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Chapter 1

Fundamentals of Vibration
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From Frg.(e), x= 2¢ + L (%p— %1)

Q(""Qi
. x, + o %, (1)
Q,-f'zz £l+’(2
Vertical force efj,d_(n'Ln‘um from Frg.b) :
F = F' + Fz (2>
(oment e.zu.i(tlan‘u.m akout 7 (Fig.hd) :
F2 22 - F' Q| (3)
Solution of Egs. (2) and (3):
F= Pl , B, = —E——g‘——~ (4)
ll’f' RZ. 2 ll+ 22
Dc'SFla-Lemen":S of springs K, amd %, are given Lg
o= FU _ _F L2 _ Fa F A (s)
)= - ——————————————— —— s

o Rty T 2T g T (k)

DI'SF‘G—CEmen'l' of force F can be found using Eps-(s)
in Eg.(1):

Sl Fls I ot.l

['-;—Qz.k,(ﬂ,-f-ﬂz) R+l 4, (L44e)

F (zf«, +1; 1<z>
Q.+92>z *; Kz

The eﬁuVe.Qz/th /Sr)uﬂj conslart cfb the % 'n the
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divection of %, Ko, & given by Ep- (6)°
@l"’ ’ei)z 1‘! ke
1‘2 k|+ 222 K2

7

F_




Eau.(vaa lence of PO‘EQ\"*H'@[ energies gives , ,
2 2 2

2 2 2
Keg = hpg+ Kiz + w A+ ' 4+ K3 L

®

®

4, 3= For series springs 2y, K and %3
TS MY IS S -

= et t » Kes

k23

Using energy eau.ivw[ehce,

'k. kz ‘kg

klkz-f kz'ftz-i- k;'kl

2

z 2
2 ; )
éke?/92= + Ky 0 +;—_k,239+—,§k5(ek) + 7 e (eR)

2 (N

Kt H3 )
o, + G |z >+ R(ke + K
4+\k|kz+kz*3+k3k, (5 6)

@ For simply suFPort’ed beam, l em
Sor load ot middle, - / Y / 2‘—1‘"
o = 48 ET _ 48 (206 x10 Yae ™) P —
1 - 23 8 ,
_ 12.36 x10! Nfn where I=77 12y (1) =& m*.
. ™ .81 -7
8y = on‘gl'na.l deflection = "E%_' = %‘23_—-::';,— — 396:8447 xlo ™

When sprir\ﬂ K IS added, ke& = k+ Ki

@) New deflection= i 8y

= 3 Ko, = T =4 %
%o 4 N/, 8 +
?/ = k+ %,
4 = 3% = 37.08 %10 N/m
(b) New deflection = —E—Z = 81 ;g = 2™ _ 2%,
ez, 2 g 5,
< k= k= 12.36 xw7 N/m =kt k
@©) New aleaf{ec{:.'an = &3;- = __3,. S‘ sk = ﬂ = 4 %
kea 4 23 3 5, 3 !
k=5 K = 4.12 x 10" N = k+ %,
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@ For abar with flength L, Young’s modulus E and
cyoss- section A, The axial Sél’_{:’fne,sg(»k) s given 6:,
(1)

- AE
k=T
when cross —section is solid cireulor with diameter d,
2
area = A= wd /, (2D
when cross —section is sguare with side d .,
(3D

2
o.xeos = Az = A
llow cireular with mean dios. d and

when cross —section {$ ho

wall thickness t zo-t1d, )
ovea, = TTdt = ®d (etd) =01 ™ d (8)
FOT SPECC.fC.EJ Va-Ll-e 0’6— k: E) crasg__qea{-"on oxeas
‘ ed is: fe
reget 2 A= j—‘—E— = ¢ (constant) D)
Weght of bar :
with solid cireulax section: v o
W= 7,%_9‘.? L= clL with 4% = — )
Wi th hollow cireular section:
Wgz o.lT\_AaL = o.|1T(—H_Fr‘—:-)L :: ooLfWC,L (7)
with )Laua.re gection: = o4 Wi
2772w (8)

Wg = alzL=ﬁ_€.L=iw,:
™ ™
+ <he shaft with the hollow circ

co\‘res[ﬂorsols T minimum we:‘ghf--

u.la_r croSS~ section




@ Stiffness cf o cantilever beam under o bend 'ng

fovce ok e end : f = 3';:31' (>
For o Agecified velue of k= %,
—K?
I= 4‘32 -“—c:confl'a'“t‘ 5

