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Chapter 1

Introduction

Sample Solutions

Solutions

Exercise 1.1

a. Ns5(t) = N3(t-1) OR Ngy(t-1)
N3(t-1) = N1(t-2) AND N»(t-2)
Ny(t-1) = N1(t-2) AND NOT Nj(t-2)

SO
N5(t) = [N1(t-2) AND N»(t-2)] OR [N1(t-2) AND NOT Na(t-2)]
(Note that this reduces to Ns(t) = N1(t-2).)

b. time activations
t=0 N1=1,Np=0.
t=1 N3 =N1(0) AND N2(0)=1AND0=0

N4 =N1(0) AND NOT N2(0) =1 ANDNOTO0=1

t=2 N5=N3(1) ORNyg(1)=0OR 1 =1

Exercise 1.2
x1 XOR x2 = (x1 OR x2) AND NOT (x1 AND x7)
which corresponds to the net

xpy—2

e~
@ S@—

Both this net and the net in Figure 1.17 involve 1 hidden layer of 2 units; this net uses 3 different

basic neuron types, the net in Figure 1.17 uses only 2.



Exercise 1.3

The modified requirements can be expressed as

y2() = {x2(t-3) AND xp(t-2)} AND xp(t-1).
The requirement for y1 remains unchanged:
yi(t) = x1(t-1) OR {x2(t-3) AND NOT x2(t-2)}.

The network is modified by the addition of a hidden unit, W, such that
w() = zp(t-1) AND x5(t-1)
= x2(t-2) AND x(t-1)

so that
yat) = w(t-1) AND x»(t-1).
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Exercise 1.4

If heat is applied, heat will be perceived one time step later and will continue to be
perceived until one time step after the heat is removed.

If cold is applied for one time step and removed, heat will be perceived two time steps later,
but only for one time step.

If cold is applied for two or more steps, cold will be perceived two time steps after the
application. This perception of cold will continue until one time step after the cold is removed.
Heat will then be perceived for one time step (i.e. two time steps after the cold stimulus is

removed).



Exercise 1.5
A simple network to recognize an "upscale" when the sequence DO, RE, MI is input and to
recognize "downscale" when MI, RE, DO is input is shown below.
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The analysis for the upscale portion of the net is as follows; the downscale portion is similar.

The desired response is

UP(1) = MI(t-1) AND [RE(t-2) AND DO(t-3)]
= MI(t-1) AND B1(t-1)

BI(t-1) = RE(t-2) AND Al(t-2)

Al(t-2) = DO(t-3)

Note that this network does not require "clean playing" of the scale segment; for example, further
refinements could require that RE(t-1), DO(t-2), and DO(t-1) be O (in addition to MI(t-1), RE(t-2),
and DO(t-3) being 1) for the upscale neuron to give a positive response.



Chapter 2

Simple Neural Nets for Pattern Classification

Sample Solutions

Solutions

Hebb Net

Exercise 2.1
The weight changes to store each input : target pair are given in the following table.

X1 X2 t Awi Awp Ab
1 1 1 -1 -1 -1 -1
1 -1 1 1 1 -1 1
-1 1 1 1 -1 1 1
-1 -1 1 -1 1 1 -1
The final weights are the sum of the changes. w1 w2 b
0 0 0

Exercise 2.2
The following logic function has no positive responses.

y = FALSE

X1 X2 t Aw; Awy Ab

1 1 1 -1 -1 -1 -1

1 -1 1 -1 -1 1 -1

-1 1 1 -1 1 -1 -1

-1 -1 1 -1 1 1 -1

The final weights are the sum of the changes. w1 w2 b

0 0 -4



The following logic functions have exactly 1 positive response.

y = x1 AND x2
X1 X2 t Awl Awp
1 1 1 1 1 1
1 -1 1 -1 -1 1
-1 1 1 -1 1 -1
-1 -1 1 -1 1 1
The final weights are the sum of the changes. w1 \2)
2 2
y =x1 AND NOT x3
X1 X2 t Awi Awp
1 1 1 -1 -1 -1
1 -1 1 1 1 -1
-1 1 1 -1 1 -1
-1 -1 1 -1 1 1
The final weights are the sum of the changes. w1 w2
2 -2
y = x2 AND NOT x1
X1 X2 t Awl Aw2
1 1 1 -1 -1 -1
1 -1 1 -1 -1 1
-1 1 1 1 -1 1
-1 -1 1 -1 1 1
The final weights are the sum of the changes. w1 w2
-2 2
Y = NOT x1 AND NOT x2 = NOT ( x1 OR x2)
X1 X2 t Awl  Aw)p
1 1 1 -1 -1 -1
1 -1 1 -1 -1 1
-1 1 1 -1 1 -1
-1 -1 1 1 -1 -1
The final weights are the sum of the changes. w1 w2
-2 -2



