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Solution Manual

Section 1.1

1. first-order, linear 2. first-order, nonlinear

3. first-order, nonlinear 4. third-order, linear

5. second-order, linear 6. first-order, nonlinear

7. third-order, nonlinear 8. second-order, linear

9. second-order, nonlinear 10. first-order, nonlinear
11. first-order, nonlinear 12. second-order, nonlinear
13. first-order, nonlinear 14. third-order, linear

15. second-order, nonlinear 16. third-order, nonlinear
Section 1.2

1. Because the differential equation can be rewritten e”¥ dy = x dx, integra-
tion immediately gives —e™Y = fx —C,ory=—1In(C —22/2).

2. Separating variables, we have that dx/(
this equation, we find that tan=!(z)—tan—!
C.

1 +2%) = dy/(1 + y?). Integrating
(y) = tan(C), or (z—y)/(1+zy) =

3. Because the differential equation can be rewritten In(z)dz/x = y dy, inte-
gration immediately gives %lnz(x) +C =1y or y*(z) - In®(z) = 2C.

4. Because the differential equation can be rewritten y*dy = (v + 22) dw,
integration immediately gives y*(x)/3 = 22/2 + 2*/4 + C.

xdx/(1+

5. Because the differential equation can be rewritten y dy/ (2+y )=
%) + %1 (C), or

#?), integration immediately gives 3 In(2 +¢?) = $In(1 + &
2+ y3(z) = C(1 + 2?).

6. Because the differential equation can be rewritten dy/y'/® = z'/3dx,
. . . . 3/2
integration immediately gives 3y?/% = 324/3 430, or y(z) = (3243 4 C) 2
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7. Because the differential equation can be rewritten e ¥ dy = e” dx, integra-
tion immediately gives —e ¥ =¢e* — C, or y(z) = —In(C — €7).

8. Because the differential equation can be rewritten dy/(y*> + 1) = (2® +
5)dz, integration immediately gives tan~!(y) = ja* + bz + C, or y(z) =
tan(%a:4 + 5z + C’).

9. Because the differential equation can be rewritten y?dy/(b — ay?) = dt,

integration immediately gives In[b — ay®]|! = —3at, or (ay® — b)/(ays — b) =
—3at

e .

Y
Yo

10. Because the differential equation can be written du/u = dz/x?, integra-
tion immediately gives u = Ce~ Y% or y(x) =z + Ce~/*.

11. From the hydrostatic equation and ideal gas law, dp/p = —gdz/(RT).
Substituting for T'(z),
dp g

D____ 9 g4,
D R(Ty —T2) *

Integrating from 0 to z,

m{p(z)} _ 9 ln<T0—FZ) o PR (TO—FZ>9/(RF)
Po RT Ty ’ Do Ty '

12. For 0 < z < H, we simply use the previous problem. At z = H, the
pressure is
T —TH g/(RT)
p(H) =po (OT> :
0

Then we follow the example in the text for an isothermal atmosphere for
z> H.

13. Separating variables, we find that
av av RdAV dt

V+RVZ/S V S(I+RV/S) RC’

Integration yields

Vv t
1n(1+RV/S> = o Tl@)

Upon applying the initial conditions,

Vo ey, RV/S

I (N _BW/S  _vyroyy g
1+ RVy/S" 1+ RVy/S° V()

V(t)
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Solving for V (t), we obtain

SV et/ (RO)
S+ RV [1—e /(RO

V(t)

14. From the definition of 7, we can write the differential equation

e T4_4
B di T
or
B,__ dr _ 1 [ dr  dT
A - T4—’y4_272 T2_|_,YQ T2—72

TR TP Ty Tan

The final answer follows from direction integration.

1 [ 2vdT dT dT ]

15. Separating the variables yields

AN din(E/N)
In ’

NIn(K/N) bdt, (K/N)
Integration leads to
In[In(K/N)] — In{In[K/N(0)]} = —bt
In{ln(K/N)/In[K/N(0)]} = —bt

or

In(K/N) = In[K/N(0)]e~"

In[N/N(0)] = In[K/N(0)] (1 — ")

N(t) = N(0) exp{In[K/N(0)] (1 — e_bt)} .

16. Separating the variables yields
dl  p dI

— — = —adz.

I oal+pl/a
Integration leads to

L[ Ie)  1+sT0)/e]

1+ BI(z)/a 1(0)
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or

1) 10
1+ 8I(z)/a 1+ BI(0)/c

al(0)e”**
a+ BI(0)[1 —e 2]

e”* or I(z)=

17. Separating the variables yields

(AL, ~ X)) (Bl — X)) (Tl —x) " %
d[x]
([Al, — [Bl,) (A, — [Cly) (Al, - X))
. d[X]
(B, — [Alo) (Bl — [Clo) (Blo — [X)
+ dX] = kdt

18. Separation of variables yields

d[X]
a — [X]

= (k1 + ko) dt.
Integrating both sides,
In(a — [X]) — In(a — [X],)) = — (k1 + k2)t.

Because [X], = 0,

a—[X]= ae*(k1+k2)t’ or X]=al|l- ef(k1+k2)t} .