For o So[:'a‘ creular section wiH'- o(t'a.mef:er d,

I, = _TLA—L-, = = Aq: G4 C or A?-:__ E_;f_;_ (3

= 3.5449 1 Jc (4)
For o hollow circular section with mean diameter d

wnd woll thickness t=o:1d, weight of beam (wy)is:
wp= I (do' =427 ) L= 7_}& {(‘4++3"’—(a&—+>’}
= _Ts;_ (x4 = 7 dtf = wlGtd™D
—om L = yige dJc G2

For oo Agpais secdion with Aide d, weight of the
beam (Ww3) 44

wy= d*XL = L -G-_Iirf — 4.5135 fJc” (¢)

By c_avrﬂaa-h*—“ﬂ Eps- (4),(5) ad (6), The minimum welght
be.a-m CorreSloomls ts the Aouaw cULo.JaJ'L CroSS~- s’ecl:fon.




SFn'nj :ferce_ 1S 9iven bj F= 906 % + 40 9C3 )
static evl—'-f.x.bfwwm of the rubber moun'l'fnj (x*) under
the weight of the elocthomie instrument is given by

3
E=z 200 = 8do x* + 40 x*

v 40 z*g + 800 X — 200 =0O (2D
The roots of the cubic e?j,wtan (2 cam be foord From
MATLAB o4

€D,

x*= 02492 » —orl246 L 4o 4773 £

Thus He »talic eguih'lan’u.m Posiﬁc’on of the rubber moun‘f'(nj
iS r_.)n'ven bj the reol roa{' of EZ.(?.):

x* = 0:2492 in (4>

() Ezulvde.\ﬂi_ linear /S‘on'nj constant of yubber ’moun'f'q'ng
o ihs phakic eguilibriam position , sing €. (175 i

k., = ©oF _ £? 2
% ax l=* 860+ 126 x* = goo + 1200 (0-2492)
s>

= go7 4521 lb/in
(b) Deflection of yvubber mounting Correslaonolinj ks
the E’U”'VM Rinean Apring constant is:
F

2Q0
-— — = . ..7 .
* = kep 807 4521 e 2y (e

]
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@ F(x)= 200%+ 50 x* + 10 %? )
When the Spring unclergoeS‘ a s"ea:ﬁj deflection of
x*¥ =05 in o\uft'n-_j the operation of the engine, the
fovce exerted on the ipring can be found os
E = zoo(o'S)-t- So (0'5)’+|o (o-s)3 = 113.75 b (2D
EZU‘VM Lineasr Spring constant at 7 /Sf'eo.&Jj
deflection is given Lj Ea.(p'?) :

aF * *
ko = — = 280 + 100 ¥ T30 X
g dx* x = x¥

1

-
200 + loo (0°5) +30 (o'5)
= 253175 “’/l‘n
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(OJ ‘x=‘ down w.a.ro! T

deflection E

Of PO"\’I{' A, 2 L,_z h-x\2 '

%X, = resultin 2 -(2) 2 af"'( zxs) |
a(cforma.{:(on l !

of »Jf’ring l , E

Potential energy e.guwa..l,ence

ives 4 22 = 2
I G ke X = 5K % (

«eg=1<(_’_‘;s_z

Bt x= 2 [/E_ (b—;ss)z' ai
=2, a,z—(_‘;t)z[ {a' I Iy T/g }

Za%-%;[{a,—_-‘}—xx-i-b_.xf} —-1]
(‘L )

- E T st

Using the relation (i+e) ~ 1+ -?-_- , we obtain

/2.
x =2 (a,———) [1 4_(&_ ) _1] ) (w_, ifs

2 bz -_2_
ke = K (-;i — 4% (af';—,;) = k(42 b)

(b) Here x = %45 (Apring oleg-’leci:(on)
P

u

eg = K

1-12



Let x= vertical
oluspla,cemenf
of mass M,

x,8= reSuH:unj
ote:forma.éian of
each mclined

Spring .

From egmvaience of Fofen&;ai energy,
2

{ezx:3<-’-kx’3> «ez_gk( )

From 9eom€{'fj, (1... )5) X + 9(.?' —280x cos ¥
x—zx2c050(+z!l"9s—°s, =0 _(ED

So'vu‘n3 (Eg_>, x = Lcose [1 + {1 _ (Zf"‘/s— x,g) }’/2 ] (Ez) .

