K,
~0.5K, —k 0 k+0.5K, +0.64K, —0.5K,+0.36K, —0.64K, —0.48K.,
0.5K, 0 0 ~0.5K,+0.48K, k+05K,+036K,  —048K, ~0.36K,
0 ~05K, —0.5K, —0.64K, —0.48K, 0.5K, +0.64K, 0.5K, +0.48K,
|0 ~05K, 05K, ~0.48K, ~0.36K, 0.5K, +0.48K, 0.5K, +0.36K, |
T
{U} = {Uz u, r, U, vV, Us Vi }
{F}={0 0 0 0 0 0 -20000}"
Using:
E =30e6 pSi, Li=Lo=L4s=Ls=100 in, L:=141.421n
Le¢ =424.264 in, L7 =500 in, Area, A=11in’

We get:
k=K,=K,=K,=K,=300e3 Ib/in,
K=70.7107 €3 Ib/in,

K,=212.132 €3 Ib/in
K, =60 e3 Ib/in

By substituting the K values back into the reduced global matrix and solving for unknowns, we get:



Node # 2 3 4 5

X disp. Ydisp. | Xdisp. Ydisp. | Xdisp. Ydisp. | Xdisp. Y disp

0.00 0.00 -0.667 | -0.2667 0.2 0.2 17.5215 | -20.1176

And substituting these values back into unreduced global matrix, we get reactions at nodes 1 & 2:
Fix=0, F1y =-60000 Ib, Fay = 80000 1b

Hand calculation Checks using Mechanics of Materials:

External support forces

Z:M1 =0: (20000)(400) - F,, (100)=0 gives: F,,=80000 Ibs
sz =0:  F,+80000=20000 gives: Fj, =-60000 lbs
ZFX =0: F_, =0

Internal Members’ Forces

Using the method of joints:

At Joint 1
Y F,=0=F =0, D> F,=0= F, =60000 lbs (tension)
At Joint 2
ZFx =0=F, =0, ZFy =0= F, =80000 lbs (compression)
At Joint 3
1
ZFy =0= F,(—=) = 80000 F; =113137.1 1bs (compression)

V2

Y F, =0=F, =F6(L

V2

) =80000 1bs (compression)

At Joint 4
SF =0=F, (é) 80000=0 F, =1000001bs (tension)

To Check Buckling
*El
Critical Load 1s: Py = ﬁLz
Member L (in) Compression Force (Ib) Pcr (Ib)
4 100 80,000 29,609 1
5 100 80,000 29,609 1
6 424.26 113,137. 16451

Depending on the value of /, the criticality of buckling may be determined from the above table.
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