Section 1.3

1. Because M(x,y) = —y and N(z,y) = = + y, we have that M (tz,ty) =
—ty = tM(z,y), and N(tz,ty) = tx + ty = tN(x,y). Therefore, the differen-
tial equation is homogeneous.
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Let y = ux. Substituting into the differential equation, (ux + x)(udx +
rdu) = ux dz, or —u’xdr = (1 + u)x? du, or

dz 1 1
——=|-+=) du
T u o u

Integrating this last equation,

1
—Injz| =In(u) ———-C, or ln|y|fE:C’.
u )

2. Because M(z,y) =y — x and N(z,y) = x + y, we have that M (tx,ty) =
ty — te = tM(x,y), and N(tz,ty) = tx + ty = tN(z,y). Therefore, the
differential equation is homogeneous.

Let y = uzx. Substituting into the differential equation, (v —1)x dz+ (u+
Da(udr 4+ xdu) =0, or

d 1
(u* +2u —1)de = —(u+ )adu, or —f = #ﬁb_ldu.

Integrating this last equation,
v’ LY

—In|z| = il[u*+2u—1|+C, or z° (2 +2= — 1> =i 20y—a? = C.
x x

3. Because M (x,y) = 22 +y? and N(z,y) = 2zy, we have that M (tz,ty) =
t22? + t2y? = t2(2? + y?) = t?M(z,y), and N(txz,ty) = 2t2zy = t2N(z,y).
Therefore, the differential equation is homogeneous.

Let y = ux. Substituting into the differential equation,

2z (uz)(udr + = du) + (22 + 2*u?) dz =0

or
d 2
2zudu + (1 +3u?)dez =0, or f:—quﬂdu.

Integrating this last equation,
In|z| = =% In(1 4 3u?) 4 In(Cy).
Inverting the logarithms,
|2|(1+3y%/2*)/? = C1, or z|(a® +3y%) = C.
4. Because M(z,y) = y(y — x) and N(x,y) = z(x + y), we have that

M (tx,ty) = ty(ty —tx) = t?M (x,y), and N (tx,ty) = tz(te +ty) = t>N(z,y).
Therefore, the differential equation is homogeneous.
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Let y = ux. Substituting into the differential equation,

w*u(u — 1) dz + 2*(u+ 1) (udz + zdu) = 0

or
d 1
2u?dx + (u+ 1)z du=0, or 9 = _u—i; du.
x u
Integrating this last equation,
1
In|z[* = —Injul+ < +C, or Infuz®|=C - E, or In|zyl=C— L
U

5. Because M(z,y) = y+ 2,/zy and N(z,y) = —x, we have that M (tz, ty) =

ty + 2y/t2xy = ty + 2t,/zy = tM(x,y), and N(tz,ty) = —tz = tN(x,y).
Therefore, the differential equation is homogeneous.
Let y = ux. Substituting into the differential equation,

du dz

r(udz + xdu) = (zu + 2x/u)dw, or i =—

Integrating this last equation,
u'? =In|z|+C, or y=az(n|z|+C)°.

6. Because M (z,y) = /22 + y?2 —y and N(z,y) = z, we have that M (tz,ty)

= /1222 +12y2 — ty = t( 2 + 92 fy) = tM(z,y), and N(tz,ty) = te =

tN(x,y). Therefore, the differential equation is homogeneous.
Let y = ux. Substituting into the differential equation,

(\/ 22 + 22u? — um) dx + x(xdu + udzx) =0,

or
dx du
zV1+ude+22du=0, or — =——mx=-—.
x V1 +u?

Integrating this last equation,
—In(z) =—1In (u +V1+ u2) —1In(C).
Inverting the logarithms,
uer\/m:C, or y+\/x2+72:0.

7. Because M(z,y)

= sec(y/x) + y/x and N(xz,y) = —1, we have that
M(tx, ty) = sec[(ty)/(tx)]

+ (ty)/(tz) = sec(y/z) +y/x = M(z,y), and
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N(tz,ty) = —1 = N(x,y). Therefore, the differential equation is homoge-
neous.
Let y = uax. Substituting into the differential equation,

d
udr + xdu = [sec(u) + u]dx, or cos(u)du= .
x

Integrating and substituting for u, the final answer is
sin(y/xz) —In|z| = C.

8. Because M (x,y) = e¥/* +y/x and N(z,y) = —1, we have that M (tz,ty) =
e/ t0) 1 (ty)/(tx) = e¥/* + y/x = M(x,y), and N(tz,ty) = —1 = N(z,y).
Therefore, the differential equation is homogeneous.

Let y = ux. Substituting into the differential equation,

d
udr +xdu=(e“+u)dr, or e “du= .
x

Integrating and substituting for u, the final answer is

y(x) = —zln(C —1nlz|).

Section 1.4

1. Since M(x,y) = y* — 22, and N(z,y) = 2zy,

oM ON
_ 2y _
dy or
The exactness criteria is satisfied.
Now, since
ou 9 9
% =Yy —a,

then u(z,y) = zy? — 22 + f(y). To find f(y), we use

ou

_— = / =
9 2zy + f'(y) = 2xy.