22 cos*x
USinﬂ the rEl.a:l:n'oY\ Ji—e ~ 41- 9— (EZ.) can be rewritten o5

x = ls:o::o([i:l:{i-—-("z"("—x )}] (E5)

zﬂz cost ¢

Assummg x to be small , we wuse minus 943n and nealecf x;-
covnPa.reol to 2L x; in (E3). This gives

x
X = J

K., = 3% cos X
N/,

2
n o ,simila_r manner, ce?/_—. 3C cos &
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- X x
9:-—2-: 9(|— z

Fo= k%= ——25 > F,=k,7<|=2‘k(3£>=kx

Ezu;valomi Apring constant of the system ('keg) ok
point A can be determined bg considering the wmoment
eguiiibrt‘um of Jovces about the piot peint O :

k {
F(g’)" Fa (3 ) —Fi 7 ) =0
- . Fz2 R kx _ 3

2 2 2
= "kez x
03 eg, = —2' 3
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F CSPrinj force an mass)
A

F= (k%) (x=%) + £, (%=dy)

Ny

F: (‘kﬁ' ’kz) ()t--’Xo)

F= (te+ %) (%0-%)

F= (1‘1"' 1‘2)("0 —%) 4 fe3 (xo—x-olz>
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%, ( Sin & /ﬂ)

Moment about the
Pf'VOf point O :
T = moment

= m?é_ Sl'ne-(‘kl_..mn9>-§—
- (kzlsine)ﬂ
A 2 2
CIYIY
(1)

Denoting the eau.wolzmt forsional Spring constant
of the system ot %Ki, the moment T can be

(14

e&FresseA as
T = 'ke e (2>

Bj ezua;h‘nj Ezs"(t) and (2), we obtain

2
R LN N O
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When mercury is a(u's[:la.cerﬂ 6:, an amount x n one
@ 163 of the manometer (F3. 1.77), the mercury

column wiu unlergc a total Aa‘sl:(a.ce.mem‘: of 2%.
The '\’ﬂa-ﬁhi'l'ucle of the force , due fo tfhe weight of the
displaced mercury, acts on the rest of the flucd.
The restoring force is given by

F= 2 A x (D
wheve 1" is the specific weight of mercury amd A is
the cross- sectional area of the manometer tube.
If kea devotes the Spring constant agfocialed
wilk the resf:or(nj force > the re'S’ron'nj force Can

be e.xl:re‘SSecl af
F = keﬁ x (2)

Ezua-f't'o\"s () ard (2) 3:‘610‘ the Qacu'va.(ehf Apring
constant as

ke'?: ZY_A (3)
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)

When the druwm s c\:‘spla.be.al l:y an amount x= fom its
static ezun'(n‘brc‘um pesition , the weight of the

S—(u\a\ (sea water) dt.SP‘a-C-QA (S given "j

W= £,% (‘M ) * (1
where ¢ is the a\&nSa‘('y of sea water amd g 45 the

MMG\" due To grevify - The we‘gH: W, given bj
EZ.(I) olto denotes the restoring force F. By expressing

the restoring force o4
F = «23 x (2)

wheve ke, dencltes the eguivalent Zpring constant
associated with The restoring force. Eguating (1) and

(-2_ ) , we obtain

- 3Tral
ke = S

(35
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Ky + k3 mMy @ JI my |
4* * |
k= Arg = T 57 £ ¢ rigid
k23 ba.r

(masslc ss)

From kinetic energy s
- Z o &
$mi(06) + 4(matm) (£6) 2 1 %, 6°

From Fo{:en{'«‘a,(. energys m

k' (1 6) + 2. Xy3 ([29> +3 k{_a + 4 (!;a) kezaz

J'eazm, ‘+(mz+m>[3 3 keazkf +k23f2+k + K, 1_,,2.

0 i.‘.ii."?L IO M—:

Le

™
«F_e_a:wet(m) “= T“”“‘
L 1 42
. 4t(d+t)
k,= k, gives A, = >4
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@ @) sFr:na consSfant (s{-;}fness') of A"élg < i the Q-XI.al.

direction :
’k‘:-: A}E( = A}E s L =1,2,3 (')
b Iy
Cb) 3‘ P 3 - F
/]

The reaction ak any PO('nt a..x.av\ﬂ the S{:ep‘beaf ALa.;F{' due £
an axial fovce (F) epplied af point 4 will be same af F.
Hence the Aprings (S'\':iff nesses) corresponding to the
three Afeps 12,23 amd 34 ave B be considered ag servies
S‘orn‘nss- In view of Ea.((), the ef/uzvqw /;Fr.'nﬁ
consfant Siven Lj E&- (1- 7)) becomes

I l ( L 2 L2 {3
_— = -+ + - — — P —_—
'kei kl “2. kg E ( AI N AZ-‘— Aa)
_ 1 (dy A A + 1, AAz+ k3 A A
& Al Ay Ag
or EA A, RA;
ko, = 2
7, L,Ash3 + L2 A A3 + L3 AA, (2)

D S{:eps behave as series Aprings .
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—WAMA—

EZR;VGJEY'A— Spring constants
using Egs. (1-10) and (1-16).
%

1-21



@ ©) Torsionad Spring constant or stiffness of st‘a‘g,z ‘s
ky, = GiT _ G T i=1,2,3 (D

- — e 2

¢ {, 32 . .

