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CHAPTER 1
Limits and Their Properties

Section 1.1 A Preview of Calculus

1. Calculus is the mathematics of change. Precalculus is

60

more static. Answers will vary. Sample answer:
Precalculus: Area of a rectangle

Calculus: Area under a curve

Precalculus: Work done by a constant force
Calculus: Work done by a variable force
Precalculus: Center of a rectangle

Calculus: Centroid of a region

. A secant line through a point P is a line joining P and

another point Q on the graph.

The slope of the tangent line P is the limit of the slopes

of the secant lines joining P and Q, as Q approaches P.

. Precalculus: (20 ft/sec)(15 sec) = 300 ft

. Calculus required: Velocity is not constant.

Distance = (20 ft / sec)(15 sec) = 300 ft

the rate of change, and equals about 0.16.

. Precalculus: rate of change = slope = 0.08

(6x-x*) -8 (x-2)4-x)

(b) slope = m

x -2 x -2
Forx =3, m=4-3=1
Forx=2.5,m=4—2.5=1.5=%
5
Forx=1.5,m=4—1.5=2.5=5

. Calculus required: Slope of the tangent line at x = 2 is

7. f(x) = Vx
(@ v
P@4,2)
N X
P
1 2 Iz i 5 !
(b) slope = m = \/;_42
B Jx -2
(Vx +2)(Vx -2)
1
= ,x # 4
x+2
x—l'm—i1 —l
’ Ji+2 3
1
x=3m=—— = 02679
342
xX=5m-= ! = 0.2361

(©

=(4-x),x =2

542

At P(4, 2) the slope is !

1
— = - =025
Ja+2 4
You can improve your approximation of the slope at
x = 4 by considering x-values very close to 4.

(c) At P(2,8), the slope is 2. You can improve your approximation by considering values of x close to 2.
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Section 1.2 Finding Limits Graphically and Numerically 61

9. (a) Area:= 5 + =10.417

545
+3+3

o

+5+3+ %) =09145

1 5
_7(5+E+ 35

[SY[vY

5
+ 55+

w |

Area:
(b) You could improve the approximation by using more rectangles.

10. Answers will vary. Sample answer:
The instantaneous rate of change of an automobile’s position is the velocity of the automobile, and can be determined by the
speedometer.

1. @) D = (51 +(1-5" =/16+16 = 566
VG e =3 e 2 e e )

2.693 +1.302 + 1.083 + 1.031 = 6.11

(b) D,

0

(c) Increase the number of line segments.
Section 1.2 Finding Limits Graphically and Numerically

1. As the graph of the function approaches 8 on the horizontal axis, the graph approaches 25 on the vertical axis.

2. (i) The values of f approach different (ii) The values of f increase without  (iii) The values of f oscillate between
numbers as x approaches ¢ from bound as x approaches c: two fixed numbers as x approaches c:
different sides of c:

12345

4. No. For example, consider Example 2 from this section.

CR

lirr; f(x) =Lbutf(2) =0

I, x#2
0, x=2

5.
x 39 399 3999 | 44001 |401 |41
F() | 03448 | 0.3344 | 03334 | 2 | 0.3332 | 0.3322 | 0.3226
lim 2"%4 ~ 03333 (Actual limit is 1.]
x4 x= — 5x — 4 3

6.

b 2.9 2.99 2.999 3 | 3.001 3.01 3.1

f(x) | 0.1695 | 0.1669 | 0.1667 | ? | 0.1666 | 0.1664 | 0.1639

= 0.1667 (Actual limit is lj
9 6
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10.

11.

12.

13.

14.

15.

19.

20.

Chapter 1 Limits and Their Properties

x |-01 | -001 |-0001 |0 |0001 | o001 0.1
£ | 05132 | 05013 | 05001 | 2 | 0.4999 | 0.4988 | 0.4881
fim ML= 65000 [Actual limit is l.j

x>0 X 2

x |29 2.9 2999 | 3.001 | 3.01 3.1
£ | —0.0641 | —0.0627 | —0.0625 | —0.0625 | —0.0623 | —0.0610

x—3

x -3

/(x +1)| - (1/4
lim M = —0.0625 (Actual limit is —%]

X -0.1 -0.01 —0.001 | 0.001 0.01 0.1

f(x) | 0.9983 | 0.99998 | 1.0000 | 1.0000 | 0.99998 | 0.9983

. sinx o .

hrr}) = 1.0000 (Actual limit is 1.) (Make sure you use radian mode.)
x— X

X —0.1 —0.01 —0.001 | 0.001 0.01 0.1

f(x) | 0.0500 | 0.0050 | 0.0005 | —0.0005 | —0.0050 | —0.0500

. cosx —1 s .

hrr%) ——— = 0.0000 (Actual limit is 0.) (Make sure you use radian mode.)
x> X

lim sec x =1

x—=0

lim (4 —

x—3

lim f(x) = lim (4 — x) = 2

x) =1

16. lim does not exist because the function increases

x=5 X —
and decreases without bound as x approaches 5.

17. liH(l) cos(1/x) does not exist because the function
x—

¥o2 ¥=2 oscillates between —1 and 1 as x approaches 0.
lvig} flx) = 1131 (xz + 3) =4 18. lim2 tan x does not exist because the function
i ‘ - 2‘ ) increases without bound as x approaches % from the
Lim —2 does not exist. .
‘ left and decreases without bound as x approaches 3
For values of x to the left of 2, al = —1, whereas .
(x - 2) from the right.
-2
for values of x to the right of 2, ‘ al ‘ = 1.
(x=2)
X 39 | 399 | 3999 | 4 4.001 | 4.01 | 4.1
fx) | 791799 | 799 | ? 8.001 | 8.01 | 8.1
x? - 16
li 1 = 8.0000 (Actual limit is 8.)
x— X —
x 6.9 6.99 6.999 7 | 7.001 7.01 7.1
f(x) | -0.0719 | -0.0715 | —0.0714 | ? | —0.0714 | —0.0714 | —0.0709
. - o 1
llm# = —0.0714 Actual limit is ——.
x=>7x° — 49 14
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Section 1.2 Finding Limits Graphically and Numerically 63

21.
x |09 099 |0999 | 100t |101 |11
f@) | 0.2564 | 0.2506 | 02501 | 0.2499 | 0.2494 | 0.2439
lim—~ "2 - 02500 (Actual limit is 1)
x>l xT + x = 4

22.
x |41 | 401 | 4001 | -4 [-399 |-399 |-3.9

? 1 0.9990 0.9901 0.9091

f() | L.1111 | 1.0101 | 1.0010

im — "% 10000 (Actual limitis1)
x—>-4 x° + 9x + 20

23.
x 109 |09 [0999 | 1001 |10l |11

0.6660 | 0.6600 | 0.6015

f(x) | 0.7340 | 0.6733 | 0.6673

4_
lim =1 = 0.6666 (Actual limit is 3.]
x—>1 x° — 3
24.
x 31 301 | -3.001 | -3 |-2999 | 299 |29
270090 | 2 | 269910 | 26.9101 | 26.11

f(x) | 2791 27.0901

3
fim 27~ 270000  (Actual limit is 27.)
x—>-3 x 4+

25. X 6.1 —6.01 —6.001 | -6 [ 5999 | -5.99 -5.9

f(x) | —0.1248 | —0.1250 | —0.1250 | ? | —0.1250 | —0.1250 | —0.1252

NIO=x =4 1250 (Actual limit is —%j

lim
x—>-6 X +
26.
X 0.9 0.99 0.999 | 1 | 1.001 1.01 1.1

f(x) | 02911 | 0.2889 | 0.2887 | ? | 0.2887 | 0.2884 | 0.2863

NERINEE TRy [Actual limit is \EJ

lim
x—7 1—x
27.
X -0.1 —-0.01 —-0.001 0 0.001 0.01 0.1

? | —0.4998 | —0.4975 | —0.4762

f(x) | —0.5263 | —0.5025 | —0.5003

2x +2)] -1
limM = —0.5000 [Actual limit is —l)
x—0 X 2
28.
x 19 | 199 | 1999 |2 ] 2001 | 201 | 21
£ | 0.1149 | 0.115 | 0.1111 | 2 [ 01111 | 0.1107 | 0.1075
m OV =23y (Actual Limit is 1.]
x—2 X — 9
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29.

30.

31.

32.

33.

34.

Chapter 1 Limits and Their Properties

X 0.1 —0.01 —0.001 | 0.001 0.01 0.1

f(x) | 1.9867 | 1.9999 | 2.0000 | 2.0000 | 1.9999 | 1.9867

lil‘l‘(l) sin 2x_ 2.0000  (Actual limit is 2.) (Make sure you use radian mode.)
x— X
X -0.1 -0.01 —-0.001 | 0.001 0.01 0.1

f(x) | 0.4950 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.4950

lim 2~ 05000 [ Actual limit is —.
x—0 tan 2x 2
2
f(x) ==
X
x | -01 | -oo01 0001 | 0] 0001 o001 0.1

f(x) | 2000 | -2x10° | =2x10° [ ?2 | 2x10° | 2x10° | 2000

As x approaches 0 from the left, the function decreases without bound. As x approaches 0 from the right,
the function increases without bound.

3| x
£y = 3

X
X -0.1 —0.01 —0.001 | 0 | 0.001 0.01 0.1
fx) | 30 300 3000 ? | 3000 300 30

As x approaches 0 from either side, the function increases without bound.

(a) f(1)exists. The black dot at (1, 2) indicates that f(1) = 2.

(b) lim1 f (x) does not exist. As x approaches 1 from the left, f(x) approaches 3.5, whereas as x approaches
1 from the right, f'(x) approaches 1.

(¢) f(4) does not exist. The hollow circle at (4, 2) indicates that f is not defined at 4.

(d) lin}‘ f(x) exists. As x approaches 4, f'(x) approaches 2: lin}‘ f(x) = 2.

(@) f(-2) does not exist. The vertical dotted line (f) lin% S (x) exists. As x approaches 2,
indicates that f is not defined at —2. 7 (x) approaches %: lim f(x) = %
(b) lim f(x) does not exist. As x approaches —2, the 2
F2 (g) f(4) exists. The black dot at (4, 2)indicates that

1(4) = 2.

(h) lin}‘ f(x) does not exist. As x approaches 4, the
Rad

values of f(x) do not approach a specific number.
(c) f(0) exists. The black dot at (0, 4) indicates that
£(0) = 4.

d lin?) S (x) does not exist. As x approaches 0 from the

values of f(x) do not approach a specific number.
left, f(x) approaches %, whereas as x approaches 0
from the right, f(x) approaches 4.

(e) f(2) does not exist. The hollow circle at (2, %)

indicates that f/(2) is not defined.
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Section 1.2 Finding Limits Graphically and Numerically 65

1

x —1

2—x

x —1

40. Youneed | f(x) - 1| = < 0.01.

_l‘z

Let 6 = L.Ifo <‘x— 2‘< L,then
101 101

x —L<x—2<iz>l—i<x—l<l+L
101 101 101 101
100 102
- -1 < —=
lim f(x)exists for all values of ¢ # 4. 101 101
x—c 100
36. y
and you have
o £(x) = 1] =|—— - 1| = |22 VIOL _ 1 _ g,
\ / x -1 x -1 100/101 100
VAR / 41. You need to find & such that 0 < |x — 1| < & implies
1 .
lim f(x) exists for all values of ¢ # 7. ‘f(x) - 1‘ = T 1) < 0.1. That is,
. . 1
37. One possible answer is -0.1 < T 1<0.1
y 1
. . 1-01< — <1+0.1
.1 X
y \fk - < l < ﬂ
T 10 X 10
T 10 10
i+ — > x >—
i T 9 11
-2 _I—I» 1 2 3 4 5 10 10
—=1l>x-1>—=-1
9 11
1 >x—-1> —L.
9 11
So take § = %.Then 0 <|x — 1| < & implies
L <x-1«< 1
11 1
L <x-1<-—
11
39. You need ‘f(x) _ 3‘ _ ‘(x +1) - 3‘ _ \x _ 2‘ < 04 Using the first series of equivalent inequalities, you
o obtain
So, take § = 0.4.1f 0 < |x — 2| < 0.4, |
then |x — 2| = |(x + 1) = 3| = | /(%) - 3| < 04, ‘f(x)‘l‘:‘;‘l <01

as desired.
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66  Chapter 1 Limits and Their Properties

42. Y d to find & such that 0 -1 impli
ou need to find 8 such that 0 <|x — 1| < & implies a4, lim(6—§)=6—§=4=L

1 1 x—6
|f(x)=1]=]2-=-1|=|l-=|<e&
X X X
@) ||6-=|-4[<001
1 3
-£€ < —-1 < ¢
X
| ‘2—5 < 0.01
1-¢ < — < l1+e¢ 3
X
Ly —
| | \ Lx 6)‘<0.01
> >
- ! 1+ |x - 6] < 0.03
11 s a1 > 11 _1 0<|x-6/<003=0
- & + &€
So,if 0 <|x — 6| < & = 0.03, you have
£ —-&
> x—-1 >
l-¢ l+e |-L(x - 6)| < 0.01
(a) For £ = 0.05, take § = _005 = 0.05. X
1-0.05 2- 5| <001
(b) For & = 0.01, take 6 = — 0L ~ 001, x
1-0.01 63| =4/ <001
0.005
For £ = 0.005, take § = ———— ~ 0.005. _
(c) For ake § = —— | f(x) - L| < 0.01.
(d) For & = 0.001, take 5 = —%%L__ g.001. ®) |6 -2~ 4]<0.005
1 - 0.001 3
As ¢ decreases, so does O. ‘2—% < 0.005
43. lim (3x +2) =32 +2=8= L ‘_1(x_6) < 0.005
@ |(3x+2)-8|< 001 Ix - 6] < 0.015
[3x - 6| < 0.01 0<|x-6/<0015=25
- 2| <001 . .
3| 2] < 0.0 As in part (a), if 0 <|x — 6| < 0.015, you have
0 <[x-2|< % =~00033 =6
[6—)‘]—4 < 0.005.
So,if 0 <‘x—2‘<5=%,youhave 3
3|x - 2| < 0.01
|3x — 6| < 0.01
|(3x +2) - 8] < 0.01
| f(x) - L| < 0.01.

(b) |(3x +2) - 8| < 0.005

|3x — 6] < 0.005
3|x — 2| < 0.005
0.005

= 0.00167 = 6

0<‘x—2‘<

Finally, as in part (a), if 0 < ‘x - 2‘ < 0'(;05,

you have |(3x + 2) — 8| < 0.005.
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Section 1.2 Finding Limits Graphically and Numerically

45. 1im(x2—3):22—3=1=L
x—2

@ | -3)-1]<o0

| - 4| < 0.01
|(x +2)(x - 2)| < 0.01
|x + 2[|x - 2| < 0.01

0.01

2| < ——
‘x+2‘

|x -
If youassume 1 < x < 3,then
5 = 0.01/5 = 0.002.
So,if 0 <|x — 2| < § = 0.002, you have

|x — 2] < 0.002 = l(0.01) <!
5 ‘x+

|x + 2[|x - 2| < 0.01
|x* — 4| < 0.01

|(* =3) = 1] < 001
| f(x) = L|< 001

®  |(x* - 3) - 1] < 0.005

|x* — 4] < 0.005
|(x + 2)(x - 2)| < 0.005
|x +2||x - 2| < 0.005

0.005

‘x—2‘<
‘x+2‘

If you assume 1 < x < 3, then

0 = @ = 0.001.

Finally, as in part (a), if 0 <|x — 2| < 0.001,

you have | (x* = 3) = 1| < 0.005.

—0.01)

2|

67

46. lm(x2+6)=42+6=22=L
@ |(x*+6)-22|<001
|x* - 16| < 0.01
|(x + 4)(x - 4)| < 0.01

‘x + 4Hx - 4‘< 0.01

\x—4\< 0.01
‘x+ 4‘
If youassume 3 < x < 5, then

0= % = 0.00111.