Therefore, f'(y) =0, and u(z,y) = ay? — 32° = C.
2. Since M(z,y) =y — x, and N(z,y) =z + vy,

oM _ | oN
oy oz
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The exactness criteria is satisfied.
Now, since
% =Yy—-
then u(z,y) = zy — 22° + f(y). To find f(y), we use

au_ , B
a—y-x—i—f(y)—a;—&-y.

Therefore, f'(y) =y, and u(xz,y) =y + 3y — 42% = C.

3. Since M(z,y) = y?> — 1, and N(z,y) = 22y — sin(y),

oM ON
— =2y=—.
dy or
The exactness criteria is satisfied.
Now, since
ou 5
g |
8x y b
then u(x,y) = zy* — x + f(y). To find f(y), we use
ou .
5 = 20+ /() = 20y — siny).

Therefore, f'(y) = —sin(y), and u(x,y) = vy — x + cos(y) = C.

4. Since M(z,y) = sin(y) — 22y + 2%, and N(x,y) = x cos(y) — 22,

oM ON

oy cos(y) — 2z = e

The exactness criteria is satisfied.
Now, since

ou
Z —si —92 2
o sin(y) — 2zy + x=,

then u(z,y) = zsin(y) — 2%y + $2° + f(y). To find f(y), we use

g—z =z cos(y) — 2 + f'(y) = wcos(y) — z°.

Therefore, f'(y) =0, and u(x,y) = wsin(y) — 2%y + %IB =C.
5. Since M(z,y) = —y/x?, and N(x,y) = 1/x + 1/y,
oM 1 N

oy a2 Ox’
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The exactness criteria is satisfied.

Now, since
ou y

dxr a2’

then u(z,y) = y/z + f(y). To find f(y), we use

Ou 1 , 1 1
87y_;+f(y)_§+§'

Therefore, f'(y) = 1/y, and u(z,y) = y/x + In(y) = C.

6. Since M(z,y) = 32? — 6y, and N(z,y) = —322 — 2y,

oM ON
— = —br = —.
oy or
The exactness criteria is satisfied.
Now, since
0
a—z = 32” — 6xy,
then u(z,y) = 2® — 322y + f(y). To find f(y), we use
0
8—; = 32 + f'(y) = =32 — 2.

Therefore, f'(y) = —2y, and u(z,y) = 2° — 3%y —y* = C.

7. Since M (z,y) = ysin(zy), and N(z,y) = xsin(zy),
O — sin(ay) + oy cos(ay) = 2
9y sin(ay) + zy cos(zy) = -

The exactness criteria is satisfied.

Now, since
Ou in(zy)
— =ysin(z
Oz Y Y)s

then u(x,y) = — cos(zy) + f(y). To find f(y), we use

ou . N
o = zsin(zy) + f'(y) = zsin(zy).

Therefore, f/'(y) =0, and u(z,y) = — cos(xy) = C.

8. Since M(z,y) = 2xy? + 322, and N(z,y) = 222y,
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The exactness criteria is satisfied.

Now, since
ou

Ox
then u(z,y) = 22y? + 23 + f(y). To find f(y), we use

22y + 322,

ou _

By 2%y + f'(y) = 22°y.

Therefore, f'(y) =0, and u(z,y) = 2%y* + 2* = C.

9. Since M (z,y) = 2xy> + 52*y, and N(z,y) = 322y% + 25 + 1,

oM 9 4 ON
— = + 5% = —.
9 YOt = e
The exactness criteria is satisfied.
Now, since

0

au_ 2xy® + by,

ox

then u(z,y) = 2%y® + 2%y + f(y). To find f(y), we use

Z—Z =32%y* +2° + f'(y) = 32°y* + 2° + L.

Therefore, f'(y) =1, and u(x,y) = 22y> + 2%y +y = C.

10. Since M (x,y) = 23 +y/x, and N(z,y) = 3> + In(z),

oM 1 ON
oy = Ox’
The exactness criteria is satisfied.
Now, since
Ou 3 Y
o Uy
then u(z,y) = tz* + yIn(z) + f(y). To find f(y), we use

S ) + () = + ).
Therefore, f'(y) = y?, and u(z,y) = jo* +yln(e) + 35° = C.

1L [z + e +zn(y)]dy + [yln(y) + €] dz =0
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Since M (z,y) = yIn(y) + e*, and N(z,y) =z + e ¥ + zln(y),

oM ON
— =141 = —.
9y +n(y) = o
The exactness criteria is satisfied.
Now, since
% =yln(y) +¢€”
ax - y y Y
then u(z,y) = zyIn(y) + e* + f(y). To find f(y), we use
ou , _
- zln(y) + 1]+ f'(y) =z + e + zln(y).

Therefore, f'(y) = e Y, and u(z,y) = zyln(y) + e* —e ¥ =C.
12. Since M (z,y) = cos(4y?), and N(z,y) = —8zysin(4y?),

oM ON
Z— = _8ysin(4y?) = —.
o = —Sysin(4y?) = 5
The exactness criteria is satisfied.
Now, since

then u(z,y) = x cos(4y?) + f(y). To find f(y), we use

%Z = —8zy sin(4y2) + f'(y) = —8zxy sin(4y2).