(b) The reactive torgue ak amy point along The slepped
Ahaft due & om c—dv)w&-z.a‘ 'f:a’l&we T ot the freeend
will be T. Hence the torsional stiffnesses (XPr‘c'nj/S’)
corresponding o the three afeps (2,23 amd 34

axe 12; be consfalereo' a3 JSeyres S’Prx‘njs- I'm Vview

Of EZ(l), the ezu.(valen't 'f’or?z'anai /Srh‘nﬁ Qahg,("mi'

3fveh bj Ez. (|.l77 becomes (Eg- (M_( s to be
l'r\‘l’Er'PreJFe.ol fvr 'f.'orS'l'onaJ SlaringS’):
* l ! BTN (RO &,)

Keg Ky | ke, ¥ez wa\ pt P Pz
4 4 4 k  h
- 32 ( 2, DZ D; + kz D‘ :Dg =+ /(g :D, D2 )
G A
m >! 0" pst
or
4

= ™G D, qu D3

keg = (2)
44 4 4

() Sf‘e.las behave ags series APru‘ngs'.
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= dF : -%5) = 3) 500 exl . (x~10)
(a-') F = F[xo"r‘ ;_7:)(0 (> o)-.(5007(.-{—?_?¢ x=l°+(o + ) L2

~ {1100 * — 4000

(b) ot x= 9 mm: ,
Exact F, = 500%9+2 (9)" = 5958 N
APPY‘OX;mwt’e F9= ffoo x9 — 4000 = 5900 N

Exror =—0-9735‘Z

(C) ok x= (1 mm: ;
Exact F, = sooxil+ 2(ny = 8l62 N

Approxrma:be Fi. = Ul@o x 1t — 4000 = gloo N
Evvor =+ o-75'96%

f:vf= constant --- (1) Di{—'_{-‘erenf;.a,fn‘on of (Ei? gives

‘lf’ v +1=':"-vf" dv = o

dp = H oav oo ()
Cka.nje in volume when mass moves by dx, dy = Adx --- (E;)
535-(523 and (Eg) give 41,: ?YA dx

v 2
Force due to pressure change = dF = dp.A = _L)%_f\_'oh
Spring constant of air spring = £ = 'j_F =(_ Y.A2_>

poy FV AN,
v

Eguivalent spring constants in diffent divections are
or = ks kg Kg « _( "8"9)
¢4 —<k5k6+ ks k7 + K k.,) ; e2 "\ g+ Ko/’
k, % ks %
‘k = __.‘_.—?'—) > ‘k :(.———i
* (1<1+1<z € T\ kg + 4y
If the force P moves by x, spring kocoted of @; undergoes o

Aispla.cement of % = % cos 8 (Jeriv::.\‘:n‘on as n P"°H‘""‘ 1.17).
4
Epuivalence of potential energy gives 2 ey x=1 5 ke X

& i=1
keg = Z (ke; s”0;)

=1
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'kax -1 —
Let fhe Aink ODABC uh&ergo o xmaﬂ am.i,ukﬂh

ol.csfj.a,ww e oAb ihown in above £rgure- The

Spring reaction forces are alts indicokted in the figure.
Ezu'\(l'bn'um of moments about the Fc‘vof Pofnf O gives:
- X (é) TLICOE kz“(z'ag) + FMH=o0

o F= (X4 2 e 4 k) (1
If keﬁ denotes the ezu-'va.,!u-i' ApPring conslond
of {;Le Lo a.la-r\_j the direction of F of Fo:n/f’ C,

we have
F= “ez x (2)
Ezua.t:'aws () omd (2) give
keg = -‘;—‘*' 2‘;2*‘ ky = —4;—+ %(2*)+(34‘)
kep = oo« (2
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@ SP”"‘? constant of = *‘nelicaJ. ’sl"’""'—j (S
k= ————-Gd‘, (W)
g N D?
Assuming the shear modulus of steel as G=7%3GP,

Eg- (1) gives , for p=o:2wm, 4= 0.005 ™ and N= (0,

Sy Y4
7%-3 x16° ) (0005
g = § LA DA 77 4414 N/m

g (16) (0-2)°
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@ (@) D and d: same for both helical springs
Weu‘akl‘ of o %el.‘caﬂ Apring (s:
2
w= o (TE)NT (1
where J = specific weight of meterial of spring,
For e /Sfe.e\ /ﬁPrCnﬁ Wl'Hﬂ ); = 76 '% 1<N/~m3, tte
weijh’r is (for Ng = 10) A
2 3
W,= 7D (TTd } N =7T1D°‘ Y(76°'S %10 )
5 (T2 ) Ns Ve y (10