The following logic functions have exactly 2 positive responses.
y=x1

X1 X2 t Aw1 Away Ab
1 1 1 1 1 1 1
1 -1 1 1 1 -1 1
-1 1 1 -1 1 -1 -1
-1 -1 1 -1 1 1 -1
The final weights are the sum of the changes. w1 w2 b
4 0 0
y=x2
X1 X2 t Awi Awz Ab
1 1 1 1 1 1 1
1 -1 1 -1 -1 1 -1
-1 1 1 1 -1 1 1
-1 -1 1 -1 1 1 -1
The final weights are the sum of the changes. w1 w2 b
0 4 0
Y = NOT (x1 XOR x72 ) This function is not linearly separable.
X1 X2 t Awi Awz Ab
1 1 1 1 1 1 1
1 -1 1 -1 -1 1 -1
-1 1 1 -1 1 -1 -1
-1 -1 1 1 -1 -1 1
The final weights are the sum of the changes. w1 \') b
0 0 0
y = x1 XOR x2 This function is not linearly separable
X1 X2 t Awi Awp Ab
1 1 1 -1 -1 -1 -1
1 -1 1 1 1 -1 1
-1 1 1 1 -1 1 1
-1 -1 1 -1 1 1 -1
The final weights are the sum of the changes. w1 ') b
0 0 0



X1 X2 t
1 1 1 -1
1 -1 1 1
-1 1 1 -1
-1 -1 1 1

The final weights are the sum of the changes.

y = NOT x1
X1 X2 t
1 1 1 -1
1 -1 1 -1
-1 1 1 1
-1 -1 1 1

The final weights are the sum of the changes.

The following logic functions have exactly 3 positive responses.

y = NOT (x7 AND x2) = (NOT x1) OR (NOT x2)

X1 X2 t
1 1 1 -1
1 -1 1 1
-1 1 1 1
-1 -1 1 1

The final weights are the sum of the changes.

y = NOT (x1 AND NOT x3) = (NOT x1) OR x2

X1 X2 t
1 1 1 1
1 -1 1 -1
-1 1 1 1
-1 -1 1 1

The final weights are the sum of the changes.

10



y = NOT (x2 AND NOT x1) = x] OR (NOTx3 )

X1 X2 t Aw1 Awpy Ab
1 1 1 1 1 1 1
1 -1 1 1 1 -1 1
-1 1 1 -1 1 -1 -1
-1 -1 1 1 -1 -1
The final weights are the sum of the changes. w1 \'2) b
2 -2 2
y =x1 ORx2
X1 X2 t Awi Awp Ab
1 1 1 1 1 1 1
1 -1 1 1 | -1 1
-1 1 1 1 -1 1 1
-1 -1 1 -1 1 1 -1
The final weights are the sum of the changes. w1 w2 b
2 2 2

The following logic function has 4 positive responses.

y = TRUE

X1 ) &) t Aw1 Awpz Ab

1 1 1 1 1 1 1

1 -1 1 1 1 -1 1

-1 1 1 1 -1 1 1

-1 -1 1 1 -1 -1 1

The final weights are the sum of the changes. w1 w2 b

0 0 4

Exercise 2.3

The weights are as found in Example 2.8:
22-2-22-2202-2-2290220-=2-222902-22-=2:=2:=22

The first input pattern is:
l1-t-1-11-1t1-11-1-1-11-1-1-11-11-11~-1~-1-11

One example of a vector formed from this pattern with 20 components missing is:
l1-1-1-11.000000O0O0O0O0O0O0O0OO0O0O0OO0OO0OO0OO0OO0OQO0OO0

The response of the net for this input pattern is:

D)+ CDE2) + CDHE2) + CDE2) + (1)(2) =10 -> 1 (the target value for the first pattern).
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One example of a vector formed from this pattern with 10 components wrong is:
t1-1-1-11-11-11-1-1-11-1-11-11-11-11T1F1F:-1
The response of the net for this input pattern is 6 -> 1 (the target value for the first pattern).

The additional pattern for "not X" is
-1-11-1-1-11-11-1-1111-11-1-1-111-1-1-191
with target value of -1.
The new weight vector for storing all three of these associations is
3-13-13-1111-1-1-11-1-1-33123-31-1-1-11
with bias of -1.

The bias indicates that there has been one more example of a "not X" than of an "X".

Exercise 2.4
There are lots of possibilities for this.

Exercise 2.5

X1 X2 X3 X4 t Awi Awy Awz Awg

1 1 1 1 1 1 1 1 1

-1 1 -1 -1 1 -1 1 -1 -1

1 1 1 -1 -1 -1 -1 -1 1

1 -1 -1 1 -1 -1 1 1 -1

The final weights are w1 w2 w3 W4

The response of the net for each training input vector:

(1111 ) (2200 )=20

(-1 1-1-1 ) (2200 ) =4

(11 1-1 )y (2200 ) =290

(1-1-11 ) (2200 ) =-+4
The use of a bias would not improve the ability of the net to correctly classify the training patterns
using weights from Hebb learning, because the bias would be O after this training.