Therefore, f'(y) =0, and u(z,y) = z cos(4y?) = C.
13. Since M (z,y) = sin?(x +y), and N(z,y) = — cos?(z + y),

oM ) ON
oy 2sin(z + y) cos(z + y) = B

The exactness criteria is satisfied.

Now, since

% = sin®(z +y) = § [1 — cos(2z + 2y)],

then u(z,y) = /2 — sin(2z + 2y)/4 + f(y). To find f(y), we use

g—z = —1cos(2z +2y) + f'(y) = —cos®(z +y) = —3 [1 + cos(2z + 2y)].
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Therefore, f'(y) = —31, and u(z,y) =y — z + & sin(2z + 2y) = C.

14. After multiplying by the integrating factor,

a

ya—i-l
(1 —y)ett’

Y

M(z,y) =« e

and N(z,y) = (z —y)

Checking the exactness criteria,

oM y* ON

Oy (I—y)et? T ox’

The exactness criteria is satisfied.

Now, since
ou yott
N A
ox (1 _ y)a+1
ya+1
u(z,y) = OZCUW +fly) =C.

To find f(y), we use

a

au - yi , . B Y
oy~ 1 — g W=l y)(l —y)ot?
Therefore,
, ya+1
f (y) - _(1 — y)a+2'

Integrating, we find that
w=-[
= - d .
10 == || g o

and the final answer is

B ya+1 Yy ga-&-l B
u(z,y) = axi(l T — /0 7(1 gt d¢ = C.

Section 1.5

1. Since P(z) = 1, u(xz) = e*. Multiplying the differential equation by the
integrating, we have that e®y’ + e®y = €2, or d (e®y) /dx = €>* or ey =
%e% +C,ory= %e‘” + Ce™*. This general solution applies to any x on the
interval (—oo, 00).
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2. Since P(z) = 2z, u(x) = e’ Multiplying the differential equation by the
integrating factor, we have that e””Qy' + erzzy = xerz, d (e£2y> Jdx = xemz,

or exzy = %exz +C,ory= % + Ce~". This general solution applies to any

2 on the interval (—o0, 00).

3. Since the canonical form of the differential equation is y’ + y/z = 1/22,
P(z) =1/z, and p(z) = z. Multiplying the canonical differential equation by
the integrating factor, we have that zy’ +y = 271, or d (vy) /dx = 71, or
xy =1In(z) + C, or y = In(z)/z + Cz~!. This general solution applies to any

x as long as x # 0.

4. Since the canonical form of the differential equation is y' —2y/x = x, P(z) =
—2/z, and p(z) = 2. Multiplying the canonical differential equation by the
integrating factor, we have that z=2y — 2073y = 2=, d (y/x) /dz = 1/x, or
y/x? =1In(z) +C, or y = 2xIn(z) + Cx?. This general solution applies to any
2 on the interval (—o0, 00).

5. Directly from the differential equation, we have that P(x) = —3/z, and
w(z) = 273, Multiplying the differential equation by the integrating factor,
we have that =%y — 3271y = 2271, d (y/2?) = 2/x, or y/2* = 2In(z) + C,
or y = 223 In(x) + C23. This general solution applies to any = on the interval
(=00, 00).

6. Since P(x) = 2, u(xr) = e**. Multiplying the differential equation by
the integrating, we have that e2*y’ + 2e%*y = 22 sin(z), or d (e%y) /dx =
2% sin(2z), or >y = 2e2* [2sin(x) — cos(z)]+C, or y = 2 sin(z)— 2 cos(z)+

Ce~2%. This general solution applies to any x on the interval (—oo, c0).

7. Since the differential equation is already in canonical form, we imme-
diately have P(x) = 2cos(2z), and p(z) = exp[sin(2z)]. Multiplying the
differential equation by the integrating factor, we have that eSi“(%)dy/ dx +
2 cos(2x)es ™2y = 0, d [esm(%)y] Jdz = 0, or ¢$™(?*)y = C. This general
solution applies to any z on the interval nm + ¢ < 22 < (n+ 1)7 + ¢, where
@ is any real and n is any integer.

8. Dividing through by z, we immediately have P(x) = 1/x, and u(x) = x.
Multiplying the differential equation by the integrating factor, we have that
xzdy/dr +y = In(z), or d(zy)/dr = In(x), or zy = C + zln(x) — z, or
y = C/z + In(z) — 1. This general solution applies to any x on the interval
(0,00).

9. Since the differential equation is already in canonical form, we immediately
have P(x) = 3, and u(z) = €3®. Multiplying the differential equation by the
integrating factor, we have that e3*dy/dx + 3¢3*y = 4€3*, or d (€3*y) /dx =
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4¢3, or e37y(z) —y(0) = 5 (3 — 1), or e3%y(x) =5 = 3 (e** — 1), or y(z) =

%Jr 13—16’3“". This particular solution applies to any x on the interval (—oo, c0).

10. Since the differential equation is already in canonical form, we immediately
have P(x) = —1, and p(z) = e~*. Multiplying the differential equation by the
integrating factor, we have that e *dy/dx — e %y = 1/x, or d (e *y) /dx =
1/z, or e *y(z) — e ®y(e) = In(x) — In(e), or y(z) = * [ln(z) — 1].