So,if 0 <|x — 4|< & = %,youhave

0.01 0.01
9 ‘x +4‘

|(x + 4)(x — 4)| < 0.01

‘x—4‘<

|x2 =16/ < 0.01
|(x* + 6) - 22| < 0.01
| f(x) - L| < 001
() |(x* + 6) - 22| < 0.005
|x* - 16| < 0.005
|(x = 4)(x + 4)| < 0.005

|x — 4||x + 4| < 0.005

0.05

‘x—4‘<
‘x+4‘

If youassume 3 < x < 5, then

0.005

0 = = 0.00056.

Finally, as in part (a), if 0 <|x — 4| < 0'(;05,

you have ‘(x2 + 6) - 22‘ < 0.005.
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68  Chapter 1 Limits and Their Properties

47. 1inq4(x2—x):16—4=12=L 48.1i1113x2=32=9:L
(a) \(x2 ~x) - 12\ < 0.01 (a) |2* - 9| < 0.01
|(x = 4)(x + 3)| < 0.01 |(x = 3)(x +3)| < 0.01
|x — 4||x + 3| < 0.01 |x = 3[|x + 3| < 0.01
0.01 0.01
4 x —3|<
-l =3l 2y
If you assume 3 < x < 5, then If youassume 2 < x < 4, then
5= % = 0.00125. S = g ~ 0.0014.
. 0.01
So,if 0 <|x - 4| < %, you have So,if 0 <|x - 3| < - you have
0.01 Ix - 3| < 0.01
[x = 4] < [x + 3|
‘x+3‘

|x = 4||x + 3| < 0.01 [x = 3|x +3]< 001

x> - x - 12| < 0.01 | = 9] < 001
|(x* = x) - 12| < 0.01 |£(x) - L[ < 001
(b) |x* - 9] < 0.005

| f(x) = L| < 0.01
|(x = 3)(x + 3)| < 0.005

2 —_ —
®) |(x* - x) - 12| < 0.005 1~ 3x + 3] < 0008

|(x = 4)(x + 3)| < 0.005 0,005
|x — 4||x + 3] < 0.005 ‘x_3‘<‘x+3‘
|x - 4] < ‘2'3053‘ Ifyouszsglsme 2 < x < 4, then
If you assume 3 < x < 5, then ¢ === = 0.00071.
0= 0‘(;& = 0.000625. Finally, as in part (a), if 0 <|x — 3| < 0'(;05 , you

have |x? — 9| < 0.005.
Finally, as in part (a), if 0 <|x — 4| < 0'(;05, v ‘x ‘

you have |(x* - x) - 12| < 0.005. 49. lim (x +2) =4+2=6
Given ¢ > 0:
[(x+2)-6|<e
|x—4|<e=6
So,let § = & So,if 0 <|x — 4| < & = &, you have
|x —4|< e
[(x+2)-6|<e
| f(x) - L|< &
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50.

51.

lim (4x +5) = 4(-2) +5 = -3

e

Given € > 0:

[(4x +5) - (-3)| < ¢
|4x + 8| < ¢
4lx+2|< €

x+2(<f=45
4
So,let § = E,
4
So,if 0 <|x +2|< & = %,youhave

‘x+2‘<£

4

|[4x + 8| < ¢

|(4x +5) - ()| < &
‘f(x)—L‘<g.

lim ($x —1) = J(-4) -1 = -3

x——4 \2

Given £ > 0:

‘(%x - 1) - (—3)‘ <€
Bx + 2‘ <e
%‘x - (—4)‘ <e
‘x - (—4)‘ < 2e
So, let & = 2e.

So,if 0 <|x — (-4)| < & = 2&,you have
|x = (4)| < 2¢
‘%x + 2‘ <e

‘(%x—l)+3‘<€

‘f(x)—L‘< €.

Section 1.2 Finding Limits Graphically and Numerically

52.

53.

54.

lim (G 1) = 303) + 1=

Given £ > 0:

‘(%x+l)—% <

™

™

3, _9
e 4‘<

%‘x—3‘<£

‘x—3‘<%8

So, let & = %8.

So, if 0 <\x - 3\ <0 = %8,youhave

|x = 3|< 3¢
Ix-3<e
fe-g<e
G+ )< e
| f(x) - L|< &
lim3 =3

X6

Given £ > 0:
3-3|<e¢
0<e
So, any d > 0 will work.
So, for any 6 > 0, you have
|3-3|<¢
‘f(x) - L‘ < e
iy (- = -
Given € > 0:‘—1 - (—1)‘ <e
0<e
So, any & > 0 will work.

So, for any 6 > 0, you have
(1) - (-1 < e
‘f(x) - L‘ < e

69
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5S.

56.

57.

Chapter 1 Limits and Their Properties

i 7 <
Given ¢ > 01‘3/;—0‘< £
<
|x|< e =6
So, let § = &3
So, for 0|x — 0|6 = &, you have
|x| < &
5]
‘\3/; - 0‘ <e

‘f(x) - L‘ < &

lim /x = /4 =2

x—4

Given £ > 0: ‘\/;—2‘<£
‘\/;—ZH\/;+2‘<£‘\/;+2‘

|x - 4] < &[</x + 2|

Assuming 1 < x < 9, you can choose d = 3&. Then,

0<\x—4\<5z3£:>\x—4\<£‘\/;+2‘
3‘\/;—2‘<8.
lim |x = 5[=[(-5) - 5| =|-10] = 10

Given £ > 0: Hx—S\—lO‘< £

|-(x =35 -10[<e (x-5<0)

|-x - 5|< e
|x = (-9)|<
So, let 8 = €.

So for ‘x - (—5)‘ < § = g,you have
|(x+5)|< e
‘—(x— 5) —10‘< £
|x = 5]-10[]< &
|f(x)-L|<e

(because x — 5 < 0)
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58. lim [x - 3| =[3 - 3|= 0
Given ¢ > 0: Hx —3‘— 0‘< £
|x-3|< ¢
So, let = €.
So, for 0 < |x - 3| < § = &,you have
‘x - 3‘ <€
|x-3|-0]< e
‘f(x) - L‘ < e

59, hnl(xz +)=1+1=2

o1
Given £ > 0: ‘(x2 + 1) —2‘< £
‘xz - 1‘< £

‘(x +1)(x - 1)‘< £

£

‘x—1‘<7
‘x+l‘

If you assume 0 < x < 2,then § = &/3.

Sofor 0 <|x —1|< & = g,youhave

\x—1\<lg<Ls

3 ‘x+l‘
‘x2—1‘<€
‘(x2+1)—2‘<e
| f(x) -2|< e

60. lim (x* +4x) = (-4’ + 4(-4) = 0

x—-4

Given ¢ > 0: ‘(x2 + 4x) - 0‘< £
|x(x + 4)| < €

£

]

If you assume —5 < x < —3,then § = ?

‘x+4‘<

So for 0 <‘x - (—4)‘< o = %, you have

\x+4\<£<lg
5 |+

‘x(x + 4)‘ <

™

‘(xz +4x)—0‘< £

‘f(x)—L‘<

™



Section 1.2 Finding Limits Graphically and Numerically 71

61. lim f(x) = lim 4 = 4

XD XD

62. lim f(x) = limx = 7

X—>T X—>T
x-3
63. f(x) - x2 —4x +3
. 1
m /() =5
4
,3\_\_\_\_\_‘ LS

-4

The domain is all x # 1, 3. The graphing utility does not

show the hole at (3, %)

Nx+5-3
x—4

. 1

hmf(x)zg

x—4

64. f(x) =

0.5

K“_hh‘——H——_

-0.1667
The domain is [-5, 4) U (4, =). The graphing utility

}

does not show the hole at (4,

N =

65. f(x) = %‘_93
lim f(x) = 6

x—=9

10

—

0

The domain is all x = Oexcept x = 9. The graphing
utility does not show the hole at (9, 6).

66.

67.

68.

69.

70.

71.

72.

x -5 5

1) = 505
fim /) = 55 WL

The domain is all x # *5. The graphing utility does not

show the hole at (5, i]
10

C(x) =75-075[1 - x], x > 0
(@) C(10.75) = 7.5 — 0.75]1 — 10.75]
= 7.5 - 0.75][-9.75]
= 7.5 - 0.75(-10)
=75+75 =815
C(10.75) = $15represents the cost to ship a
package weighing 10.75 pounds.

(b) 12

The limit does not exist because the limits from the
right and left are not equal.

(a) C(x) = 26.35 — 0.4]1 - 2x]
(b) 35

The limit does not exist because the limits from the
right and left are not equal.

Choosing a smaller positive value of ¢ will still satisfy

the inequality ‘f(x) - L‘ < e

In the definition of lim f(x), f must be defined on both
xX—c

sides of ¢, but does not have to be defined at c itself. The
value of f"at ¢ has no bearing on the limit as x approaches c.

No. The fact that f(2) = 4 has no bearing on the

existence of the limit of f(x) as x approaches 2.

No. The fact that lim2 f(x) = 4 has no bearing on the

value of f at 2.
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72 Chapter 1 Limits and Their Properties

73. (a) C = 27r 75 f(x) = (1+x)"
C 6 3 x
r=—-= = = = 0.9549 cm lim (1 + x)l/ =e = 2.71828
2 2r T x—0
5.5 y
(b) When C = 5.5:r = =— = 0.87535cm
2
6.5
When C = 6.5:r = — = 1.03451 cm
2r

3% (0, 2.7183)
So 0.87535 < r < 1.03451. N

(¢) lim (27zr) = 6; & = 0.5, = 0.0796
x—3/r

74. V = éiz’rﬁ V =248 X f(x X f(x)

4 0.1 2.867972 0.1 2.593742

(a) 248 = —mr?
3 —-0.01 2.731999 0.01 2.704814
= % —0.001 2.719642 0.001 2.716942
r = 0.8397 in. —0.0001 2.718418 0.0001 2.718146
(b) 245 < ¥V <1251 —0.00001 2.718295 0.00001 2.718268
245 < :mﬁg 2.51 —0.000001 | 2.718283 0.000001 | 2.718280

0.5849 < * < 0.5992

0.8363 < r < 0.8431
(c) For € = 2.51 — 2.48 = 0.03,5 = 0.003
Jxtfx -]

76. f(x)

X

x -1|-05]-01|0 0.1 |05]10

fx) |2 2 2 Undef. | 2 2 2

lim f(x) = 2 /_'_\

x—0
Note that for 2 4 e
a4
+1)+ (x -1
—1<x<1,x¢0,f(x)=wz2.
X
77_ 0.002 . . . . 3.
T5990.00T) 78. (a) ll_)mc f(x) exists forall ¢ # -3
\ RNV, (b) lim f(x)exists forall ¢ # -2, 0.
x—=c¢
1998 s 2.002 79. False. The existence or nonexistence of f(x)at x = ¢

has no bearing on the existence of the limit

Using the zoom and trace feature, = 0.001. So of f(x)asx — c.

(2 - 8,2 + 8) = (1999, 2.001).

X2 -4 80. True
Note: =x+ 2for x # 2.

X —
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81.

82.

83.

86.

87.

Section 1.2 Finding Limits Graphically and Numerically

False. Let
) x—4, x#2
f(x) = {0, s
f(2) =0
lgf(x) :lgtr%(x—4):2¢0
False. Let

x—4, x#2
0, x =2

CR

lim f(x) = lirr%(x —4)=2and f(2) =0 # 2

x—2

fx) =~
lim \/; = 0.51s true.

x—0.25

As x approaches 0.25 = % from either side,

f(x) = /x approaches % = 0.5.

84. f(x) = /x
lin}) x = 0is false.

f(x) = /x is not defined on an open interval

containing 0 because the domain of f isx = 0.

85. f(x) = mx + b,m # 0.Let £ > 0 be given.
Take & = .
|m]

If 0 <\x—c\<5=£,then

|m||x —c|< ¢

‘mx—mc‘<€
‘(mx+b)—(mc+b)‘<€

which shows that lim (mx + b) = mc + b.

x—c

If lim f(x) = Lyand lim f(x) = L,, then for every & > 0, there exists § > Oand &, > 0 such that
X—c¢ xX—c

|x —c|< 6 = ‘f(x) - Ll‘ <éeand |[x —¢c|< 6, = ‘f(x) - L2‘< £.Let 6 equal the smaller of &, and &,. Then for

|x —c|< 8, youhave |L, — L,|=|L = f(x) + f(x) = L| <|L — f(x)|+] f(x) = Ly| < & + & Therefore,

|L, — L,| < 2¢.Since & > 0 is arbitrary, it follows that L, = L,.

lim [f(x) - LJ = 0 means that for every £ > 0
t;:e;e exists > Osuch thatif 0 <|x — ¢|< &,
then

\(f(x) - L)~ o\ < e

This means the same as ‘f(x) - L‘ < & when
0<|x-c|<é.

So, llanl f(x) =L

1
88. 3x +1)(3x — D)x? + 0.01 = (9x% —1)x* + —
(a)( X )( X )x (x )x 100

= ox* — x? +L
100

= ﬁ(loﬁ - 1)(90x2

So, (3x + 1)(3x — 1)x* + 0.01 > 0if

10x* —1 < 0and 90x* — 1 < 0.

1 1
Let (a,b) = | ————, —|.
(.8) ( <90 \/90j
Forall x # 0in (a, b), the graph is positive.
You can verify this with a graphing utility.

73

_1)

(b) Youare given lim g(x) = L > 0.Let £ = %L.

X—c

There exists & > Osuch that 0 <|x — ¢|< &

implies that ‘g(x) - L‘ <e€= g That is,

<g(x)—L<£

NN o~

< glx) <=

For x in the interval (¢ — &, ¢ + d), x # ¢, you

have g(x) > % > 0, as desired.
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74  Chapter 1 Limits and Their Properties

89. Using a graphing utility, you see that

sin x
=1

lim
x—=0 x

sin 2x

lim = 2, etc.
x—0 X

sin nx

So, lim

x—0 X

91.

3

Area triangle = %b[l

Area rectangle = bh

Because these are equal,

P
lb[l—ﬁjzbh
2 2
l—ﬁ:2h
2 h 0
2h=1
2 b
h=2
5

92.
Let x be the length of a side of the cube. Then EF = x~/2.
By similar triangles, A
EF AG
BC ~ AD
/2 _3-x
2 3

Solving for x,

3\/5)6
(332 + 2)x

6 — 2x

6

W2 -

7

6

WN2+2
Section 1.3 Evaluating Limits Analytically

= 0.96.

1. For polynomial functions p(x), substitute ¢ for x, and simplify.

2. An indeterminant form is obtained when evaluating a
limit using direct substitution produces a meaningless
fractional expression such as 0/0. That is,

im L)
()
for which lim f(x) = lim g(x) = 0

x—c x—c

© 2023 Cengage Leaming. All Rights Reserved.

The radius OP has a length equal to the altitude z of the triangle plus % So, z=1- >

90. Using a graphing utility, you see that

. tan x
lim

x—0

=1

X
. tan 2x

lim =2,
x—=0 X

etc.

So, Tim 220™) _

x—0 X

h

Consider a cross section of the cone, where EF is a diagonal of the inscribed cube. 4D = 3, BC = 2.

