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Chapter 1

1(1) AV =4, A' = 3, A7 =2, A% = 1
Ai=mpAl = Ay =4,A) = =3, Ay = -2, A3 = —1
AA =42 - 32 22 12 =2> 0= A’ is timelike.

(i) 22 +9? =1 = xdr + ydy = 0 = dx = —\y,dy = \z
z2=0=dz=0,t=0=dt =0.

Adt? —da? —dy? —d2> =0 - X222 - N2> — 0= -\ <0
Hence the tangent vector is spacelike.

(i) p = 22 + y* + 22 — 2t = 1.
Normal vector is (%—f, g—i, %j/)’ g—f) = (—2c%,2x,2y,22) = A; (say).
Al = —2t, —2x, 2y, —22
= A A" =4 — 4a” — 4yt — 427 = —4 <0,

Hence the normal vector is spacelike.

. 1 . 2 3 0
(iv) We have = = r sinf), 2 = r cosf), 9= = 2, %= = /r2 4+ 22,

dx ' dX ? dA ’dX
dx' da*
2 2 2 2 2 2 2
nijp———— = —r~ sin“f — r° cos’0 — z* +r“ + 2z = 0.
AN d\

= The vector is null.

2. Using the electromagnetic field tensor Fj;, where

Foy=Ey, Foo=Ey, Fy3 = L3

F3s = By ,F13 =By , I5 = B3
E = (Ey, Ey, E3), B = (By, Bs, B3) being the electric and magnetic

field vectors in 3 dimensions, we use the special Lorentz transformation
in the form

lei — szxk
with the non-zero components of L?) as L% =~ , LY, = —yv , L', =
—yv, L', =~ ,and L% = L% = 1.



The tensor transformation law gives Fj, — F}), where

Fz‘/k - LimLknan'

We also have LO0 =7, LO1 =YU = LIO, Lll =, L22 = L33 =1
So, for example

F), = LSL'Fy + L, L' Fy
= (1 —v*)Fy = Fy,

i.e., E{ = El-
It can be easily verified that the other components transform as :

Eé = "}/(EQ — UBg), E:/;) = ’Y(Eg +’UBQ),
Bi = Bl, Bé = ’Y(BQ + UE?,), Bé = ’)/(Bg — UEQ).

3. Let in its rest frame the two components of the length vector of the
rod along and perpendicular to the direction of motion be (1, [5). Then

l
lﬁ:tan 60° = /3.
1

In the frame S, the component I, has the same apparent length [
as before. The length [;, however, appears contracted to

[ 2 3\* 4

Since [, = [y, we have the apparent angle of inclination of the rod as 6,
where
I 4L/5 4 1

t0=—-= = - X —
co 7 L 5>< =

ie., 0 =cot™'(4/5V3).

4. Let the 4-momentum of the photon in the laboratory frame be



p' = (E,E cos 0, E sin 6,0)

After Lorentz transformation in the rest frame of the mirror it be-
comes

p" =[yE(1 +v cos 0), yE(v+ cos §), E sin 6,0].
After reflection it will be

ple=[YE(1+wv cos ), —yE(v+ cos 0), E sin 6,0].

Transforming back to the laboratory frame this becomes

Py = [YE{(14+v cos 0) +v(v+cos )}, vV E{—v(l + v cos ) — (v + cos 6)},
E sin 0, 0]

So cos 6 after reflection will be

| p* | (14 0v*)cos 6+ 2v
| p°| 14 2v cos 0 + v?

2v
1 4 0?

cos 8 =

cos 0 +

1+ cos 0

1+ 02
cos 0 + cos «

14 cos @ cos o’

5. The Compton scattering formula in section 1.7.4 tells us that the
wavelength change is given by

AN = i(1 — cos )

mocC

For 6 = 60°, cos 6 = § and AX = h/2myc.

6. Going back to the definition of Fj;, we use the fact that the expres-
sions

Fyp F™* and e, F9 F*



are invariants. Substituting the values of the components we find that
the first is proportional to B2 — E? and the second to B - E.

7. Fp F'™" and €;;;, F"" F* are invariants and as shown in Q.6, they are
B? — E? and B - E.

Now by a Lorentz transformation we can give arbitrary values to B
and F subject to the above invariants.

Consider the Lorentz frame in which B and E are parallel. Then
B-E =0 gives BE = 0. Hence either B =0 or £ = 0. That is, either
the magnetic or the electric field is zero.

8. The equation of motion of the charge is

du’
ds
Let the orbit be in z' — 2% plane with the magnetic field in the 2? -

direction.
Then

m = qF

o O

0
0

cooco
|
sy
como

0 0

The 3-velocity of the charge is v = (Rw cos 6, Rw sin 6,0). This corre-
sponds to a 4-velocity
1

ui = W(:LRW COS G,Rw sin 0,0)
— w

The equation of motion then has these components:

m 1 Rw cos 6 __BRwsin9
VI— R2dt\V1 - Rw?) 1 V1 — R2w?

m i Rw sin 6 _ B Rw cos 6
V1 — R22dt \ /1 — R2w? — 1 V1 — R?w?

Both these equations lead to




Since 6 = w,

B=——"
PN e

9. The Doppler spectral shift is given by

For zero shift z = 0 and

V1—v2=14wvcos 0,
V1I—v? -1

v

ie., 0 =cos™

10. We need to estimate v, the orbital velocity of the Earth. The Earth—
Sun distance is & 150 million km =~ 1.5 x 10'3 cm. The circumference
of the orbit is (assuming circular shape)

[ =27 x 1.5 x 108cm.

This distance is covered by the Earth in time 7" = 1 year.

T 22 365 x 24 x 3600 second =~ 3.15 x 107s

Therefore

_ 2mx 1.5 % 1013
315 x 107

The order of magnitude of the effect, assuming sin § = 0(1), is

~ 3 x 10%m s7*

2 6 x 106
v ~ 3% 1010 radians = 2 x 107 radians &~ 40 arsec.
c
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11. The answer is “no”. For, if it were “yes”, in the rest frame of
the electron its 4-momentum vector would be (m,c?,0,0,0). This must
equal the sum of 4-momenta of decay products. If the energy of the
emitted photon were hr and the electron, after decay, had a ~-factor
> 1, we would have

myc? = 'ymOCQ + hv.
Since the right hand circle exceeds the left hand side for v > 1, v > 0,

we get a contradiction.

12. The 4-momentum of the original particle is (M, 0,0, ). The decay
products have - factors, v, v2, 3 releated by
YoMy = 3 M5 = X (say).

Choose the z-axis along the direction of M, and y-axis along the direc-
tion of Mj3. Then the 4-momenta of My, Mj are (9 Ma, v M5, 0,0)
and (y3Ms, 0,v3v3Mj3,0), respectively. The third decay product will
move at an angle 7+ « with the z- axis, say, with velocity v;. Then its
4-momentum is (v My, —y1 Mivy cos a, —y; Mjv; sin «, 0). The conser-
vation of momentum then gives these three relations:

My = v M+ Mo+ M3y = vy M1+2X where X = energy of Ms and Mj.

0= —y Miv; cosa+ vy Movy

0= —yMv; sina + y3Mjzvs.
We also have the identity v> — v?v? = 1 for all 7s.
Thus 3 M3 — viMjvs = M3 = X* = M + X?v3.
From the second and third momentum equations we get

MR = 3N AN = 27 — (M3 + M),

e, M2(72 — 1) = 2X? — (M} + M3),