11. By inspection, we immediately have that d [sin(z)y] /dx = 1, or sin(z)y =
z+C,or y(x) = (x + C)/sin(z).

12. Since the canonical form of the differential equation is

dy 2sin(x)  tan(z)
dr  1—cos(x)” 1—cos(z)’

P(x) = 2sin(x)/[1 —cos(z)], and pu(x) = [1—cos(z)]?. Multiplying the canon-
ical differential equation by the integrating factor, we have that

[1-— cos(x)]zj—i + 2sin(z)[1 — cos(x)]y = tan(x)[1 — cos(x)]
% {[1 = cos(z)]*y} = tan(z) — sin(z)
[1 — cos(x)]*y = —In|cos(x)| + cos(z) + C.

This general solution applies to any « on the interval nm+¢ < x < (n+1)m+¢,
where ¢ is any real and n is any integer.

13. Since the differential equation is already in canonical form, P(z) =
atan(z) + bsec(x), and

[sec(z) + tan(x)]°
cos®(x)

p(x) =

Multiplying by the integrating factor, we have that

d { [sec(x) + tan(x)]? } _ sec(z)[sec(z) + tan(x)]”
y(@)p=c :

dx cos®(x) cos®(x)

Integrating both sides of this equation,

[sec(x) + tan(z)]
cos®(x)

y(x) — y(0) =

dg

o [ Bl eaniep

cos 1 (€)

or

y(z) = de.

cos®(x) y(0) + ¢ cos®(z) /”: [sec(€) + tan(€)]”
[sec(z) + tan(z)]® ' [sec(z) + tan(z)] J, cos"T1()
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14. Writing the differential equation in canonical form, we have

d 1 1
y+<1+>y.
dx T T

Therefore,

1(z) = exp {/x (1 + 2) dg} = explz + In(z)] = ze”.

Multiplying the differential equation by the integrating factor, we find

xemj—gyc + (x4 1)e"y =¢€"
d x x
. [ze®y] =€
zety=¢e*+C
Y= ! + Ce™ ™.
x

15. Since the differential equation is already in canonical form, P(z) = 2a,
and p(z) = €2?®. Multiplying by the integrating factor, we have that

d
el

in(2
€207y (2)] = T 2ax _ sin(2wx) J2ar

2 4w

Integrating both sides of this equation,

ax * a 1 ’ : a
ryla) ~y(0) =} [ eotag - - [ sinugeede
0 W Jo
or
o e2af z e2a§ ) z
e“y(z) = Sz (2a — 1) . ) [asin(2wé) — w cos(2w)] .
Solving for y(x),
2ax — 1 we~2az asin(2wzx) — w cos(2wx)
y(l’) = 2 + 202 2\ 2 2
8a 8a?(a? + w?) 8w(a? + w?)

16. Since the differential equation is already in canonical form, P(z) = 2k/x3,
and p(r) = exp(—k/x?). Multiplying by the integrating factor, we have that

d [e_k/mzy(m)] = 1n<x+1) eh/e

dr x
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Integrating both sides of this equation,

e‘k/wzy(x) —e Fy(1) = /j 1n<5 —g 1) exp (—;2) dg.

Because y(1) = 0,
s-enl ) [ o)l )

17. Substituting in the variable p(z) = y*(z), we have that

dp 2 2

w - =0

Then, multiplying through with the integrating factor, we find that

dp 2 2
—2/k P 4 _o/k—1 2 _—2/k
T kT L
d [ o } 2 o
dz E O
If k # 2, an integration yields
2/k 2
95_2/”“17(55):—1_/2/141551_2/]“4—07 or yz(x):—k_2x+0x2/k.

Applying the initial condition, the final answer is

provided k # 2. If k = 2, then we have that

]% = —In(z) + C.

Applying the initial condition, C' = 0 and the final answer is

y*(r) = zIn(1/z).

18. We must solve
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1-N)rt

Multiplying both side of the equation by e~ ( , we have

d

= [e—(l—N)mx(t)] — Ge—(1=N)rt.

Integrating both sides of this equation from 0 to ¢, we obtain

—(1-N)r S —(1=N)r
0T alt) =1 = gy 1= e ]

Solving x(t), we find that

S
1) = e(1=N)rt { (1—N)rt _ 1} _
xz(t)=e + =N e

19. From separation of variables,

dlA

dAL _ pa.

Al

Integration yields

[A] = [Alge™™

Substituting [A] into the equation for [B],

% + ko [B] = ky[A] e

Multiplying by the integrating factor, we have that

d

- (eF2t [B]) = ki[A] ekt

Integrating this equation, we find that

k1[A] _
katrpl _ _ Mo | (ka—k1)t _
e"2'[B] ~ [B], = 1 [e 1] :
Because [B]o = 0, we find that
_ kl [A]O —kqt —kaot
[B}_kg—kl[e —¢ ]

Finally, substituting for [B] into the [C] equation,

@ _ k1k2[A}o [efklt

— efkﬂ] .

dt ko — k1
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Integrating this equation,

1[0l = R 0=~ R e
or e
=t (1 2=

since [C], = 0.

20. The differential equation is

dI
L+ RI = Eo cos?(wt), I(0) = 0.