3. If a function f is squeezed between two functions 4 and
g h(x) £ f(x) < g(x),and & and g have the same limit

Las x — c,then lim f(x)exists and equals L
X—cC

4. lim 22X g

x—0

X

. 1l —cosx
Iim —— =0
x—0 X
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5. limx* =2 =38 23.
x—2
6. lim x* = (-3)' =81
7. lim (2x +5) = 2(-3) + 5 = -1
Jim, (2% +5) = 2(=3) 24,
8. lim (4x — 1) = 4(9) =1 =36 — 1 = 35
9. lim (x* +3x) = (3) +3(-3) =9 -9 =0
, 25.
10. lim (= +1) = (-2) + 1= -8 + 1= -7
. 5 _ o(_7\? _
11. xl;n}}(Zx +4x + 1) = 2(-3)" + 4(-3) + 1
=18-12+1=7
. 26.
. 3_ — _
12. lim (26 —6x +5) = 2(1) —6(1) +5
=2-6+5=1
13. 1iH‘§\/X+8=\/3+ = 11
s 3 27.
14. 11mz\/12x+3=\3/12(2)+3
=3/24+3=2327=3 28.
15. 1i —x =[1-(-49] =5 =
lim (1 - x) [1-(-4)] =5 =125 29,
16. lim (3x - 2)* = (300) - 2)* = (-2)* = 16
x—=0
30.
17 fim—— =3 =3
=22x+1  22)+1 5 31.
18 fm = =2 32
x=>-5x + 3 -5+3 2
| . 33.
19. lim ——— = ==
—ix2+4 12+4 05
; 34.
20. limx+5:3(1)+5:3+5:§:4
x>l x + 1 1+1 2 2
35.
o m 22 ) 2,
=1 fx+2 J7+2 3
36.
2y i YET6 _N3+6 Vo3
Txo3 x4+ 2 3+2 5 5

Section

(a) lin%f(x):5—1:4
(b) ll_t)r}‘ g(x) = 43 = 64

© limg(/(x)) = g(/(1)) = g(4) = 64

x—1
(a) 1irr}3 fx)=(3)+7=4

(b) lirr}‘ g(x) = 42 =16
(© lim g(/(x)) = g(4) = 16

(@ lim f(x) =4—-1=3

x—=1

(b) lim g(x) =~/3+1=2

x—=3

(©) lim g(f(x)) = g(3) = 2

x—1

(@) lim f(x) = 2 4)-3(4)+1=21
(b) lim g(x) = 21+6 =3

(©) lim g(f(x)) = g(21) = 3

. . .

lim sin x = sin — =1
x—>7/2 2
limtanx = tanz = 0
X

. Tx T 1
lim cos — = cos — = —
x-1 3 3 2

. oax . 7(2) 4
lim sin — = sin —% = sin —
X2 12 12 6
lim sec 2x = sec0 =1
x—0
lim cos 3x = cos 37 = -1
X

. . Y 1 1

lim sin x = sin — = —
x—>57/6 6 2

1

. Sr
lim cosx = cos — =
x—>57/3

. X RV
lim tan| — | = tan — = -1
x—3 4 4

lim sec
x—7

=sec— =
6 3

5]

1.3 Evaluating Limits Analytically

75
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76

37.

38.

39. i

40.

Chapter 1 Limits and Their Properties

lim f(x) = E, lim g(x) = 2

x—e 5 x—c
() lim [Sg(x)] =5 lim g(x) = 5(2) = 10

+ lim g(x) =

x—c

(b) lim [f(x) + g(x)] = lim /(x)

© B[/ + ] = [im 7))+ [1m )] = 502) = 5
S MmsG) s

@ lh—>n1 g(x) "~ lim g(x) T2 s

. . 3

hin‘ f(x) =2, hin. g(x) = "

(@ lim [4f(x)] = 41im f(x) = 42) = 8

®) tim [£(x) + g()] = lim () + lim g(x) = 2+ 3 = -*

© lim [ /(x)2(x)] = 1im /() [1im g()] = 2@ -3
. f(®) B )lcl_)nlf(x) _ 2 8

@M T ime (43

lim (x) = 16 41,

@ lim[f(x)]" = [lim /(x)]" = (16)" = 256

® lim //(x) = [lim f(x) = /16 = 4

(© lim[3f(x)] = S[Iiml f(x)J = 3(16) = 48

@ lim [/ (x)]¥* = [lim /(x)]* = (16)" = 64

lim f(x) = 27

(@) lim 3/f(x) = 3/lim f(x) = /27 =3 4.

x—c

lim f(x)

by tim L) S SY_27 3
e 18 lim1s 18 2

© lim /()] = [lim f(x)T = (27) = 729

x—c

@ tim [ = [1im f(x)]2/3 _

x—c

x2+3x_x(x+3)

X X

f(x) =

agree exceptat x = 0.

and g(x) = x +3

lim f(x) = lim g(x) = lim (x +3) = 0+3 =3

5

-1

f(x) _ x* —25x2 _ xz(x22— 5)

X X

and g(x) = x> = 5
agree exceptat x = 0.
lin%) f(x) = lin}) g(x) = lin}) (xX*-5=0"-5=-5

2

VR

\/

-6
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Section 1.3 Evaluating Limits Analytically 77

2 _ 3
43. f(x) = ¥ -1 _G+be-D and g(x) = x - 1 46. f(x) = al +1and g(x) = x — x + 1 agree except at
x+1 x +1 x +1
agree exceptat x = —1. x = -1
xli—>n31 f(x) = xh—>n3| g(x) = xh—>n—l| (x=-1)=-1-1=-2 xli—>n31 Sf(x) = len}l g(x) = xli_)nl (x2 —x+1)
3 =) -C-D)+1=3
7
_Q/III, 4 \
4
-4 4
2 _ _ -1
44, f(x):3x + 5x 2:(x+2)(3x 1)and
x+ 2 x+2 ‘ ' X ' 1 1
g(x) = 3x — 1agree exceptat x = 2. 47. lllgxz—legrtl)x(x—l)zl‘lgtl)x—120—1=_l
X1Ln32 f(x) =x1Lr{12 g(x) =X1Ln32 (3x - 1) w o 2 ) )
32 —1=-7 .lﬂf—lm(h—x)—O—O—O
3
49, lim 2= % _ X4
=4 x? =16 x4 (x + 4)(x - 4)
-4 5
= lim L
S s x+4  4+4 8
3_
45. f(x) = );_2 and g(x) = x* + 2x + 4 agree except 50. lim f—x - lim —(x=19)
=5 x7 =25 x5 (x = 5)(x + 5)
at x = 2.
lim f(x) = lim g(x) = lim (x> + 2x + 4) —tim—— = - L
x—2 x—>2g x—>2 x=5x + 5 5+5 10
=224+22) +4=12
@ X +x-6 . (x+3)(x-2)
12 51. 11[1;1 72_ = 11{14 -
x—-3 X 9 x—>3(x+3)(x 3)
/ g X2 _3-2_ -5 s
s>3x-3 -3-3 -6 6
B 0 ’ x? +2x -8 (x =2)(x +4)
52. limﬁ = lim_i
=2 x2—x—2 2 (x=2)(x+1)
X4 _2+4 6,
=2 x + 1 2+1 3
. Nx+5-3 . Nx+5-3 NJx+5+3
53. lim = lim .
x—4 x —4 x—4 x — 4 Jx+5+3
5)-9
= i —*9) - fim ——2 ! 1

- d)(Va s 43) ix+5+3 o436
m\/x+1—2_. Nx+1 -2 ~x+1+2 . x -3

lim = lim

i .
=3 x =3 =3 x -3 Vx+1+2 X—>3(x—3)[\/x+1+2]

1 1
=3ix+1+2 J4+2

=
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SS.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

Chapter 1 Limits and Their Properties

B NN e SN RN NG

li li .
x—0 X x—0 X \/x + 5+ \/g

(x+5-5 1 1 15

= lim ————— =

lim = = = -
L N N ) I O ARV E VAR VAR [

T N T SN BN T NG

lim —— =1

x>0 X x>0 X . \/2 + x + \/E
i 2tx=2 1 B 1 12
H0(\/2+x+\/§)x =02+ x+42 242 22 4
1 1
Y 3-(3 - - -
TSI S Al ) R - Lot 1
x>0 x =0 (3 4+ x)3(x) =03+ x)3)(x) =0(3+x)3 (3)3 9
1 B 1 4 — (x + 4)
lim < + 4 4 i 4(x + 4)
x—0 X x—0 X
. -1 -1 1
= lim ——r = — = ——
S04(x +4) 4@ 16
fim 20 A) D 2% 2vk A 20 A
Av—0 Ax Ax>0 Ax A0 Ay Ars0
(A - P A+ (A - AY(2x + AY)
lim ~——— = lim = lim ——— = lim (2x + Ax) = 2x
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0
; (x+A) =20+ Ax) + 1= (¥ =20 +1) i © 20+ (A - 2w - 2Ax + 1 -2 + 20 -
Pk Ax fea) Ax
= lim 2x + Ax —2) = 2x -2
Ax—0
303 3 2 2 303
lim (x + Ax) X lim x4+ 3x°Ax + 3x(Ax) + (Ax) X
Ax—0 Ax Ax—0 Ax
A(36% + 3xAx + (av)) ,
= lim = lim (37 + 3xAx + (Av)') = 347
Ax—0 Ax Ax—0
. . . .
lim $0% = jim KS‘”IIH - (1)@ L 67. lim 2™ = Jim [Smx sin x} = (1)sin0 = 0
x—0 Sx x—0 X 5 5 5 x>0  x x—0 X
. 3(1—cosx) (1—cosx))| _ B 68. i tan’x _ i sin’ x _ i | SR sin x
}T}) x B 1123) [3( x =(3)0) =0 0 0 rcostx  +20| x  cos?x
| | ~ (1)0) = 0
lin}) (sin x)(1 2— cos x) _ lin}) [sm x 1-cos x} i
x— X x— X X 1- h —
69. fim L0 _ i [Locoshy oo
=()0) =0 h—0 h h—0 h
= (0)(0) =0
. _cos@tan @ . sin@ (0)0)
lim ——— = lim =1
80 ] -0 @
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70.

71.

72.

73.

75.

76.

Section 1.3 Evaluating Limits Analytically

. cosx —sinx —1 . —sin . cosx —1
lim ——— = lim lim
x—0 2x x=0  2x x—0 2x
1, sinx 1. 1-cosx
= —— lim !
2 x=0 x 2 x—0 X
1 1
S0 -50) = -
. 6 —6cosx 6 —6cos0 6—-6 ; ;
M= =73 3 0 74, lim 302X _ fi | of SID2X
’ x>0 sin 3x x>0 2x
lim ¢sec ¢ = n(-1) = & 1 2
lim ¢ sec ¢ = 7(-1) = 2(1)&)(1) =3
i S 3¢ — i [ S 3t)3 = (1) 3 _ 3
>0 2t -0l 3t N2 2 2
Jx+2-2
S = —""=
X
x 0.1 -0.01 | -0.001 | 0 | 0.001 | 0.01 0.1
f(x) | 0358 | 0354 | 0.354 ? 10354 | 0353 0.349
It appears that the limit is 0.354.
2
-3 3
-2
The graph has a hole at x = 0.
. . Nx+2-2  Nx+2-2 x+2+2
Analytically, lim ———————— = lim .
x—0 X x—0 X \/x + 2 + \/5
, x+2-2 . 1 1 V2
= lim ——————— = lim = = —
SN2 +2) o022 2 4
4 —/x
X = —
S(x) = —¢
X 159 15.99 15.999 | 16 | 16.001 | 16.01 16.1
f(x) | -0.1252 | —0.125 | -0.125 | 2 | —0.125 | —0.125 | —0.1248
It appears that the limit is —0.125.
1
0 ——f 20
-1
The graph has a hole at x = 16.
Analytically, lim 4= x lim (4 _ \/;) - lim —— =1L
P16 x — 16 x>16 (\/; + 4)(\/; _ 4) =16 Jx + 4 8

=]

= 0.354.

79
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80 Chapter I Limits and Their Properties

1

1
77. f(x) = 2+x 2 x 2

X 0.1 —-0.01 —0.001 | 0 | 0.001 0.01 0.1

f(x) | -0.263 | —0.251 | -0.250 | ? | -0.250 | —0.249 | —0.238

It appears that the limit is —0.250.
3
s ,—J}

The graph has a hole at x = 0.

—

-2

1 1
) 2-(2+ - -
Analytically, lim 25% 2 — |im 2-Q+) 1o b L L
X0 X =0 2(24x) x 0224 x) x 022+ x) 4
S —
78, f(x) = 32
x -2
x 1.9 199 | 1999 |1.9999 | 2.0 | 2.0001 | 2.001 |2.01 |2.1

f(x) | 7239 | 79.20 | 79.92 | 79.99 ? 80.01 80.08 | 80.80 | 88.41

It appears that the limit is 80.

100

/

-25

The graph has a hole at x = 2.

, -3 (=2 2 +4x? +8x+16)
Analytically, lim = lim = lim (x4 +2x° + 4x% + 8x + 16) = 80.
x=2 x — 2 x—2 x -2 x—2

(Hint: Use long division to factor x° — 32.)

79, f(t):sm 3t
t
t -0.1 -0.01 -0.001 0 | 0.001 0.01 0.1
f@® | 296 | 2.9996 3 213 2.9996 | 2.96

It appears that the limit is 3.

The graph has a hole at ¢ = 0.

sin 3¢
3t

. . sin 3t .
~2r | | 27 Analytically, lll_r)réf = }Lné 3(

j: 3(1) = 3.
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80. f(x) =

81.

82.

83.

Section 1.3 Evaluating Limits Analytically

cosx — 1
2x2

X -1 0.1 —0.01 | 0.01 0.1 1

f(x) | —0.2298 | —0.2498 | —0.25 | —0.25 | —0.2498 | —0.2298

It appears that the limit is —0.25.

1

1

The graph has ahole at x = 0.

. cosx —1 cosx+1 cos?x — 1 —sin’x sin? x -1
Analytically, - = — = — =—.
2x cosx +1 2x*(cosx +1) 2x*(cosx + 1) X 2(cos x + 1)
- _ _
lim | 2 1 = 1[—1] =L oas
x>0 x 2(cos x + 1) 4 4
I
sin x
f(x) =
X
X -0.1 -0.01 | —=0.001 | 0 | 0.001 | 0.01 | 0.1

f(x) | —0.099998 | —0.01 [ —0.001 | ? | 0.001 | 0.01 | 0.099998

It appears that the limit is 0.

1

The graph has a hole at x = 0.

|
N}
3

it /\ hhnw

W | 2 L2 B
nav Analytically, lim > = lim x(smzx ] = 0(1) = 0.
x—0 X x—=0 X
-1
sin x
f(x) =
© =
X -0.1 -0.01 -0.001 | 0 | 0.001 0.01 0.1

f(x) | 0.215 | 0.0464 | 0.01 ? 1 0.01 0.0464 | 0.215

It appears that the limit is 0.

2

The graph has a hole at x = 0.

= ° . . sinx . y/5(sinx) B
Analytically, )1(13})3—\/; = 113% U x ( . J = (0)(1) = 0.
2
f(x)=3x-2
_ —2_(3x =2 _2_
fim LA = () e 30+ AY Bx=2) _ jp B +3A-2-3x+2 o 3A
Ax—0 Ax Ax—0 Ax Ax—0 Ax A—0 Ax

81
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82  Chapter 1 Limits and Their Properties

84, f(x) = -6x+3

Sl +Ax) - f(x) _ i [-6(x + Ax) + 3] = [-6x + 3] .o ~6x — 6Ax +3 + 6x — 3

lim =1l
Ax—0 Ax Ax—0 Ax Ax—0 Ax
= 1im 22 — fim (=6) = =6
Ax—0 Ax—0

85. f(x) = x* —4x

f(x + Ax) — f(x)

(x + &%)’ — 4(x + Av) - (¥ - 4x) i X 2¥AY + A — 4y — 4Ax — 2 + dx

lim = lim =
Ax—0 Ax Ax—0 Ax Ax—0 Ax
_ A(2x + Ax—4)
= lim ———— " = lim (2x + A — 4) = 2x — 4
Ax—0 Ax Ax—0

86. f(x) =3x" +1

flx + AY) - f(%) [3(96 +Ax) 4 1} -3¢ +1] (3% + 6xAx + 1) — (3> + 1)

lim = lim = lim
Ax—0 Ax Ax—0 Ax Ax—0 Ax
= lim%= lim 6x = 6x
Ax—=0  Ax Ax—0
87. f(x) = 2</x
S A) - S e r A -ada . ANt AV A+ s
lim = lim = lim .
Ax—0 Ax Ax—0 Ax Ar—0 Ax Ix o+ Av o+ Ux
i 2(x + Ax — x) i 2Ax
= lim = lim
w0 el fr ot A+ ) S0 A A+ o)
2 2 1

lim =
a0 x + Ar +/x 2/x x

— = 2

88. f(x)=~x-5
Sl +Ax) = flx) (VXJFA"‘S)_(\/;‘S) o x+ A= x o+ Ao+ Ax
lim = lim = lim .
x>0 Ax A0 Ax Ar—>0 Ax x4+ Ar +/x
. (x+Ax)—x . Ax
= lim = lim
SO0 A r Aw + x) 80 A+ A+ )
= lim ! _
-0 /x + Ax +x 2+/x
89. f(x) = —
) x+3
1
lim<f(x+ )_<f(x):1imx+Ax+3 x+3:1imx+3—(X+AX+3)_L
Ar—0 Ax Ar—0 Ax a0 (x + Ax + 3)(x +3)  Ax
= lim —Ax = lim -1 I

A0 (x + Av + 3)(x + 3)Ax 450 (x + A+ 3)(x +3)  (x +3)°
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Section 1.3 Evaluating Limits Analytically 83

1
90. f(x) = —
X
1 1
— 2 2 2 _ 2
i LAY = SC) o At o (e A (x+fx)
Ax—0 Ax Ax—0 Ax Ax—0 x2(x + AX) Ax
X2 - [x2 + 2xAx + (Ax)zJ —_2xAx — (Ax)z
= lim = lim ———
Ax—0 x2(x + Ax)*Ax a0 x2(x + Ax)*Ax
- fim C2¥ oA 2x 2
a0 x2(x + Ax)? x* x?
i - x2 i i 2 94. =
. 113(1)(4 x)sllir})f(x)glg%(3+x) f(x) =|x|cos x
4 < lim f(x) < 4 ° lim | x|cos x = 0
x—0

x—=0
Therefore, )1(13’(1) f(x) =4 o KM )
6

- lim [b —[x — a[] < lim f(x) < lim [b +|x - a] .
b < lim f(x) < b 95. f(x) = xsin -
x—a X
Therefore, lim f(x) = b. 05 (
xX—a

6

- N “ 96. f(x) = xcos—
x

-6 05 1
. . _ lim|{xcos—| =0
hm‘x‘smx =0 x—0 X
x—0
-0.5 0.5

-05

~ \ M lin}) X sin lj =0
x— x
. f(x) =|x]|sin x -0s 05
5
1

. Two functions /" and g agree at all but one point (on an open interval) if f(x) = g(x) for all x in the

interval except for x = ¢, where c is in the interval.

f(x):xz—lz(x+1)(x—1)

x -1 x -1
(Other answers possible.)

and g(x) = x + 1 agree at all points except x = 1.