= 19025 x 10! W pd” (2)
For an oluminum Apring with ?2, = 26:6 1<N/""‘a’ the
wg(jl\t £ (for number of turns Nm),
w,, = -n-D(TV__C‘z) N, )/;_, = 72D 4" Na (26-€ x:oa)
& 4

- 665 %10 7™ pd* N, (35
Epueding @) amd (3D,
" 2 2 _ 3 2 0{2
19126 x10!' ™ Dd" = €:65%t0 ™™ D N
or N, = 1i-125 7"0:, = 287574 GD
. 6 '65x1p
P Spring ?OﬂS’-&h{' of o helicad Apring IS :
= Gd'/GnND?)
For o steel Apring with = 7933 G Pa>
4
e Gv3 24/ 5 () 2]
- 0-9.912.5'x|c>9 44/1)3
For an eliminum /"’Jr"nﬁ with G= 26.2 GPo,

sz(ze-zno?)o\"/{ g (28:75%4) p?}

- o139 xio d¥/p? (¢)
Egs-(5) and (6) indicatr thet the Spring conthant of
steel Apring 48 0:9%125/7 139 = 3-TokE times farger
than thet of oluminum Apring:

(s)
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A F = «,x-{-zkz(x—au)
= 4x+ 2k (x—o)
=3 kx —2 ko

\
———————— I
i
I
1
. |
F:«(rw—:kx
t
| -
(%)

x

1-27




P A Lith f= 14 dor air

From Problem -29, =

Let p = 200 psi v
2 2
(z00)(1-4) A > A= o0.2679
A%
2 :

&= 15 Ufin = 5
2
Let diameter of pisten =d =2 inch ; A= 1;_— (2) = 31416 in

V= A%/0.2679 = 36 840§ in’
Let hz= 2inch ; %ETDZ(Z): v D> D= 418429 inch

Feax+bx®=2(10%x+4(107)%

Around x : F(x) =~ Fx')+ %% |y x—x)

When * = 10~ m, F(x') = 2 (10%) (1072) + 4 (107) (107°) =240 N

d¥ |y =a+3bx? =2 (10*) +3 (4) (107) (10™*) = 32000

—

dx

Hence F(x) = 240 + 32000 (x - 0.01) = (32000 x - 80 )
Since the linearized spring constant is given by F(x)

N/m.

N
=keq X, We have ko, = 32,000
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Fzo, 2 + 5,; 7‘;_3 ; 4= 1,2

SPrings' m_.series:

3
W = o & + b1 § (1)
W= a,8+b, 5, (2)
W = ke& Sse (3)
= 8§+ &, “4)

Solve Egs- (1) and (2) $or § and 8,
respec'&(vely. Substitute the result
in E%.Qf) ond then in .E&.(a) to

Find  Feg
Springs in po-ra.all.el:
W= F+ F2
= o 8¢ + b 853 o, 8L+ by S:k
= %eg S5t

2 2
keﬁ: T L( Ssb + Qg + LZ 85{;
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G d*4

* = SN 5 2 .
5 D% N > 8xio /m JZG ;3 N > o

2
W= TTDN /S (!'Li'.) where p= weight per unit velume

2 i
F1= L ’kj - L g d” ¥
1 2 -—ﬁ T2 2 Tr D’O sz z o-4 H}

Using g= 73.1 x10° N/m? » f = 76000 N/m? , 2=9-31 m/sec”,

-} = 6,8,10; N=10,15 20 d =0:4,0-6,.-, values of

% and §; are cvm{:ulze;‘.

Combination of .5-—— 6, N= o0

to * = 8-4¢o0¢ xlog N/m -and ;f—'iz o-4801 Hz,6 can be
‘{.’«,‘zlce,n ai an ax,cer']:a:“e Aes(gn.

Total elongation (strain) is same in each material:

ond d=2-0 m, (_ofres‘Fonc’i'ny

G=t=7 (1)
where x is the total elongation. Equation (1) can be expressed as
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Total axial force is:
F=F,+F, =0 A + 02 A, (5)

where F, and F, denote the axial forces acting on steel and aluminum, respectively, and
A, and A, represent the cross-sectional areas of the two materials. Equating F to keq X
where k., denotes the equivalent spring constant of the bimetallic bar, we obtain from

Egs. (3) to (5):
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