Multiplying the integrating factor, we can rewrite this differential equation

d Rt/L _ Ey Rt/L 2
= [e J(t)} = “2eRE cos? (wt).

Integrating both sides of the differential equation,
Ey [*
eBLI(t) — 1(0) = f/ e/ cos? (wr) dr.
0

Using the fact that 7(0) = 0 and replacing cos?(wt) with 1 [1 + cos(2wt)], we
have that

B [t
eLI(t) = —0/ [eRT/L + ef7/L cos(2wr) | dr,

or

CRUL (1) — Eq (ef/1 — 1) N Eqo {e®/L [Rcos(2wr) + 2wL sin(2wr)] — R}.

2R 2R? 4+ 8w?L?

Solving for I(t),

Eo(1—e B/L)  Ey{R [cos(2wT) — e /L] 4 2wL sin(2wT) }
1) = 2R * 2R? + 8w2 L2 '

1

21. Because n = 2, z =y~ and the linear ordinary differential equation is

de_z_ 4 o léz i_i(i)_l
de = xdr x2 dzx\z/) x
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Integrating this equation yields
z(z) = Cx + zln(x).

Therefore, the solution to the nonlinear differential equation is

1
y(@) = Cz +zn(z)’

1

22. Because n = 2, z = y~* and the linear ordinary differential equation is

%—l—i——i or x%—kz——(xz)——f
de  x z¥ dz T dx T

Integrating this equation yields
z(z) = [C — In(z)]/=.

Therefore, the solution to the nonlinear differential equation is

y(z) = m

23. Because n = 3, z = y'/2 and the linear ordinary differential equation is

dz 2z T 1 dz 2z d(Z) 1
2T or -2

dr = 2’ 22dx 13 dr \x?

Integrating this equation yields
z(z) = C2® + £2° In(z).
Therefore, the solution to the nonlinear differential equation is

y(z) = [Ca® + Ja? 111(33)}2

24. Because n = 2, z = y~! and the linear ordinary differential equation is

22 dx

— =z, or

xT

Integrating this equation yields

z(x) = Cx + 22
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Therefore, the solution to the nonlinear differential equation is

@) = 5

)= ——.

Y Cx + 22

25. Because n = —1, z = y? and the linear ordinary differential equation is
dz =z 1 1dz z d (2) 1
—_—— — = — or —_—_ = — | — = — —
dr =z ’ rdr 2 dx\z x

Integrating this equation yields
z(z) = Cz — x1n(x).
Therefore, the solution to the nonlinear differential equation is

yla)=[Cz —x ln(x)]1/2 .

2

26. Because n = 3, z = y~“ and the linear ordinary differential equation is

dz 2z _
dx x

or

s )

Integrating this equation yields

2 2

2(x) = Ca? + x.
Therefore, the solution to the nonlinear differential equation is

y(z) = [Ca® + z] e

Section 1.6

5. The equilibrium points for this differential equation are x = 0, %, and 1.
The right side is negative for 0 < z < % and positive for % < z < 1. Thus,
the equilibrium point z = 1 is unstable while the equilibrium points at 2 = 0

2
and 1 are stable.

6. The equilibrium points are x = +1, and x = +2. Forz < -2, -1 < x < 1,
and z > 2,2’ > 0. For -2 <z < —1and 1 < 2 < 2, ' < 0. Therefore, the
equilibrium points at x = —2 and z = 1 are stable while x = —1 and z = 2
are unstable.
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7. There is only one equilibrium point, z = 0. For x < 0, 2’ > 0 while for
xz > 0, 2’ < 0. Therefore, this equilibrium point is stable.

8. The equilibrium points are x = £2, and x = 0. For z < —2 and 0 < z < 2,
2/ > 0. For —2 < 2 < 0 and z > 2, 2’ < 0. Therefore, the equilibrium point
x = 0 is unstable while the points x = +2 are stable.

Section 1.7

1. Because the differential equation can be written 2’ — x = ¢, we have that

d

pn (e*tx) = —te ",

Integration yields z(t) = Ce! +t + 1. Applying the initial condition, we find
that C' = 1. Therefore, the final answer is z(t) = e' +¢ + 1.

2. Because the differential equation can be written dz/z = tdt, z(t) = Cet/2,

Applying the initial condition, C' = 1. Therefore, the final solution is x(t) =
t2/2

et”/2,

3. Because the differential equation can be written dx/x? = dt/(t + 1), in-
tegration yields 1/ = C — In(t + 1). Applying the initial condition, C' = 1.
Therefore, the final answer is x(t) = [1 — In(t + 1)] L.

t

4. Because the differential equation can be written '’ —x = e~*, we have that

d
pr (e_t:v) =e 2.

Integration yields z(t) = Ce’ — Ze*. Applying the initial condition, we find
that C' = e~2/2. Therefore, the final answer is z(t) = § (/72 —e™*).