. Answers will vary. Sample answers:

(a) linear: f(x) = %x; )1{13}( %x = %(8) =4
(b) polynomial of degree 2: f(x) = x* — 60; lir% (x* = 60) = 8% - 60 = 4

li ol 8

X  lim _
2x — 14 58 2x — 14~ 2(8) — 14

(d) radical: f(x) = ~/x +8; lim~/x +8 =~/8+8 =
xX—

8

(c) rational: f(x) =

N | oo
I
B

3
Il
~

Il
N

() cosine: f(x) = 4 cos(7x); lirr}g 4 cos (7x) = 4 cos 87 = 4(1)

V4 V4 V4
f) sine: f(x) = 4 sin|—x |; lim 4 sin| —x | = 4sin — = 4(1) = 4
® /) (16 j x—8 (16 J 2 (1)

© 2023 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



84  Chapter 1 Limits and Their Properties

99. s(t) = —4.91* + 200

_ —4.9(3)° + 200 — (—4.9¢2 + 200
limM = lim ( ) ( )
>3 3 —t¢ t—3 3 -t

49(2 -9
= lim ( )
t—3 3 -t
. 49(t - 3)(t + 3)
t—>3 3 -t
= lim [-4.9(t + 3)]
= —-29.4 m/sec

The object is falling about 29.4 m/sec.

100. —4.9* + 200 = Owhen ¢ = i—og = 20v/5 sec. The velocity at time a = gis
— 0 — [—4.9¢2 + 200
i $@ =50 0] ]
t—a a—1 t—a a—1
4.9 -
= fim 2 A - @)
t—a a —1t
= lim_|-49t+ 20351 _ —28+/5 m/sec
205 7
7

=~ —62.6 m/sec.

The velocity of the object when it hits the ground is about 62.6 m/sec.

101. s(t) = —16¢> + 500

_ —16(2)° + 500 — (=16¢> + 500
i 5@ = s 16(2) ( )
t—2 2 —t t—2 2 —t
. 436 + 161> — 500
= llm—
t—2 2 —t
16(¢> — 4
= lim 7( )
12 2 —t
16(r —
 im (r—2)(+2)
t—2 2 —t

= lirr; -16(¢ + 2) = —64 ft/sec
t—

The paint can is falling at about 64 feet/second.
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102.

103.

104.

105.

106.

Section 1.3 Evaluating Limits Analytically 85

s(t) = —16£* + 500 = O when ¢ = % = 5\2/5 sec. The velocity at time a = #is

5V/s
S[zj O o (e + s00)

16(t2 - %j
lim = lim

) Vs, (25 5V/s
: 2 ? 2

16(, ; Sﬂ( - Sﬁj
2

2

==

lim [—16[t + 5\2/§H = —80~/5 fi/sec

55
[
2

=~ —178.9 ft/sec.

The velocity of the paint can when it hits the ground is about 178.9 ft/sec.

7(x) = % g(x) = sin x, h(x) = sin x 107. Given f(x) = b, show that for every £ > 0 there exists
x a 0 > Osuch that ‘f(x) - b‘ < £ whenever
3
. / I |x —c|< 5,Because‘f(x)—b‘z‘b—b‘zo<8f0r
5 == every £ > 0, any value of 6 > 0 will work.
108. Given f(x) = x", n is a positive integer, then
3
H no_ 1; n—1
When the x-values are “close to” 0 the magnitude of f 1131 T 1131 (xx )
is approximately equal to the magnitude of g. So, ~ g lim | = 1 n—2
|g|/|f|= 1whenxis “close to” 0. h ngi x} Llanl x ] B c[xgrri (xx )}
= ot [t 2] = cletm (s2)
f(x) = x, g(x) = sin®x, h(x) = .
X = ... = "

. A 109. -M f(x)| < f(x)g(x) < M f(x)]

“I5 3 m lim [/(x)g(x)] < lim (6 /()]
7 -M(0) < ulim [f(x)g(x)
(x)g(x)

| < Mm(0)
-2
When the x-values are “close to” 0 the magnitude of g is 0= PE} [f x)g(x ] <0

“smaller” than the magnitude of / and magnitude of g is
approaching zero “faster” than the magnitude of /. So,
lg|/| /] = 0when x is “close to” 0.

Therefore, lim [f(x)g(x)] = 0.

110. Given lim f(x) = L:

x—c

L =1 d = -1/ x lim f d
et /(%) fxan g(x) * xlir(l)f(x) an For every £ > 0, there exists d > 0 such that
lim g (x) do not exist. However, | f(x) = L| < & whenever 0 < |x - < &.Since
—|L|| £ -L fi - J, th
i [£(5) + et2)) = iy |2+ (<] = nmfal = o |76l =12] < 17() = 1] < e forfx ~ ef < &.then
x— x—= X X

0 lim | £(x)| = |Z]-
and therefore does not exist. e

Suppose, on the contrary, that lim g(x) exists. Then,
X—c

because lim f(x) exists, so would lim [ S(x) + g(x)],
xX—c X—cC

which is a contradiction. So, lim g(x) does not exist.
X—cC
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86  Chapter I Limits and Their Properties

111. (a) Given lim f(x) =
x—c¢
For every £ > 0, there exists 0 > 0 such that
‘f(x) - 0‘ < & whenever 0 <|x — ¢|< 6.
Now‘f(x) - 0‘ =‘f(x)‘ =Hf(x)‘— 0‘ < ¢ for

|x — ¢| < 8. Therefore, lim ‘f(x)‘ =0.
xX—c

(b) If lim | £(x)] = 0, then lim H f(x)u =
-\fx)\< S(x) <[ ()
llm[ (x)]] < tim £(x) < lim | £(x)

0 < lim f(x) <0

x—c

Therefore, lim f(x) =

112. Let

4, if x 20
-4, ifx<0
fim | /()] = lim 4 = .
lirr(l) f(x) does not exist because for x < 0, f(x) = —4
xX—>

>0, f(x) =

and for x

113. The graphing utility was set in degree mode, instead of
radian mode.

114. (a) Use the dividing out technique because the
numerator and denominator have a common factor.

(b) Use the rationalizing technique because the
numerator involves a radical expression.

115. The limit does not exist because the function approaches
1 from the right side of 0 and approaches —1 from the

left side of 0.
2
-3 3
-2
sinx 0
116. False. lim —— = — =0
xX—>r X V.4
secx — 1
123. f(x) =—
X

(a) The domain of f isall x # 0, 7/2 + nr.

(b) 2

\J

-2

IR

117.

118.

119.

120.

121.

122.

True.
False. Let
x x #1
x) = , c=1
f( ) {3 x =1

Then liml f(x) = 1but f(1) = 1
X—
False. The limit does not exist because f(x) approaches

3 from the left side of 2 and approaches 0 from the right
side of 2.

4

-2

False. Let f(x) = 3x*and g(x) = x7.

Then f(x) < g(x)forall x # 0.But
hrr(l) f(x) = lirr(l) g(x) = 0.

If b = 0, the property is true because both sides are
equal to 0. If b # 0, let £ > 0 be given. Because
lim f(x) = L, there exists & > 0 such that

‘f(x) - L‘ < &/|b| whenever 0 <|x - ¢| < &.So0,
whenever 0 <|x - ¢| < &, we have

[b]]1(x)
which implies that lim [f(x)] = bL.

—Ll<e or |bf(x)-bL|<e

.l —cosx . 1+ cos x
lim = lim

x—=0 X x—0 X

1 —cosx

1+ cosx

1 — cos’x sin®x

) x(1 + cos x)

im

x=0 x(1 + cos x)
. sinx sin x

= lim .

x—=0 x

1+ cosx

.osinx||,. sin x
lim lim
x>0  x x=>01 + cos x

= (1)(0) =0

The domain is not obvious. The hole at x = 0 is not apparent.
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Section 1.4 Continuity and One-Sided Limits 87

1
I -2
(©) lim f(x) = 5
secx —1 secx—1 secx+1  sec?x—1 _ tan’x 1 (sin2x\ 1
(d 2 - 2 ’ -2 -2 - 2 2
X X secx +1  x*(secx+1)  x*(secx +1) cos’x( x* Jsecx + 1
_ .o
So, fim 32 =1 iy L (smzﬂ L. 1(1)(% -1
x>0 X x>0 cos“x| x Jsecx +1 2 2
1= 1= 1 . 1-cos? . sin? 1 1 1
124, (@) lim czosx _ lim czosx Ltcosx 2 cos’x . smzx _ — )[7j _1
x>0 x x>0 x l+cosx x>0x*(l+cosx) x>0 x 1 + cos x 2 2

(b) From part (a),

1 - cosx 1
— = > 1l-cosx
X 2

1,
—X~ = cos x
2

R

R

1- lx2 for x
2
= 0.

(¢) cos(0.1) = 1 - %(0.1)2 = 0.995

(d) cos(0.1) = 0.9950, which agrees with part (c).

0, ifx is rational

1, ifx is irrational

125. f(x) = {

0, ifx is rational

x, ifx is irrational

lim f(x) does not exist.

x—0

No matter how “close to” 0 x is, there are still an infinite number of rational and irrational numbers so that lin}) f (x) does not
xX—

exist.

lim g(x) =0

x—0 g( )

when x is “close to” 0, both parts of the function are “close to” 0.

Section 1.4 Continuity and One-Sided Limits
1. A function f is continuous at a point ¢ if (1) f(c) is (b) lim f(x) =3
defined, (2) lim f(x)exists, and o

©) 1jrri f(x)=3
(3) lim f(x) = f(c). -

The function is continuous at x = 4 and is continuous

on (—oo, o).
2. ¢ = —1 because lim 2\/x+1 = 2\/—1 +1 =0 ( )

x—-1t

6. () lim f(x)=-2

3. The limit exists because the limit from the left and the S
limit from the right and equivalent. (b) lim f(x) = -2
x—>-2"
4. If f'is continuous on a close interval [a, b] and (© lim f(x) = 2
x—>-2
# f(b), then f'tak 11 values bet .. .
f(a) f( ) en f takes on all values between The function is continuous at x = —2.
f(a) and f(b).

5.(a) lim flx)=3

x—4
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Chapter 1 Limits and Their Properties

7. (a) lim f(x) =0
x—3*t

10.

11.

12.

13.

14.

15.

(b) lim f(x) =0

x—=3"

©) ling fx)=0

f(53) = 4 # lim £(x)

C@ lim f(x) = -3

x—2"

(b) lim f(x) =3

x—27

©) lirri /(x) does not exist

The function is NOT continuous at x = 2.

(@ lim f(x)=0

x—o-1t

®) lim f(x) =2

x—>-1"

©) liml f(x) does not exist.

The function is NOT continuous at x = —1.

. 1 1 1
lim = = —
xogt x + 8 8+ 8 16

2

lim = =
xo3t x + 3 3+3

!
3

. x =5 . x -5
lim > = lim ——
xost x° =25 xos5t (x + 5)(x = 5)

1

= lim =
x5t x + 5 10

4 —x lim —-(x -4

The function is NOT continuous at x = 3.
. (@) lm f(x) =3
x—-3"
(b) lim f(x) =3
x—-3"
(¢) lim3 f(x)=3
The function is NOT continuous at x = —3 because

lim = =
wodt X2 =16 oat (x+4)(x —4)  costx+ 4
-t _ 1
4+4 8
2 _ - 1)x -1
lim = 2x +1 - lim (x=1(x=1)
x—=1" x—1 x—=1 x—1

=limx-1=1-1=0

x—1"

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

. x+3 . x+3
lim ————— = lm —————
w3t X+ Tx +120 st (x4 3)(x + 4)
= lim !
xo-3t X + 4
(-3)+ 4
lim _r does not exist because

x—>-37 ¥2 -9

decreases without bound as x — —3".

Jx -2 Vx-2 Jx+2

lim = lim
xs4” x — 4 iod- x—4  Jx +2
= lim x——4
x=4 (x — 4)(\/; + 2)
= lim ! = !
e Ax+2 Ja+2
N B

x—0" X x—>0" X

_|x—10] x—10

lim —— = lim —— =1
x—10t x — 10 xo1ot x — 10

(1
lim cscﬂ = cscﬁ =1
x—1" 2 2
lim cos — = co —(éj = cosg =0
3 + 3\2 2
2

lim cot x does not exist because

XD

lim cot xand lim cot x do not exist.
xort xon

lim sec x does not exist because
x—>7/2

lim secxand lim sec x do not exist.
x=s(z/2)t x> (7/2)”

lim (5[x] - 7)=503)-7 =38

x—4"

([x] =3for3 < x < 4)

lim (2x - [x]) = 2(2) - 2

x—2t

Xlel[H;C]]+3j = |[—ﬂ|+3 =-1+3=2
lim (1 - H—ﬂD —1-(-)=2

1]
\S]

X
X2 -9

A=
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Section 1.4 Continuity and One-Sided Limits 89

1 1
29. lim @: lim wi= lim _ A& 1
Ar—0~ a0 x(x + Ax) Ax a0 x(x + Ax) Ax
. -1
= lim ——
Ax—0" x(x + Ax)
-t 1
x(x + 0) x2
2 ) 5
x+ Ax) 4+ (x+ Ax) — (x* + x 242 —x2 =
30. lim( )+ ( ) ( )z imx+x(Ax)+(Ax) +x+ A —x* —x
Ar—0" Ax Ar—0t Ax
2
- lim 2x(Ax) + (Ax)” + Ax
Ax—0T Ax
= lim (2x + Ax + 1)
Ax—0T
=2x+0+1=2x+1
31. lim f(x) = lim x+2_5 X, x <1
x5 x3" 2 2 38. f(x) =42, x = 1has a discontinuity at x = 1

32, lim f(x)= lim (x> ~4x+6)=9-12+6 =3 ol

¥3” x>3” because f(1) = 2 # lim f(x) = L.
. . x—1

lim f(x) = lim (-x* +4x-2)=-9+12-2=1

x—3" x—3"

39. g(x) = ~/49 — x? is continuous on [-7, 7.