Exercise 2.6
a The bipolar form of these associations are

X1 X2 X3 t Awl Awy  Awj
1 -1 1 1 1 -1 1
1 1 -1 -1 -1 -1 1
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The final weights are w1 ) w3
0 -2 2

b. Using binary input patterns, the response of the net is correct for each of the training patterns.
(101 ) (0-22)=2->1
(110 )y c0-22)=-2->290

c. Using bipolar input patterns, the response of the net is correct for each of the training patterns.
(1-11 ) (022 )=4->1
(1 1-1 ) (022 )=-4->0

d. The following shows the response of the net to noisy patterns, grouped according to their
formation from the training patterns. The zero responses are inconclusive; all other responses are
correct.
Using noisy versions of the first bipolar input pattern:
One component missing:
(0-11 )y (022 ) =2->1
(101 ) (0-2
(1-10 ) (0-22)=2->1
Two components missing:
(100 ) C0-22)=20->20
(0-10 ) (0-22 ) =2->1
(001 )Yy (O0-22)H)=2->1
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Using noisy version of the second bipolar input pattern:

One component missing:

(o0o1-1 )y o022 )=20->20

(1 0-1 ) (022 ) =-2=>-1

(110 ) 022 )=-2->-1
Two components missing:

(100 )y C0-22 )=20->20

(o010 ) 022 )=-2->-1

(0 0-1 )y (0-22)=-2>-1

One component wrong (is this one wrong in the first pattern or in the second pattern???):
(111 )y (022 )Yy=20->20
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Perceptron

Exercise 2.7

Graph the lines x1 wi +x2 w2 +b =0 for w1 w2 b
1 1 1
0 2 0
1 1 -1
Graph
X1 +x2 +1=0 xp =0 X1 +x2 -1=0

Exercise 2.8
The training process for the AND function with an arbitrary o > 0, and intital weights of O:

Input Net Out Target  Weight Changes Weights
(x1 x2 1) (wip wz D)
o 0 0
(1 1 D) 0 0 1 (o o o) (o o o)
(1 -1 1) o 1 -1 o a -a) O 20 0
-1 1 1) 200 1 -1 (o -0 -o) (o o -o)
-1 -1 1) 30 -1 -1 ©O o0 0) (o o -o)

Note that at each stage of learning the separating line is exactly the same as for the case with ov = 1.

b. If the response of the net is incorrect for a given training input, the weights are updated
according to w(new) = w(old) + oo X. We now show that the sequence of input training vectors
for which a weight change occurs is finite. If x(0) is the first training vector for which an error
occurred, then \;/(1) = {;V(O) + o ;((0) (where by assumption ;((()) . \;/(O) < 0).
If another error occurs, we denote the vector x(1).

w(2) = w(l) + o x(1) (where by assumption x(1) - w(1) < 0), etc.
Combining the successive weight changes gives

w(k) = w(0) + o0 x(0) + o x(1) + a4 X(2) + ... + o x(k-1)
We now show that k cannot be arbitrarily large.

Let w * be a weight vector such that X + w * >0 for all training vectors in F. By

assumption such a weight vector exists! Let m =min{ x - w *} where the minimum is taken over
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all training vectors in F; this minimum exists as long as there are only finitely many training
vectors. Now
w(k) - W * [W(0) + o X(0) + & X(1) +0t X(2) ... +0 x(k-1)] - w *

w(0) - w*+kom

v

since x(i) - w *2>m foreachi, I <i<P.

By the Cauchy-Schwartz inequality
~ w(k)-w* )2 w(0)-w* + k o0 m )2
IR > (w7 > w(0)-w )~
w12 lIw*|12

This shows that the squared length of the weight vector grows faster than k2 where k is the number

of time the weights have changed.
However, to show that the length cannot continue to grow indefinitely, consider

wk) = wk-1) +a x(k-1),
together with the fact that
x(k-1) - w(k-1) < 0.
By simple algebra
Iwk) 2= Iwk-1) 112 + 20 x(k-1)-w(k-1) + o2 Il x(k-1) I12
< I wik-1) 12 + 02 Il x(k-1) II2

Now let M = max {ll x II2 for all x in the training set}; then
Iwk) I2<  Iwk-1) 112+ o2 Il x(k-1) 112
< I wik-2) 12 + o2 Il x(k-2) 12 + o2 1| x(k-1) 112

IN

Iw(0) 12 + 02 11 X(0) 112 + - + 02 Il x(k-1) 12
< Iw(0) I2+ka2M.
Thus the squared length grows less rapidly than linearly in k.
Combining these two inequalities shows that the number of times that the weights may
change is bounded. Specifically,
(W(0)-w* + k o m)2
Il w 112

Again, to simplify the algebra, assume (without loss of generality) that w(0) = 0. The maximum

< Il wk) 112 < Il w(0) I2 +k a2 M

possible number of times the weights may change is then given by
(k oo m)2

1 w* |12

< k o2 M
or

M Il w* |12
m2
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