Tl lo 16161676 ToToTo oo o o o o o o o o o ToToTo oo o o o o o o oo oo T T o o o o o oo oo oo oo oo T o o o o oo
A

% MATLAB Code for Differential-Integral Equation

A

ToToTototo o oo ToToToo o o oo To o To o o o o o o To oo fo o o o o To oo o o o o o To oo o o o o o To o fo o o o o o Fo o fo o o o
% initialize parameters

clear; beta = 0.4; deltat = 0.01; K = 1000;

% vary value of b
for n = 1:4

b=0.2 % (n-1);
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% take the first time step

x(1) = 0; t(1) = 0; t(2) = deltat;
x(2) = x(1) + deltat - b * deltat * sign(x(1)) * abs(x(1)) beta;
sum = x(1) + x(2);

% take the remaining time steps

for k = 2:K
t(k) = t(k-1) + deltat;
x(k) = x(k-1) + deltat ...
- b *x deltat * sign(x(k-1)) * abs(x(k-1)) beta ...
- deltat * deltat * sum;
sum = sum + x(k);
end

% plot the results

subplot(2,2,n), plot(t,x); xlabel(’time’,’Fontsize’,20);
ylabel(’x(t)’,’Fontsize’,20); legend([’B = ’,num2str(b)])

end

Toloto o ToToo oo To o 1o o To To o o o To o o o To To o o o To o o o To o o o To Fo o o o To o o o To o o o o To o o o To o o o To T o o o o
Section 2.0

1. Since the second solution is ya(z) = u(x), y5(x) = v/ () and y5 () = v’ (z).

Consequently, substituting these values of y2(x), y5(x), and y4(z) into the
differential equation, we find that zu” + 2u’ = 0. Therefore,

) o' () = Cox™2.

Thus, u(x) = A/z, and the second solution is ys(z) = A/x.

2. Since the second solution is ys(z) = u(x)e”,
yo(x) = v/ (2)e” +u(z)e®, and oy (x) = u”(x)e” + 2u'(z)e” + u(x)e”.

Consequently, substituting these values of y2(x), y4(z), and y5(x) into the
differential equation, we find that u” + 3u’ = 0. Therefore,

= -3, u'(z) = Ce 37,
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Thus, u(z) = Ae™3%, and the second solution is yz(x) = Ae™22.
3. Since the second solution is ys(x) = zu(z),

/

yo(z) = zu'(x) + u(x), and y5(z) =zu"(z)+ 2u ().

Consequently, substituting these values of y2(x), y4(z), and y5(x) into the
differential equation, we find that zu” + 6u’ = 0. Therefore,

, u'(x) = Ca™C.

Thus, u(z) = Az=5, and the second solution is yo(z) = Azx~—%.

4. Since the second solution is ys(z) = €*

u(z),
yh(z) = e"u(x) + e*u'(x), and yh(z) = e"u(x) + 2e"u' (x) + e*u’’(z).

Consequently, substituting these values of ya(x), y5(x), and 34 (z) into the
differential equation, we find that zu” + (z — 1)u’ = 0. Therefore,

=——1, u'(x) = —Aze™".

Thus, u(z) = A(z + 1)e*, and the second solution is yo(x) = A(x + 1).
5. Since the second solution is y2(z) = (z — 1)u(x),
yo(z) = (x — D/ (2) +u(x), and y5(z) = (z— Du"(z) + 2u ().

Consequently, substituting these values of ya(x), y5(x), and 34 (z) into the
differential equation, we find that z(2 — z)(z — 1)u” + 2u/ = 0. Therefore,

u’(z) 2 1 1 2
u

()  a(z—2)(x—1) x+z—2 x—1’

and
z(x — 2)

1
40 A = A
Thus, u(z) = Az+ A/(x—1), and the second solution is ys(z) = A(2x?—2+1).

6. Since the second solution is ys(z) = u(x) sin®(x),

yh(x) = 3sin?(z) cos(z)u(z) + sin®(z)u/ (z),
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and
yY (z) = 6sin(x) cos®(x)u(z) — 3sin®(x)u(x)
+ 6sin?(z) cos(x)u’ (z) + sin® (2)u ().

Consequently, substituting these values of y2(x), y5(x), and y4(z) into the
differential equation, we find that

sin(x) cos(z)u” 4 [6 cos?(z) + sin?(z)]u’ = 0.
Therefore,

_ Acos(z)
5sin®(z)

= —6cot(z) — tan(z),  u'(z) =

Thus, u(x) = A/sin®(z), and the second solution is yy(z) = A/ sin?(z).

7. Since the second solution is ya(x) = u(x) cos(x)/v/z,

ron _sin(:z:)u o) — cos(:z:)u . cos(x) o
shta) = = ule) - P ute) + S
e (@), Beosta) i)
W) = = )+ T ) +
_ cos(z) z) — 2sin(x) @) + cos(x) "),

T NG
Consequently, substituting these values of ys(x), y5(x), and 34 (z) into the
differential equation, we find that cos(z)u” — 2sin(x)u’ = 0. Therefore,
"(xz)  2sin(x)

Y o' (z) = Asec?(z).
u'(z)  cos(z)’ (z) = Asec™(z)

Thus, u(z) = Atan(z), and the second solution is y2(x) = Asin(x)//x.
8. Since the second solution is ya(z) = u(z)e b= /2

yo(z) = —bxe_bmz/zu(x) + e_bmz/zu'(m),
and

gl (z) = (%22 — b)e " 2u(z) — 2bae 2/ (z) + ' (z)e 0" /2.