Since these one-sided limits disagree, lim3 f(x)
xX—>

does not exist. 40. f(r) = 3 —~/9 — ¢* is continuous on [-3, 3]
3. lim f(x) = lim (x +1) = 2
ol aott 41. lim f(x) =3 = lim f(x).fis continuous on [~1, 4].
lim f(x) = lim (x* +1) = 2 0 e
x—1" x—1"
lirr} 7(x) = 2 42. g(2)is not defined. g is continuous on [-1, 2).
5
34. lim f(x) = lim (1-x) =0 43. f(x) = 8 has a nonremovable discontinuity at x = 0
x—1T x—1t X

because lim f(x) does not exist.
x—=0

1
35. f(x) = —
x° -4 4 ) o
. o 4. f(x) = has a nonremovable discontinuity at
has discontinuities at x = -2 and x = 2 because x—6
S(=2)and f(2) are not defined. x = 6 because lin% S (x) does not exist.
x—
¥ -1 45 = x* — 9 is continuous for all real
36. f(x) = . f(x) = x* — 9is continuous for all real x.
x+1
has a discontinuity at x = —1 because f(-1)is not 46. f(x) = x> — 4x + 4 is continuous for all real x.
defined.
47. f(x) = L ! has nonremovable

37.f(x)=@+x 4-x (2-x)(2+%)

discontinuities at x = *2 because lim f(x) and
. . e . x—2
has discontinuities at each integer k because '

lim f (x) # lim f (x) }gg f (x) do not exist.
x—k~ x—kT

48. f(x) = = 1+ . is continuous for all real x.
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90

49.

50.

51.

52.

53.

54.

55.

56.

Chapter 1 Limits and Their Properties

f(x) = 3x — cos x is continuous for all real x.

f(x) = sin x — 8x is continuous for all real x.

is not continuous at x = 0, 1.

X .
Because — = for x # 0,x = Ois

x° =X x -1
a removable discontinuity, whereas x = lisa
nonremovable discontinuity.

X . . I
f(x) = = has nonremovable discontinuities at

x= =4

x = 2and x = -2 because lim
x—>2

(x) and lin_l2 f(x)

do not exist.

is continuous for all real x.

x—-35 x=35
X =25 (x+5)(x-5)

f(x) =

has a nonremovable discontinuity at x = —5 because

lim5 f (x) does not exist, and has a removable
xX——

discontinuity at x = 5 because

1 1
li = li = —.
=TS =

X+ 2 x+2
f(x)_x2—3x—10_(x+2)(x—5)

has a nonremovable discontinuity at x = 5 because
limS f (x) does not exist, and has a removable
xX—

discontinuity at x = —2 because

1
1 =1 = —=
xg’l}Z f(x) ]LEI}Z X — 7

x+2

f(x):xz—x—6:(x—3)(x+2)

has a nonremovable discontinuity at x = 3 because
lim /(x) does not exist, and has a removable
x—3

discontinuity at x = —2 because

1 1
li =1 = ——
fm, 7o) = limy 5 =S

57.

58.

59.

60.

61.

62.

63.

64.

x+7
fy =7
x+7
has a nonremovable discontinuity at x = —7 because

lim f(x) does not exist.
x—-7

_ 2x -3

X —

has a nonremovable discontinuity at

/()
x = 3 because lirr% S (x) does not exist.

/(x) = csc 2x has nonremovable discontinuities at

integer multiples of 7/2.

7Tx . —
f(x) = tan B has nonremovable discontinuities at

each 2k + 1, k is an integer.

f(x) = [x — 8] has nonremovable discontinuities at

each integer £.

f(x) = 5 = [[x] has nonremovable discontinuities at

each integer k.

f( ) e ox <1

¥= X2, x>1

has a possible discontinuity at x = 1.

1. f(1)=1

2. lim f(x) = lim x =1
x=1" x—=1" lim f(x) -1

. _ . 2 _ -

xhﬁnl1+ f(x) = xhﬁnl1+ x* = 1] xol

3. f(-1) = lim (%)

x—1

f is continuous at x = 1therefore, f is continuous for
all real x.

f()— -2x+3, x<1

Y= X2, x =1

has a possible discontinuity at x = 1.

1. f)=r-=1

2. lim f(x) = lim (-2x +3) =1
x—1" x—1" .
lim f(x) = lim x* =1 fim f(x) =1
x—1t x—1t

3. /(1) = lim £(x)

x—1

f is continuous at x = 1therefore, f is continuous for
all real x.
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Th1, o x<2
65. f(x) =42

3—x, x>2

has a possible discontinuity at x = 2.

1. f(2)=%+1=2

2. lim f(x) = lim GH) 2

X2 x>0 lim f(x) does not exist.

lim f(x) = lim 3-x)=1] 77

x—2t x—2t

Therefore, f has a nonremovable discontinuity at x = 2.

-2x,
X2 —4dx+1, x>2

66. f(x) = {

has a possible discontinuity at x = 2.
1. f(2)=-2(2)=-4

2. lim f(x) = lim (-2x) = —4
X2 X2 lim f(x) does not exist.
lim f(x) = lim (x* - 4x +1) = =3| *7?

x—2t x—2t

Therefore, f has a nonremovable discontinuity at x = 2.

69. f(1)=3
. _ Jtan %, x‘ <1 f( )
- ) = Find a so that lim (ax — 4) = 3
X, ‘x‘ >1 ol
)-4=3
tan@, -1<x<l1 a()
= 4 a=17.
X, x < —lorx 21
has possible discontinuities at x = =1, x = 1. 70. /(1) =3
1. f(-1) =-1 =1 Find a so that Xlirg (ax +5) =3
2. Yli_>n_l1 f(x) =-1 )lclinl flx) =1 all)+5=3
3. f(-1) = lim /(x) (1) = lim () a=-2
fis continuous at x = %1, therefore, f is continuous for 71. f(2) =8
all real x.
Find a so that lim ax’> = 8 = a = % = 2.
x—2t 2
68 f() csc —, x—3‘£2
. x = .
' ) x = 3> 2 72 lim g(x) = lim 250 — 4
’ x—0" x—0" X
_Jesc %, 1<x<5 Xli:(r)L g(x) = xlir?+ (a-2x)=a
2, x<lorx>35 Let a = 4.

has possible discontinuities at x = 1, x = 5.

1. f(l)zcsc%zZ f(S)zcsc%zZ
2. lim f(x) = 2 lim /(x) = 2
3 10 = tim /(2 £(5) = tim /(3

fis continuous at x = land x = 5, therefore, f is

continuous for all real x.

© 2023 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



92  Chapter 1 Limits and Their Properties

73. Find a and b such that lim (ax + b) =—a+b=2and lim (ax + b) =3a+b=-2.

x—-17 x—3"
a — b= 2
(+)3a + b= 2 2, x £ -1
4a = -4 f(x)=<4=x+1 -l1<x<3
a= -1 —2, x >3
= 2+ () =1
2 _ 2 1 1
74. lim g(x) = lim ——~ 82. h(x) = — — = -
xX—=a x—=a X — a X~ + 2x 15 (X + 5)(x 3)
= PE (x+a)=2a Nonremovable discontinuities at x = =5 and x = 3
Findasuch 2a = 8 = a = 4. z
2 ol
75 f(g(x)) = (x = 1) o= S
Continuous for all real x :( )

-2

76. f(g(x)) = 5(x3) +1=5x+1

2 _ 3x, > 4
Continuous for all real x 83. g(x) )T L X
2x -5 x<4

1 1 . -
7. fleg(x)) = = Nonremovable discontinuity at x = 4
(()) (x2+5)—6 X2 -1
10
Nonremovable discontinuities at x = 1 /

78. f(g(x)) = \/% -2 // 8

Nonremovable discontinuity at x = 1; continuous for

all x > 1 cosx — 1
X —, x <0
84. f(x) =1 =x
79. f(g(x)) = tan% 5x, x>0
Not continuous at x = 7, £37x, £57, ... Continuous on f(0) = 5(0) =0
the open intervals ..., (=37, —7x), (-7, x), (7, 370),.. lim f(x) = lim (cos x — 1) _ o
x—0" x—0" X
—oain o2
80. /(g(x)) = sinx lim f(x) = lim (5x) = 0

. x—0F x—0t
Continuous for all real x

Therefore, lin% f(x) = 0= /(0)and f is

81. y = [[x]] - x . . .
continuous on the entire real line.
Nonremovable discontinuity at each integer (x = 0 was the only possible discontinuity.)
0.5
3
-3 3 /
-15
-3
X
85. f(x) = ——
f( ) X2+ x+2

Continuous on (—eo, o)
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86.

87.

88.

89.

90.

91.

97.

x +1

f(x) = Jx

Continuous on (0, o)

f(x)=3—\/;

Continuous on [0, <)

S(x) = x/x+3

Continuous on [-3, o)

/29

f(x) = secT

Continuous on:

ey (6, =2),(=2, 2),(2, 6), (6, 10), ...

f(x) = cosl

X

Section 1.4 Continuity and One-Sided Limits 93

2x—4, x#3

92. f(x) = {1

Since ling f(x) = hng (2x-4=2=#1,

x=3

s

f is continuous on (—ee, 3) and (3, ).

93. f(x) = éx“ — x° + 4is continuous on the interval

[L2] f(1) = % and f(2) = —%. By the Intermediate
Value Theorem, there exists a number c in [1, 2] such

that f(c) = 0.

94. f(x) = x> + 5x — 3is continuous on the interval [0, 1].

f(0) = =3 and f(1) = 3.By the Intermediate Value

Theorem, there exists a number c in [0, 1] such that

f(c) = 0.

Continuous on (—ee, 0) and (0, o)

X2 -1
fx) =1x-1
2,

Since lxlg} f(x)

£ is continuous on (—oe, oo).

95. f(x) = x> = 2 — cos xis continuous on [0, z].

f(0) = =3and f(7) = 7 —1 = 8.87 > 0.By the

x # 1

: Intermediate Value Theorem, f (c) = 0 for at least one
X =

value of ¢ between 0 and 7.

2 p— p—
lim * 1  lim x-Dx+1 s -
whx -1 ol x -1 96. f(x) =-—+ tan(ﬁj is continuous on the interval

x

lim (x +1) = 2,

[l, 4].
f)=-5+ tan(%j =~ —4.7 and

f(4) = —% + tan[z?”j ~ 1.8. By the Intermediate

Value Theorem, there exists a number c in [1, 4] such

that f(c) = 0.

Consider the intervals [1, 3] and [3. 5] for f(x) = (x - 3)* = 2.

f(1) =2 > 0andf(3)
S(3) = -2 < 0andf(5) = 2 > 0, so f has at least one zero in [3, 5].

= -2 < 0, so f has at least one zero in [1, 3].

So, f has at least two zeros in [, 5].

98. Consider the intervals [1, 3] and [3, 5] for f(x) = 2 cos x.

f(1) =2cos1=1.08 > 0and f(3) = 2cos3 = —1.98 < 0, so f has at least one zero in [L, 3].

f(3) =2cos3 =198 < 0and f(5) =2cos5 = 0.57 > 0, so f has at least one zero in [3, 5].

So, f has at least two zeros in [1, 5].
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104. f(x) = ~/x* +39x +13 — 4

f is continuous on [0, 1].

99. f(x) =x+x-1

f(x) is continuous on [0, 1].

£(0) = ~1and f(1) = 1 f(0) = 13-4 =-039<0
By the Intermediate Value Theorem, f(c) = 0 for at () =~/53-4=328>0

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing

x = 0.68. Using the root feature, you find that utility to zoom in on the graph of f(x), you find that

100.

x = 0.6823.

flx)=x* =% +3x -1

/(x) is continuous on [0, 1].

S(0) = -land f(1) = 2

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x = 0.08. Using the root feature, you find that
x = 0.0769.

105. f(x) =x* +x -1
fis continuous on [0, 5].
£(0) = —1and £(5) = 29
-1<11<29

The Intermediate Value Theorem applies.

X +x-1=11

x = 0.37. Using the root feature, you find that

x = 0.3733. ¥ +x-12=0
+4)(x-3)=0

101. g(¢) = 2 cost — 3t (x + 4)(x =3)
x=—-4orx =3
i ti 1|.
g is continuous on [0, 1] ¢ = 3(x = —4 is not in the interval.)
2(0) = 2 > 0and g(1) = -1.9 < 0. So, /(3) = 11.

102.

103.

By the Intermediate Value Theorem, g(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of g(¢), you find that

t = 0.56. Using the root feature, you find that
t = 0.5636.

h(8) = tan6 + 36 — 4 is continuous on [0, 1].
h(0) = —4and A(1) = tan(l) -1 = 0.557.

By the Intermediate Value Theorem, h(c) = 0 for at least

one value of ¢ between 0 and 1. Using a graphing utility
to zoom in on the graph of A(6), you find that

8 = 0.91. Using the root feature, you obtain
6 = 0.9071.

f(x) = Nt +17x +19 -6

S is continuous on [0, 1].

£(0) =~/19 =6 ~ —1.64 < 0
(1) =~/37 =6 = 0.08 > 0

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x = 0.95. Using the root feature, you find that
x = 0.9472.
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106. f(x) = x> — 6x + 8
fs continuous on [0, 3].
f(0) = 8and f(3) = -1
-1<0<8
The Intermediate Value Theorem applies.
x2—6x+8=0
(x=2)(x-4) =0

x=2o0rx =4

¢ = 2 (x = 4isnotin the interval.)

So, f(2) = .
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107. f(x) =~/x+7 -2 X+ x

110. f (x) = 0
/ is continuous on [0, 5]. x
. . 5
£(0) = JT =2 = 06458 < 1 fis continuous on [E’ 4}. The nonremovable
discontinuity, x = 1, lies outside the interval.

f(5) = V12 -2 = 1.4641 > 1

5 35 20
The Intermediate Value Theorem applies. S/ [Ej = ? and f (4) = ?
VX o+ 7 - 2 = 1 ﬁ - 6 - @
Nx+7 =3 6 3
x+7=9 The Intermediate Value Theorem applies.
=2 2
" XX _ 6
c=2 x—1
So, £(2) = 1. X!+ x = 6x -6
X -5x+6=0
108. f(x) = Yx +8 (x-2)(x=3)=0
f is continuous on [-9, —6]. x=2orx =3
¢ = 3 (x = 2 isnot in the interval.)

f(=9) = (-9)" +8 =~ 59199 < 6

_ " So, f(3) = 6.

f(-=6) = (-6)"" +8 =~ 6.1829 > 6

111. (a) Answers will vary. Sample answer:
1

Yx+8=6 f(x)=m
fx=-2

The Intermediate Value Theorem applies.

3 (b) Answers will vary. One example is:
x=(-2) =-8
c = -8 —1, -2<x<0
g =0 gerca
So, f(-8) = 6. s <x<
Y — 3 g(-2) = -l and g(2) = 1have opposite signs. g is
109. /(x) = x—4 not continuous on [-2, 2], because g is not
f is continuous on [1, 3]. The nonremovable continuous at x = 0.
discontinuity, x = 4, lies outside the interval. 112. Answers will vary. Sample answer:
1-1 y
)=—=0<3 ]
=11
f(3) =24 >3
The Intermediate Value Theorem applies.
_ 3 X
x-x
x—4
x—x=3x-12
X +2°-12=0 The function is not continuous at x = 3 because
(x=2)(x> +2x +6) =0 lim f(x) =12 0 = lim f(x)
x—=3 x—3
x =2

) . 113. If f and g are continuous for all real x, thensois f + g
(x + 2x + 6 has no real solutlon.) ]
(Theorem 1.11, part 2). However, f/g might not be

c=2 continuous if g(x) = 0.For example, let f(x) = xand

So, f(2) = 3. 5
g(x) = x> — 1. Then f and g are continuous for all real

x,but f/g isnot continuous at x = *I.

© 2023 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



96

Chapter 1 Limits and Their Properties

114. A discontinuity at ¢ is removable if the function f can

115.

116.

117.

118.

119.

120.

be made continuous at ¢ by appropriately defining (or
redefining) f(c). Otherwise, the discontinuity is

nonremovable.
x—4
@ s =22
x—4
sin(x + 4)
b X)) = ——~
®) f( ) x+ 4
I, x>4
© 7(x) 0, 4<x<4
c x) =
I, x=-4
0, x <-4
x = 4 is nonremovable, x = —4 is removable
al
° 14 L —
s | s 6
1]
True

1. f(c) = L is defined.

2. lim f(x) = L exists.

xX—c
3. f(c) = lim f(x)
All of the conditions for continuity are met.

True. If f(x) = g(x), x # ¢, then

lim f(x) = lim g(x) (if they exist) and at least one of
X—c xX—c

these limits then does not equal the corresponding
function value at x = c.

False. f(x) = cosx has two zeros in [0, 27]. However,

/(0) and f(27) have the same sign.

True. For x € (-1, 0), [x] = -1, which implies that
lim [x] = -1.

x—=0"

False. A rational function can be written as P(x)/Q(x)

where P and Q are polynomials of degree m and n,

respectively. It can have, at most, n discontinuities.

False. f(1)is not defined and lin} f(x) does not exist.
x—>

121.

122.

123.

124.

The functions agree for integer values of x:
gx)=3-[=x]=3-(-x)=3+x

for x an integer
f(x)=3+[x]=3+x

However, for non-integer values of x, the functions
differ by 1.

f(x) =3+[x] = glx) -1 =2-[-=x]
For example,
fE)=3+0=3¢g1)=3-(-1)=4

lim f(f) ~ 28
t—4"
lim f() = 56
t—4%

At the end of day 3, the amount of chlorine in the pool
has decreased to about 28 ounces. At the beginning of
day 4, more chlorine was added, and the amount is now
about 56 ounces.

(@ C(r)=3-1—¢]0<t<13
(G

oo
oo
oo
oo
oo
10 oo
oo
oo
o-e
e
[0 d
oo

111
‘24(\XIOIZI4

There is a nonremovable discontinuity at every integer
value of ¢, or hour.
. ,J

N() = zs(zu”zz

t 0 1 | 1.8 2 3 ]38

N() [ 50|25 | 5 |s50] 25| 5

There is a nonremovable discontinuity at every positive
even integer. The company replenishes its inventory
every two months.

N

Number of units

2 4 6 8 10 12
Time (in months)
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125. Let s(¢) be the position function for the run up to the
campsite. s(0) = 0 (¢ = 0 corresponds to 8:00 A.M.,
5(20) = k (distance to campsite)). Let r(¢) be the

position function for the run back down the mountain:
r(0) = k, (10) = 0.Let f(r) = s(¢) — r(¢).

When ¢ = 0 (8:00 A.M.),

F(0) = s(0) —#(0) =0 -k < 0.

When ¢ = 10(8:00 A.m.), £(10) = s(10) — #(10) > 0.
Because f(0) < 0and f(10) > 0, then there must be a
value ¢ in the interval [0, 10] such that f(r) = 0.If
f(t) = 0,then s(¢) — r(r) = 0, which gives us

5(¢) = r(¢). Therefore, at some time ¢, where

0 <t £ 10, the position functions for the run up and the
run down are equal.

126. Let V' = §Hr3 be the volume of a sphere with radius r.

_ 500z

V is continuous on [5, 8]. ¥(5) = 523.6 and

= 20487 =~ 2144.7. Because

V(8)

523.6 < 1500 < 2144.7, the Intermediate Value
Theorem guarantees that there is at least one value
between 5 and 8 such that ¥(r) = 1500. (In fact,

r = 7.1012.)

127. Suppose there exists x, in [a, b]such that f(x) > 0
and there exists x, in [, b]such that f(x,) < 0.Then
by the Intermediate Value Theorem, f(x) must equal
zero for some value of x in
[x, x,] (or [x,, 3] if x, < x,).So, fwould have a zero
in [a, b], which is a contradiction. Therefore, f(x) > 0

forall x in [a, b]or f(x) < O forallxin [a, b].

128. Let ¢ be any real number. Then lim f/(x) does not exist

because there are both rational and irrational numbers
arbitrarily close to c¢. Therefore, f is not continuous at c.

129. If x = 0, then f(0) = 0and llir(l) f(x) =0.So, fis
continuous at x = 0.
If x # 0, then th—IR f (t) = 0 for x rational, whereas
}me S = th_r)ri kt = kx # 0 for x irrational. So, f is

not continuous for all x # 0.

Section 1.4 Continuity and One-Sided Limits 97

-1, if x < y
130. sgn(x) =40, if x = 1
1, ifx> 2T

(a) lim sgn(x) = -1

x—=0"

(b) lim sgn(x) =1 il

x—0 4T

(©) lin}) sgn(x) does not exist.

131. (@)

(b) No. The frequency is oscillating.

0, 0<x<b

132. (a) f(x) :{b b<x<2b

& 4
b 2b

NOT continuous at x = b.

[}
IN
=

IN
S

(b) g(x) =

2b+

Continuous on [0, 2b].
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x<c
133. (a) f(x) =
( ) 3x2 = 2x, x>c¢
fis continuous for x < cand for x > c. At x = c,

youneed ¢* = 3¢* — 2c. Solve for c.
=3¢t - 2
c(c2—3c—2):0
c(c - 2)(c - 1) =0

c=0,12
1-x% x<ec

(®) f(x) =
X, x>c

fis continuous for x < cand for x > c. At x = c,

youneed 1 — ¢* = c.Solving ¢* + ¢ — 1, you

obtain
C_—unh+4_41J§
2 2
2 _
134, f(x) = YETC € 5
X

Domain: x + ¢2 20 = x > —c?and x # 0, [—cz, ) ) (0, oo)

(

135. Let y be a real number. If y = 0,then x = 0.If y > 0,

thenlet 0 < x, < 7/2suchthat M = tanx, > y

(this is possible since the tangent function increases
without bound on [0, 7/2)). By the Intermediate Value

Theorem, f(x) = tan x is continuous on [0, x,] and

0 < y < M, which implies that there exists x between 0
and x,such that tan x = y. The argument is similar if

y < 0.

X+Cz)—02 - lim 1 _1

= lim

X+02—C
X x—=0 X

lim
x—0

Define f(0) = 1/(2c) to make / continuous at x = 0.

136. 1. f(c)is defined.
2. 1121 f(x) = AISTO Sflc + Ax) = f(c) exists.

[Let x = c + Ax.As x = ¢, Ax — 0]
3. lim f(x) = f(c).
X—c¢

Therefore, f is continuous at x = c.

x[ x+cz+c} =0 [x + 2 +¢

137. h(x) = fx]

15

o
™~

-3

h has nonremovable discontinuities at
x = £1,£2, 43, ...

138. (a) Define f(x) = f,(x) — f(x). Because f; and f, are continuous on [a, b], so is f.

f(a) = fua) - fi(a) > Oand f(b) = f(b) - £i(b) < O

By the Intermediate Value Theorem, there exists ¢ in [a, b] such that f (c) = 0.

fle) = fale) = file) = 0 = fi(e) = fal€)

(b) Let fi(x) = xand f,(x) = cos x, continuous on [0, z/2], fi(0) < f,(0)and f,(7/2) > fs(7/2).

So by part (a), there exists c in [0, /2] such that ¢ = cos(c).
Using a graphing utility, ¢ = 0.739.
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139. The statement is true.
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If y 2 0and y <1, then y(y — 1) < 0 < x°, as desired. So assume y > 1. There are now two cases.

Case I:
Ifx < y—%,then2x+l < 2y and

-1 =xry+1)-2y
S(x+1)2—2y
=x*+2x+1-2y
<x?+2y -2y
= x2

In both cases, y(y - 1) < x2.

P(1) = P(0* +1) = P(0) +1=1

P2) = P> +1) = P1)’ +1=2

P(5)=P2*+1)= P2 +1=5

Case 2:

Ifoy—%

@2 (-
=y -yt
>yt -y
=y(y-1)

Continuing this pattern, you see that P(x) = x for infinitely many values of x.

So, the finite degree polynomial must be constant: P(x) = x for all x.

Section 1.5 Infinite Limits

1. A limit in which f(x) increases or decreases without
bound as x approaches c is called an infinite limit.

is not a number. Rather, the symbol

lim f(x) = oo

x—c

Says how the limit fails to exist.

. The line x = c is a vertical asymptote if the graph of f’
approaches *oo as x approaches c.

lim 2

x—-2*

I
8

¥t -4

- ‘

I
]

lim 2

x—-2"

X - 4‘
lim ! = oo
o2t x + 2

. 1
lim
xs2” X + 2

Il
|
8

. X
lim tan —
x—=2t

I
I
8

. X
lim tan —
x—-2"

Il
8

Il
8

. Tx
lim sec —
x—o-2t 4

Il
|
8

. X
lim sec —
x—>-2" 4

7. f(x) =

1
x -4
As x approaches 4 from the left, x — 4 is a small

negative number. So,
lim f(x) = —e
x—4"
As x approaches 4 from the right, x — 4 is a small
positive number. So,

fim /(2) =
- Sx) = x_—14

As x approaches 4 from the left, x — 4 is a small
negative number. So,

lim f(x) = e
x—4"
As x approaches 4 from the right, x — 4 is a small
positive number. So,

Jm fx) = ==
_ 1
S0 =

As x approaches 4 from the left or right, (x — 4)2 isa

small positive number. So,

lim f(x) = lim f(x) = oo.
x—4t x—4"
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A
(- 4y

As x approaches 4 from the left or right, (x — 4)2 is a small positive number. So,

10. f(x) =

lim f(x) = lim f(x) = —co.
x—4" x—4t

/() = 5

X -3.5 -3.1 -3.01 | -3.001 | —=2.999 | —-2.99 | 2.9 -2.5

f(x) | 0.308 | 1.639 | 16.64 | 166.6 | —166.7 | —16.69 | —1.695 | —0.364

lim f(x) = o —
x—-3" :
lim f(x) = —oo Y |6
x—-3" { W
2
x
12. f(x) = RS
X -3.5 -3.1 -3.01 -3.001 | =2.999 | -2.99 | 2.9 -2.5

f(x) | -1.077 | -5.082 | -50.08 | —500.1 | 499.9 49.92 | 4915 | 0.9091

- [ L

X
13. f(x) = Z 9
x -35 | -3.1 | -3.01 | -3.001 | —2.999 | -2.99 | 2.9 -2.5
f(x) | 3.769 | 15.75 | 150.8 | 1501 —1499 | -149.3 | —-14.25 | —2.273
lim f(x) = o 4

1
14. f(x) = ey
X -3.5 | -3.1 | -3.01 | -3.001 | =2.999 | -2.99 | 2.9 | 2.5

f(x) |2 10 100 1000 -1000 | -100 | =10 | -2

lim f(x) = = ;
i ) _J
o [
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15. f(x) = cot ?

X -3.5 -3.1 -3.01 -3.001 | -2.999 | -2.99 | 29 | 25

f(x) | =1.7321 | -9.514 | =95.49 | -954.9 | 954.9 95.49 | 9.514 | 1.7321

\

lim f(x) = \

!
el
df':'-:/____

AR

16. f(x) = tan %

X -3.5 | 3.1 -3.01 -3.001 | —2.999 -2.99 -29 -2.5

F(x) | 3.73 | 19.08 | 190.98 | 1909.9 | —11909.9 | —190.98 | —19.08 | —3.73

10

17. f(x) = cot %

X -3.5 -3.1 -3.01 -3.001 | =2.999 | 299 | 29 | =25

f(x) | -1.7321 | -9.514 | —-95.49 | —-954.9 | 954.9 9549 | 9.514 | 1.7321

lim /(x) =~ :
e AR

18. f(x) = csc %

X =35 | 3.1 -3.01 | -3.001 | =2.999 | -2.99 | 2.9 -2.5

f(x) |2 9.567 | 95.49 | 9549 | -954.9 | 9549 | -9.567 | -2

lim f(x) = e —
lin:r S = Ui U?
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19. f(x) = —
lim — = « = lim i
x—0t X2 x—0" )C2

Therefore, x = 0 is a vertical asymptote.

20. f(x) = m

lim —— = —e
x—37 (x — 3)

im ———— =0
x—3" (x — 3)

Therefore, x = 31is a vertical asymptote.

2 2
X X
x = =
2 /0= 5 = G
2 2
lim —— = coand lim —— = —eo
xo2m Xx° —4 xos2t xT — 4
Therefore, x = -2 is a vertical asymptote.
2 2
lim —~— = —oand lim —~— = o
x—2" X7 — 4 x—=2t x° — 4

Therefore, x = 2 is a vertical asymptote.

3x
¥ +9
No vertical asymptotes because the denominator
is never zero.

22. f(x) =

t_
23. g(t) = ——
&) 2 +1

No vertical asymptotes because the denominator
is never zero.

24-h(s)=3s+4= 3s + 4
52 - 16 (s —4)(s +4)
lim 254 and lim St~

soam 87 =1 soat 52 =16

Therefore, S = 4is a vertical asymptote.
3s + 4 3s + 4

= —co and lim > = oo
so—4t 87 — 16

lim

s——4" S2 - 16

Therefore, s = —41is a vertical asymptote.

3 3
25. f(x) = =
XAx=2 (x+2x-1
lim 3 = co and lim 3
ro2m X2+ x =2 o2t x4+ x =2
Therefore, x = —2 is a vertical asymptote.
lim 3 = —oo and lim 3

ro1m X2 4+ x — 2 ot x2 4+ x =2

Therefore, X = lis a vertical asymptote.

26.

27.

28.

x2 = 5x + 25

() = =510
_ x2 - 5x + 25
(x + 5)(x2 - 5x + 25)
_ 1
x+5
lim = —and lim = oo
xo-5- X+ 5 o5t x + 5
Therefore, x = —5 is a vertical asymptote.
x2=2x-15
X)=——7—7—-2-—
f( ) X -5 4+x-5
_(x=3)(x +3)
(x - 5)()62 + 1)
+
= xz 3,x 5
x°+1
5+3 15
lim = = —
A Rl R

There are no vertical asymptotes. The graph has a hole
at x = 5.
t? -2t 1t - 2)

h(r) = =

=16 (1= 2)(r+2)(* +4)

t

- (t +2)( +4)’t *2

lim h(f) = coand lim A(f) = —eo
t—-2t

t—>-2"

Therefore, t = —2is a vertical asymptote.
lim A(t) = ;2 = L

=2 2+2)2°+4) 16

Therefore, the graph has a hole at ¢ = 2.
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29, f(x) _ 4(x2 +x - 6)
x(x3 -2x% - 9x + 18)
o Ax +3)(x - 2)
x(x - 2)(x2 - 9)
= ﬁ, X #-3,2
lirgl_ f(x) = o and lirf)lJr f(x) = —o

Therefore, x = 0 is a vertical asymptote.
lim f(x) = —eo and lim+ f(x) = oo

x—3" x—>3

Therefore, x = 31is a vertical asymptote.

4
S = 202 - 3)
=-2
and
; -4 _2
lim f(x) = 333 9

Therefore, the graph has holesat x = 2 and x = -3.

x -9
30. Alx) = —F———
( ) X +3x%2-x-3
(x - 3)(x + 3)
(x = 1)(x + 1)(x + 3)
x=3
=" x#-
(x+Dx-1
lim A(x) = —ccand lim A(x) = oo
x—>-1" x—-1T
Therefore, x = —1is a vertical asymptote.
lim A(x) = coand lim A(x) = —oo
x—1" x—1t

Therefore, x = 1is a vertical asymptote.

lim hx) = — >3 -3
>3 (-3+D(-3-1) 4

Therefore, the graph has a hole at x = —3.

31. f(x) = csemx = —
sinzx

Let n be any integer.

lim f(x) = —eo Oreo

Therefore, the graph has vertical asymptotes at x = n.

32.

33.

34.

35.

36.

Section 1.5 Infinite Limits 103

. sinzrx
f(x) = tanzx =
COSTTX
2n + 1 . .
costx = 0 forx = — where 7 is an integer.

lim f(x) = oo or —eo
2n+l
2

Therefore, the graph has vertical asymptotes at
2n +1

>

t
S(t) - sin ¢

sin ¢t = 0 fort = nm, where n is an integer.

lim s(¢) = oo or —oo (forn # 0)

t—nmw

Therefore, the graph has vertical asymptotes at
t = nx,forn # 0.

lim s(r) =1

t—0

Therefore, the graph has a hole at ¢t = 0.