Consequently, substituting these values of y2(x), y4(z), and y5(x) into the
differential equation, we find that u” + (a — 2bx)u’ = 0. Therefore,

= 2bx — a.




Worked Solutions 25

Thus, u(z) = [* Y€ =a¢ d¢ and the second solution is

pla) =2 [ et g,

9. Letting v = ¢/, we can rewrite the differential equation y(dv/dy) = v

Assuming v # 0, we can integrate this equation to give v = Cyy. Therefore,
dy/dx = Cyy. Integrating this, we obtain the final answer y(z) = Coe®1?.

10. Letting v = y’, we can rewrite the differential equation dv/dy = 2y.
Assuming v # 0, we can integrate this equation to give v = y? + C;. Because
v(1) =1, C; = 0 and dy/dx = y?. Integrating this equation, 1/y = Cy — .
Again, using the initial conditions, y(z) = 1/(1 — x).

11. Letting v = y’, we can rewrite the differential equation yv(dv/dy) =
v + v2. Assuming v # 0, we can integrate this equation to give 1 + v =
Chy. Substituting for v, dy/dx = Ci1y — 1. Integrating this equation, y =
(1 + Czeclx) /Ch.

12. Letting v = y’, we can rewrite the differential equation 2yv(dv/dy) =
1 +v2. Assuming v # 0, we can integrate this equation to give 1 + v? =
Cyy. Substituting for v, dy/dx = /C1y — 1. Integrating this equation, y =
[1+ (Crz + Cy)?/4] /Ch.

13. Letting v = ¢/, we can rewrite the differential equation v(dv/dy) = €Y
with v(0) = 1. We can integrate this equation and find v = e¥. Substituting
for v, dy/dx = e¥. Integrating this equation, e™¥ = C —z, or y = —In |1 — z|.

14. We begin by integrating once and using the initial conditions, y” = 2y2.
Letting v = y’, we can rewrite this differential equation v(dv/dy) = §y2.
Integrating this equation, we have v = y3/2. Substituting for v, dy/dx = 32,
Integrating this equation, y = 4/(2 — z)? = 4/(z — 2)%.

15. If we define z = 1/v, the Bernoulli equation becomes 2’ + z/x = —3. Its
solution is z = — A2 /x—x /4. Therefore, y = v = —4x /(x> +4A?). Integration
yields the final answer y(x) = B — 21n(z? + 4A42?).

16. First we compute

o=l L | 3804 - o[ 28]

and

=] L[ 3] () ]

1) uG ]
o] [ oG]+ oo [ 2
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Substituting y(x), y'(x), and y”(x) into the original ordinary differential equa-
tion yields the final answer.

Section 2.1

1. The characteristic equation is m?+6m+5 = (m+1)(m+5) = 0. Therefore,
the general solution is y(z) = Cre™% + Cye~5%.

2. The characteristic equation is m? —6m +10 = (m — 3 +i)(m — 3 — i) = 0.
Therefore, the general solution is y(z) = C1e3% cos(z) + Cae3% sin(z).

3. The characteristic equation is m? —2m +1 = (m — 1)? = 0. Therefore, the
general solution is y(z) = C1e” + Caxe®.

4. The characteristic equation is m? —3m+2 = (m—1)(m—2) = 0. Therefore,
the general solution is y(x) = C1e*® + Cae®.

5. The characteristic equation is m? —4m +8 = (m — 2)? +4 = 0. Therefore,
the general solution is y(x) = C1e?® cos(2x) + Cae?® sin(2z).

6. The characteristic equation is m? +6m +9 = (m + 3)? = 0. Therefore, the
general solution is y(z) = C1e™3% + Coze 32,

7. The characteristic equation is m? + 6m — 40 = (m + 10)(m — 4) = 0.
Therefore, the general solution is y(z) = Cre=19% 4 Coet®.

8. The characteristic equation is m? +4m +5 = (m +2)? + 1 = 0. Therefore,
the general solution is y(z) = Cre™2% cos(x) + Coe™ 2% sin(x).

9. The characteristic equation is m? +8m+25 = (m+4)?+9 = 0. Therefore,
the general solution is y(z) = =4 [C} cos(3z) + Cq sin(3z)].

10. The characteristic equation is 4m? —12m +9 = (2m — 3)? = 0. Therefore,
the general solution is y(z) = €3%/2 (C} + Cyx).

11. The characteristic equation is m? + 8m + 16 = (m + 4)? = 0. Therefore,
the general solution is y(z) = Cie™** 4 Cowe ™%,

12. The characteristic equation is m?® + 4m? = m?(m + 4) = 0. Therefore,
the general solution is y(z) = Cy + Cax + Cze™ 4%,

13. The characteristic equation is m* + 4m? = m?(m? + 4) = 0. Therefore,
the general solution is y(z) = C; 4+ Cax + C3 cos(2z) 4+ Cy sin(2z).

14. The characteristic equation is m* + 2m? + m? = m?(m + 1) = 0. There-
xr

fore, the general solution is y(z) = Cy + Cox + C3e™* + Cyze™*.