_tan @ _ sin @
6 6 cos 6

g(0)
V4 . .
cos @ = 0for @ = B + nz, where n is an integer.

lim g(a) = o0 QI —o°

Ha%wur
Therefore, the graph has vertical asymptotes at

6’=£+n7r.
2

lim g(6) =1

Therefore, the graph has a hole at 8 = 0.

2
. -1 .
lim * = lim (x - 1) = =2
x—>-1 x +1 x—-1
Removable discontinuity at x = —1
2
-3 3
-5
lim x? —2x — 8 _ 4
x—-1" x+1 10 ‘f: / .
oxr-2x -8 !
lim = —oo }
x—-17 x+1 |

Vertical asymptote at x = —1
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37. lim M — oo ; T 51. lim .2 = o
Camom x+1 ! x—0t sInx
- 1
cos(x2 - 1) ’ : 1 ) —
lim ———= = o : 52. lim = oo
xoat o x +1 . x—(x/2)" €OS X
-10
Vertical asymptote at x = 1
53, lim Vx lim (~/x sin x) = 0
) sin(x + 1) 2 x—z" CSC X X
38. hmli1 =1
xX—>— +
g ] s4. tim 252 = fim [(x + 2) tan x] = 0
-3 3 x—0" cotx x—0"
Removable discontinuity at
x=-1 o 55. lim xseczx = lim T -
x> (1/2)” x—(1/2)” COS 7TX
. o _ 56. lim x* tan 7x = —co
39. Xli)nll+ o x—(1/2)"
-1 X+ x+1 W+ x+1
40. lim ——— = — 57. f(x) = —3 = )
o (x - 1) x =1 (x—l)(x +x+1)
lim = lim = oo
41, lim —— = Jm S0) = Em T
xo2tx — 2 3
) |
2 hm =2 1 '.L
o X0+ 4 4+ 42 B e s
x+3 x+3 :
43. lm —— = lim ——— -3
PN (xz + x - 6) s (x +3)(x - 2)
¥ -1 (x—l)(x2+x+1)
. 1 1 58. f(x) = - = 5
=lug_x_2=—g x4+ x+1 x*+x+1
lim f(x) = lim (x -1) =0
x—1" x—=1"
2 - - 1)(2 1
a4 aim ol Bx =D +1) )
vyt 4x* —4x =3 Lyt (2x = 3)2x + 1)
3x-1 5 /
= lim == -8 8
o2t 2x =3 8
1 -4
45. lim (1 + f] = —o
x0” x 59. lim f(x) = coand lim g(x) = -2
46. lim [6—ij:_°° @ lm[/(x) + g(x)] = -2 = o
x—0" X
() lim [f(x)g(x)] = e=(-2) = -0
47. lim | x* + = -
x4~ (x X + 4) (¢) lim g(x) — 72 —
x—c f(x)
x>0t x 60. lim f(x) = —eo and lim g(x) = 3
1' = —oo 3 = —oo
49. lim (sinx + lj = oo @) m [f(x) + g(x)] +
x—0% X )
®) lim[/()z(] = (~=)3) = ~==
im | L2 . x 3
50. 11)1'131[ +C0t2]— (C) llmg()zfzo
x x—c f(x) —oo
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61. One answer is 63. y
X x=3 x -3
Sx) = (x=6)(x+2) x> —4x—12
™
62. No. For example, f(x) = ——— has no vertical ‘ L
x* +1 2 s
asymptote. - /
64 m = —20
1- (vz/c2)
lim m = lim ——m
v v 1 — (VZ/C2)
65. (a)
X 1 0.5 0.2 0.1 0.01 | 0.001 | 0.0001

f(x) | 0.1585 | 0.0411 | 0.0067 | 0.0017

0.5

i X —sinx _ 0
x—0T X
-15 1.5
-0.25
(®) X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
f(x) | 0.1585 | 0.0823 | 0.0333 | 0.0167 | 0.0017 | = 0 =0
0.25 — qi
lim =225 = 0
x—0t X
-15 1.5
-0.25
© X 1 0.5 0.2 0.1 0.01 0.001 0.0001
f(x) | 0.1585 | 0.1646 | 0.1663 | 0.1666 | 0.1667 | 0.1667 | 0.1667
025 . x—sinx
xlirBLT = 0.1667 (1/6)
-15 1.5
-0.25
(d)
X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001

f(x) | 0.1585 | 0.3292 | 0.8317 | 1.6658

16.67 | 166.7 | 1667.0

. X -—sinx
hmi4

x—0" X

. x —sinx
=ocorn >3, lim —— = o
x—0t X

105
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106 Chapter 1 Limits and Their Properties

66. lim P = o (b)
v 50t x | 30 40 50 | 60
As the volume of the gas decreases, the pressure y | 150 | 66.667 | 50 | 42.857
increases.
2(15) 3 () lim _2x
67. (a) r = ——=—= = — ft/sec Y
( ) /625 — 225 2 / x—25" x — 25
) I 2x As x gets close to 25 miles per hour, y becomes
1Im —F— =
25~ ~J625 — x2 larger and larger.
Total di __k
68. (a) Average speed = Lot distance 69. § = ——.0< 7| < 1. Assume k # 0.
Total time r
2d
50=——""-— . o B )
(d/x) + (d]y) xllfll S = xl:n} i (or —eoif k < 0)
2
50 = =2 L
ytx 70. 0=
50y + 50x = 2xy t-4
k
50x = 2xy — 50y lim Q = lim ———= = e (or —eoif k < 0)
+ 4t —
505 = 2y(x _ 25) t—4 >4t Nt — 4
25x
x — 25 7

Domain: x > 25

1. (a) 4 = %bh - %rzﬁ = %(10)(10 tan 6) — %(10)20 = 50tan @ - 50 6

Domain: (O, zj
2

®) 1 0.3 0.6 0.9 1.2 1.5

7(6) 0.47 4.21 18.0 68.6 630.1

100

0

(c) lim A= oo

6—>m/2”

72. (a) Because the circumference of the motor is half that of the saw arbor, the saw makes 1700/2 = 850 revolutions per minute.

(b) The direction of rotation is reversed.

(c) 2(20 cot @) + 2(10 cot ¢): straight sections. The angle subtended in each circle is 27 — (2(72[ - ¢j] =7+ 2¢.

So, the length of the belt around the pulleys is 20(7 + 2¢) + 10(7 + 2¢) = 30(z + 2¢).
Total length = 60 cot ¢ + 30(7 + 2¢)

Domain: (0, l]
2

@ ¢ | 03 0.6 0.9 1.2 1.5

L | 306.2 217.9 195.9 189.6 188.5
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73

74.

75

77

78

(e) 4s0

Section 1.5 Infinite Limits 107

N

0

() lim L =607 ~
o (/2

z
2

188.5

(All the belts are around pulleys.)

(g) lim L = o

90T
. True. The function is undefined at a vertical asymptote. 76. False. Let
True l, x#0
f(x) = qx
. False. The graphs of y = tan x, y = cot x, y = sec x 3, x=0.

and y = csc x have vertical asymptotes.

. Let f(x) = % and g(x)
X

lim%zooand limi—

x—=0 x x—0 x

The graph of f has a vertical asymptote at x = 0, but

7(0) = 3.
= T,andc =

. 1 1 . (xr =1
= oo, but l%(;—?) = ll{)r(l){ o ]— —oo # ().

. Given lim f(x) = e and lim g(x) = L:

x—c

(1) Difference:

x—c

Let h(x) = —g(x). Then lim A(x) = ~L, and lim [f(x) - g(x)] = lim [f(x) + h(x)] = oo, by the Sum Property.

(2) Product:
If L > 0, then for £

x—c

= L/2 > 0 there exists &, > 0 such that ‘g(x) - L‘ < L/2 whenever 0 <|x - ¢|< .

So, L/2 < g(x) < 3L/2.Because lim f(x) = oo thenfor M > 0, there exists &, > 0 such that f(x) > M(2/L)

whenever |x — ¢| <

. Let & be the smaller of & and &,. Then for 0 < |x — ¢| < 6,

you have f(x)g(x) > M(2/L)(L/2) = M. Therefore lim f(x)g(x) = oo. The proof is similar for L < 0.

(3) Quotient: Let £ > 0 be given.

There exists & > 0such that f(x) > 3L/2¢ whenever 0 <|x — ¢| < & and there exists &, > 0 such that

‘g(x) - L‘ < L/2 whenever 0 <|x — ¢| < &, This inequality gives us L/2 < g(x) < 3L/2.Let & be the

smaller of ¢, and 0,.

g(x) 3L/2 _
()| 3L)2¢
8(x)

Therefore, lim
X—c f(x)

Then for 0 <|x — ¢|< &, you have

= 0.

79. Given lim f(x) = oo,let g(x) = 1.Then lim g(x) = 0 by Theorem 1.15.

X—=c¢
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80.

81.

82.

83.

84.

Chapter 1 Limits and Their Properties

Given lim = 0. Suppose lim f(x) exists and equals L.
x—c f ( x) x—c
lim 1 1
Then, lim —— I 0.

e f(x)  lim /() L

This is not possible. So, lim f(x) does not exist.

x—c

f(x) = is defined for all x > 3. Let M > 0be given. Youneed 6 > Osuch that f(x) =

> M whenever
x -3 x -3

3 < x < 3+ 6. Equivalently, x — 3 < iwhenever |x = 3|< &, x > 3. Sotake & = ﬁ.Then for x > 3and

‘x—3‘< g,

! >1=Mandsof(x)>M.Thus, lim ! = oo,
x -3 8 =3t x =3

< N whenever

x) = ! is defined for all x < 5.Let N < Obe given. Youneed 6 > Osuch that f(x) =
5 5
X — X —

. 1 . 1 1
5 -0 < x < 5. Equivalently, x — 5 > Nwhenever \x - 5\ < 0, x < 5. Equivalently, —— < —— whenever

x—S‘
|x = 5] < &, x < 5.Sotake & = —%.Notethat & > Obecause N < 0.For [x — 5| < dand x < 5, ! 3 > % = —N,
Y —
1 1 .
and —— = ——— < N. Thus, lim = —oo,
x -5 ‘x—S‘ x5~ X — 5

is defined for all x > 8. Let N < 0 be given. Youneed & > 0 such that f(x) = 3
- x - x

8 —x

< N whenever

8 < x < 8 + 0. Equivalently,

1 . -3
> v whenever |x — 8| < &, x > 8. Equivalently, |8 — x| < ~ whenever

|x — 8| < &,x > 8. So,let § = _W:; Note that § > 0 because N < 0. Finally, for |x — 8| < § andx > 8,

1 1 N -3

> <=
|lx-8 & -3

Py < N, and P < N. Thus, Xli)r;l+ S(x) = —co.

> M whenever

f(x) = 5 6 is defined forall x < 9. Let M > 0 be given. Youneed & > 0 such that f(x) = 6

- X 9 —x

9 — 8 < x < 9.Equivalently, 9 — x < %whenever\x -9/ < 8,x <9.S0,let § = % Finally, for

‘x—9‘< dandx < 9,

x—-9|< i, ! > M, and > M. Thus, lim f(x) = 6.
M 6

x—9‘ - X x59~

Review Exercises for Chapter 1

1.

Answers will vary. Sample answer: 3. f(x) = Jx(x - 1)

1) = {1, x # 2

3, x=2 (@ x(x-1)20=>x<0orx21

) ) Domain: (—eo, 0] U [1, =)
Then f(2)is defined and lmé f(x) = 1,but
X—

lim f(x) = 1, whereas f(2) = 3. (b) lim f(x) = lim (Jx(x 1) =0

x—=0" x—=0"
2. No. If x = cis a vertical asymptote, then © xh_>nll+ Sx) = xlinlh v Mx—1) =0

f(x) = oo (or —eo)as x approaches c.
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4. g(x) - 1 6. (a) )1(12% f(x) =3 g,84

b continuous at 2:
(a) Domain: all real numbers x, x # 4. ®) 7 &

c¢) lim f(x) =3: g, g,
(b) g is continuous for all real numbers x, x # 4. © x—>2” /) 81 83 84
(c) As x approaches 4 from the right, g(x) increases 7. (a) Precalculus: Area = $bh = 5(5)(4) = 10 sq. units

ithout bound, li = oo,
Without boutt ’xllg g(x) (b) Calculus required: Area = bh

Similarly, lim g(x) = —co. = 2(2.5)
e = 55sq. units
tan 2x
- flx) = . . N
X 8. (a) Calculus required. Using a graphing utility, you can
)  tan 2x estimate the length to be 8.3. Or, the length is slightly
(a) )1(12(1) fx) = yf}) N longer than the distance between the two points,
sin 2x approximately 8.25.
= 11m _— 11
x—0 x cos 2x
= lim sin 2x . 1 ) 2)
x>0 2x cos 2x
= (HM2) =2 - °
-1
(b) Yes. Define f(0) = 2.
(b) Precalculus. L = \/(9 ~1)P+(3-1) ~825
- 25
1) =
/() t—5
t 4.9 4.99 4.999 5 5.001 5.01 5.1
f@ 9.9 9.99 9.999 ? 10.001 10.01 10.1

lirrg f() = 10.0000 (Actual limit is 10.)

10

L

_ x -3
X2 —Tx +12

X 29 2.99 2.999 3 | 3.001 3.01 3.1

f(x) | —0.9091 —0.9901 —0.9990 ? | -1.0010 | -1.0101 | —1.1111

lim f(x) = —1.0000 (Actual limitis —1.)

¥
‘i

6
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110 Chapter 1 Limits and Their Properties

1. fx)=YEF2 =2 +x4 -2
x 0.1 0.01 0001 |0 |o0001 |o001 0.1

fx) 0.2516 0.2502 0.2500 ? 0.2500 | 0.2498 0.2485

lim f(x) = 0.2500 (Actual limit is .)

0.5

\_\_—_—_
-5 5
0
_ 3
12. f(x) = 1x _\/1;
x 0.9 0.99 0.999 1| 1001 | 101 1.1

f(x) | —0.3451 —0.3345 —0.3334 ? | =0.3332 | -0.3322 | -0.3228

liml f(x) = —0.333 (Actual limit is —1.)

1

——h__\r“'#_—

-2

fy = 73] -7

13.

X —0.1 —0.01 —0.001 0 | 0.001 0.01 0.1

f(x) | —0.0207 —0.0204 —0.0204 ? | =0.0204 | -0.0204 | —0.0201

lim f(x) = ~0.0204 (Actual limit is — )

2

I
i
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Review Exercises for Chapter 1

4,
14, f(x) = X+2
X
x 0.1 ~0.01 ~0.001 0 | 0001 | 001 0.1
fG) | 10526 | —1.0050 | -1.0005 | 2 | —0.9995 | ~0.9950 | —0.9524

lirr(l) f(x) = —=1.0000 (Actual limitis —1.)

1

.-'-'—'_'_'_F

15. h(x) = "—gﬂ + x2

(a) The limit does not exist at x = 2. The function

approaches 3 from the left side of 2, but it
approaches 2 from the right side of 2.

(b) lim h(x) = H—%ﬂ +xl=-1+1=0

x—1

17. lim(x +4) =1+ 4 =5

x—1

16. g(x) =

—2x
x -3

(a) lirr; g(x) does not exist because the function
X—>

(b) lim g(x) = -

increases and decreases without bound as x

approaches 3

Let € > 0be given. Choose & = &. Then for 0 <|x — 1| < § = &, you have

|x-1|< e
‘(x+4)—5‘<€
| /(x) - L] <

™

18. lim ~/x = /9 =3

x—9

Let £ > 0 be given. You need

‘\/;—3‘<g:‘\/;+3H\/§—3‘<e‘\/;+3‘:>\x—9\< e‘\/;+3‘.

Assuming 4 < x < 16, you can choose § = 5¢.
So, for 0 <|x — 9| < & = 5S¢, you have

|x —9|< 5¢ <‘\/;+3‘£
‘\/;—3‘< £

‘f(x) - L‘ < €.

0-3

111
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112

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Chapter 1 Limits and Their Properties
lim (1 - x*) =1-2% = -3
x—2

Let € > 0 be given. You need

‘l—xz—(—3)‘<g:>‘x2—4‘=\x—2Hx+2\<g:>\x—2\

Assuming 1 < x < 3,you can choose J = ?

So, for 0 <|x - 2|< & = ?,youhave

\x—2\<§<‘ﬁ
|x —2||x+2|< ¢
‘x2—4‘<€
‘4—x2‘<8
(1= ) - (3)| <&
|f(x) - L|< &

ling 9 = 9.Let £ > 0 be given. J can be any positive
number. So, for 0 <|x — 5| < &, you have
|9-9|<e¢
|f(x)-L|< &
lim x* = (-6)* = 36

x—-6

lim (5x - 3) = 5(0) — 3 = -3

x—0

lim~/r+2 =4+2 = V6 =245

t—

lim\/x* +1 = V2 1 =B+ =9 =3

lim (/x - 1)4 = (27 - 1)4 =3-1)"=2"=16
x—27

lim (x —4)° = (7 - 4 = 3 = 27

. 4 4
lim =— = —
x4 x — 1 4 -1 3
. X 2 2 2
lim 3 == = = —
=2 x° + 1 27 +1 4+1 5

29.

30.

31.

32.

33.

#g
‘x+2‘

2
27 +1lx 415 (2x + 5)(x + 3)

lim
x—=-3 x+3 x—-3 x+3
=1im3(2x+5)
:2(—3)+5
= -1
2_ -
limt 16 - lim t-dHit+4
t—>4 t — 4 t—4 t—4
=lim@E+4)=4+4=28
t—4
LN x =3 -1 oNx =3 -1 ~x-=-3+1
lim ——— = lim .
=4 x -4 =>4 x -4 Vr-3+1
-3)-1
TR k)
=4 (x - 4)Vx -3 +1)
—limi1 -1
A fx-3+1 2
lim\/4+x_2—lm\/4+x_2~\/4+x+2
x—=0 X x>0 X i+ x+2

Lot

1 -1 -
N LGl kNN CE)
x—0 X x—0 x(x + ])
— lim — = -
x=0 x + 1
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Review Exercises for Chapter 1 113

s—=0 S 50

) (1/@)—1_1. (V1+s) =1 (NT+5)+1
im-—— = lim . -(I/M)WLI

i [1/(1 + s)] -1 ) _1 1

= lim =—=

$=0 s[(l/m) + 1} =0 (1 4 s)[(l/ﬁ) + 1} 2

. lim 1208% _ lim( al }(1_“’”) = (1)(0) = 0

x=0  sin x x—=0| sin x X

4x 4(z/4)

im
x—>(7/4) tan x 1

i sin[(iz/6) + Ax] - (1/2) i sin(77/6)cos Ax + cos(7/6)sin Ax — (1/2)

* Av—0 Ax Ax—0 Ax
-1 1
_ g L (08 AY )+1im£-smAx:0+—3(l):£
Ax—0 D Ax—0 D Ax 2 2
. cos(7 + Ax) +1 fim cos 7 cos Ax — sin 77 sin Ax + 1
Ar—0 Ax T A0 Ax
=i [COSAXTD N [ S A
Av—0 Ax Ax—0 Ax
=-0-(0)1) =0
- lim [ £(x)g(x)] = [lim f(x)}[lim g(x)] 41 lim [ f(x) + 2g(x)] = lim f(x) + 2 lim g(x)
2 X—=c¢ xX—c¢ B l _
= (-6)(1) = -3 = -6+2(4) =-5
. 2
e lim /(x)  _g 2. lim [ f(x)] = [lim f(x)}
. IIm = = — = — x—=c x—-c
x—c 1 1
g limg(x) (1) _ (-6 = 36
V2x +9 -3
o 1
X
The limit appears to be l
3 -1 s 1
X -0.01 —0.001 | 0 | 0.001 0.01
f(x) | 0.3335 | 0.3333 | ? | 0.3333 | 0.331
lim f(x) = 03333
lim\/2x+9—3_\/2x+9+3_im 2x+9) -9 -5 2 2 1

= m = = —
x>0 x J2x +9 +3 Hox[\/zx+9+3J =0 2x+9+3 J9o+3 3
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114 Chapter 1 Limits and Their Properties

44, f(x) = w 3

The limit appears to be —%

X —-0.01 —0.001 0 | 0.001 0.01

f(x) | —0.0627 | —0.0625 | ? | —0.0625 | —0.0623

lim f(x) = —0.0625 = —%

x—0
11
limX+4 4 _ 4D 1
x—0 X =0 (x + 4)4(x) =0 (x + 4)4 16
x>+ 729
45. f(x) = ———
f( ) x+9
800
-18 \—h 2

0

The limit appears to be 243.

X -9.1 -9.01 -9.001 -9 | -8.999 -8.99 -8.9

f(x) | 245.7100 | 243.2701 | 243.0270 | ? 242.9730 | 242.7301 | 24.3100

3
lim 72 24300
¥--9 x+9
3 x + 9)(x* — 9x + 81
limLmzlim( I )=lim(x2—9x+81)=81+81+81=243
=9 x4+ 9 x—-9 x+9 x—-9
46. f(x) _ Cosx — 1 1 lim cosx — 1 — lim cosx — 1 _cosx + 1
X /_\ x>0 x x>0 X cosx + 1
~10 10 . cos?x — 1
= lim ———
\_/ =0 x(cosx + 1)
- -1 _ lim —sin’x
The limit appears to be 0. 0 r(cosx + 1) (cosx + 1)
x -0.01 | —0.001 | 0 | 0.001 0.01 ~ lim (sinx)( —sinx ]
£() | 0.005 | 0.0005 | 0 | —0.0005 | —0.005 200 x Acosx +1
0
. _ =) =
1}n}) f(x) = 0.000 2
=0
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47.

48.

s(4) — ()

v = lim
t—4 4 — ¢
—4.9(16) + 250 | — | —4.9¢2 + 250
t—4 4 — ¢
49(2 - 16
= lim 7( )
t—4 4 — ¢
4.9(t —
R ) )
t—4 4 — ¢

= lim [-4.9(r + 4)] = -39.2 m/sec
The object is falling at about 39.2 m/sec.

—49* +250 =0 = ¢ = ? = 7.143

The object will hit the ground after about 7.1 seconds.

When a = ?, the velocity is

s(a) = (1)

[—4.9a2 + 250] - [—4.9r2 + 250]

lim = lim
t—a a—1 t—a a-—1t
49(¢* - a®
= lim 7( ¢ )
t—a a—1
~ lim 4.9(t - a)(t + a)
t—a a—1

49.

50.

51.

52.

53.

= lim [-4.9(t + a)|

t—a
50
= —49(2 ==
e [a=T)
= —70 m/sec.
1 1

lim ! = = —
xo3tx + 3 3+3 6

x—6 . x—6

lim = lim——
156" X2 =36 xos6 (x — 6)(x + 6)
= lim = i

o x +6 12

. x
lim ————— =

x-10" </x% — 100
. x5
lim

xo25t x — 25

= lim Vi -5
x—257F (\/; + 5)(\/; — 5)
= lim !
x—25+t \/; +5

1 1 1
J25+5 545 10

[x = 3]

x=3m x — 3

S Gl B

x=3m X —3

54.

SS.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

Review Exercises for Chapter 1 115

2 _ _
fim =4y 2D
x—>2_‘x—2‘ x—27 2—x
= lim —-(x+2)=-(2+2)=-4

lim (2[x] +1) =2(1) +1=3

x—=27

lin}‘ |Ix - 1]] does not exist. There is a break in the graph
X—

at x = 4.
lin f(x) = 0

lim g(x) =1+1=2

x—1t

lim A(¢) does not exist because lim () = 1+ 1 = 2
t—1 t—>1"

and lim A(t) = %(1 +1) =1

-1+

lim f(s) = 2

s—>-2

The function g(x) = v/8 — x* is continuous on [-2, 2]

because 8 — x* = 0 on[-2,2].

The function A(x) = is not continuous on [0, 5]

5-x
because A(5) is not defined.

J(x) = x* — 81x is continuous for all real x.

f(x) = x> — x + 20 is continuous for all real x.

f(x) = LS has a nonremovable discontinuity at

x = 5 because lim f(x) does not exist.
x—=5

| |
T R ST

has nonremovable discontinuities at x = +3

because lirr; f(x) and lim2 f(x) do not exist.
x— X —=3

X X 1

- S = =

= = ,x #z0
—x x(x* -1 (x-=Dkx+1

has nonremovable discontinuities at x = %1
because lim f(x) and lim f(x) do not exist,
x—-1 x—1

and has a removable discontinuity at x = 0 because
1

lim f(x) = lim —— = -1.

x>0 f( ) x>0 (x — 1)(x + ])
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116 Chapter 1 Limits and Their Properties

x+3
68. =
/) x> = 3x —18
_ x+3
(x +3)(x — 6)
= ! ,x # =3
x—6

has a nonremovable discontinuity at x = 6
because lirr}3 f(x) does not exist, and has a
xX—

removable discontinuity at x = —3 because

1 1
li = lim —— = ——.
xi)HES f(X) x1—>n;l3 xX—-6 9
70. lim (x+1) = 2
lim (x +1) = 4

x—=3"

Find b and ¢ so that lim (xz + bx + c) = 2and lim <x2 + bx + c) = 4.

x—-1"
l+b+c =2
-3 and

Consequently you get

Solving simultaneously, b

71. f(x) = —3x% +7
Continuous on (—eo, co)

72, f(x) = 45 + Tx = 2 _ (4x = 1)(x + 2)

x+ 2 x+ 2
Continuous on (—oo, —2) U (=2, o). There is a

removable discontinuity at x = —2.

73. f(x) = /x + cos x is continuous on [0, o).

74. f(x) = [[x + 3]]
lim [x + 3] = k + 3 where £ is an integer.

x—kT

lim [[x + 3]] = k + 2 where k is an integer.

x>k~
Nonremovable discontinuity at each integer k
Continuous on (k, k + 1) for all integers &

:3x2—x—2:(3x+2)(x—1)

75. f(x) - —
lin% f(x) = lin} (B3x+2)=5

Removable discontinuity at x = 1

Continuous on (—ee, 1) U (1, =)

and 9 +3b + ¢

76.

6. f(2) =5
Find ¢ so that lim (cx + 6) = 5.
x—2t
c2)+6=>5
2¢ = -1
1
c=——
2
5-x, x<2
f(x)_{zx—s, x>2
lim (5-x) =3
x—>27
lim (2x - 3) = 1
x—2t

77.

78.

Nonremovable discontinuity at x = 2
Continuous on (-, 2) U (2, =)

S(x)=2x -3

fis continuous on [1, 2]. /(1) = -1 < 0 and

f(2) = 13 > 0. Therefore by the Intermediate Value

Theorem, there is at least one value ¢ in (1, 2) such that
2¢ -3 =0.

Slx)=x"+x-2

Consider the intervals [-3, 0] and [0, 3].
f(-3)= (-3’ -3-2=4>0

f(0)=-2<0

By the Intermediate Value Theorem, there is at least one
zero in [—3, 0],

f(0)=-2<0
fB) =0 +3-2=10>0
Again, there is at least one zero in [0, 3].

So, there are at least two zeros in [-3, 3].
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79. f(x) = x* +5x — 4 84. f(x):( _52)4
f is continuous on [-1, 2]. *
2 lim ——— == lim —
f(—l) = (—1) + 5(—1) -4 =-8<2 x—2" (X - 2) x—2F ()C - 2)

f2)=22+52) -4=10>2 Therefore, x = 2 is a vertical asymptote.

3 3

The Intermediate Value Theorem applies. 85. f(x) = 2x _ X
XX +5x—-4=2 =9 (x+3)(x-3)
2 3 X
x*+5x-6=0 hm_ 5 9:—ooandlim+ 5 9:00
(x : 6)(x _ 1) -0 x—>-3" X x—-3" X
) ) ) Therefore, x = —3 is a vertical asymptote.
x =1(x = —6 lies outside the interval.)
3 3
c=1 lim — = —oo and lim = oo
xs-3" X" =9 x—3t x° =9
So, f(1) = 2. . .
Therefore, x = 31is a vertical asymptote.
3
80. f(x)=(x—-6) +4
et 86"”()‘)2366_xzz_(+66)ZC—6)
f is continuous on [4, 7]. x x x
im — _ = wand lim —% _ = —o
f(4) = (4 - 6)3 +4=-8+4=-4<3 x—-6- 36 — x2 B x—s-6t 36 — Xz -
f(7) = (7- 6)3 tA—144=5>3 Therefore, x = —6 is a vertical asymptote.
. . . 6x . 6x
The Intermediate Value Theorem applies. lim = oo and lim 5 = —oo
3 x—6~ 36 — x x—6t 36 — x
(x-06) +4=3 Therefore, x = 6 is a vertical asymptote.
(x - 6) = -1 1
X
x—-6=-1 87. f(x) = sec — = —
x=-1 cos —/—
c=5 X
cos — = 0 whenx = 1, £3, ...
So, f(5) = 3. 2
Therefore, the graph has vertical asymptotes at
. 1 x = 2n + 1, where n is an integer.
81. lim = —oo
x56~ X — 6
1
: I 88. f(x) = cscmx =
lim = o f( ) sin 7zx

x=6t X — 6
sin zx = 0 forx = n, where 7 is an integer.

82. lim _712 = —oo 111)1}1 f(x) = eo0r —eo
x—=6~ (x - 6)
| Therefore, the graph has vertical asymptotes at x = n.
lim ———— = - ,
16" (x = 6) 89. lim * L _
T x =1
3
83. ==
S =3 90. lim .
o2t 2x — 1
lim — = —oo
0" X
3 ot fim AFL o gy L1
lim = = o oot xT + 1 st xT —x 41 3
x0T X
. . . +1 . 1 1
Therefore, x = 0 is a vertical asymptote. 92. lim ~ " = fim — = —~

oo xt =1 x——1" (xz + l)(x — 1) 4
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118 Chapter 1 Limits and Their Properties

2
93. lim (x - %] = —o 98. lim =2 % =
x—0" X x—0" X
. 1
94, lim ——— = —o 99, ¢ = 30000p o g
xs2” ¥t — 4 100 — p
80,000(90
. sin 4x .| 4(sin 4x 4 (a) C(90) = # = $720,000
95. lim = lim |- == 100 — 90
x—o0t  Sx x—o0t| 5 4x 5
(b) lim C(p) = e
—100~
secx’ 4
96. xlfgl, o - It would be financially impossible to remove 100%
of the pollutants.

(Note: sec x> = 1 for x near 0.)

97, 1im &2~ im 1 _
x=0t X x—0" X sin 2x
2
— 4
100. f(x) = =
x -2

(a) Domain: all real numbers x, x # 2

:x2—4:(x—2)(x+2)

=x+2,x#2
x -2 x -2

(b) f(x)

The graph is a line (y = x + 2) with a hole at (2, 4).

(c) As x approaches 2, f(x) approaches 4.

X 19 | 199 | 2 | 2.01 | 2.1

F) 39399 |2 | 401 |41

(d) lim f(x) = lim (x + 2) = 4

441 -4 041
e) slope: ——— = —— = 4.1
(€) slop 21-2 0.1
. oxt -4 . .o xt—4
The slope joining (x, h(x)) and (2, 4) is % The slope of the tangent line at (2, 4) is hrr; 5 = 4.
X = x—2 x —
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>

a b

®) () lim P,,(x) =1

x—a

(ii) lim P, ,(x) = 0

x—a

(i) lim, P,(x) =0

(iv) lim P, ,7(x) =1

x—=b"

(c) P, ,is continuous for all positive real numbers exceptx = a, b.

(d) The area under the graph of U and above the x-axis, is 1.

Problem Solving for Chapter 1

1. (a) Perimeter APAO = \/x* + (y — 1)2 +4/x7 7+

2

= /X +

(x2 - 1) +

[N}

NSl

Perimeter APBO = «/(x—l)2 + 2+ U2+ 41
=«l(x—1)2+x4 +xr+xt +1

\/ 2+(x2—1)2+\/x2+x4+1
(b) r(x) =

x
\/(x—1)2+x4+\/x2+x4+1

x 4 1 0.1 0.01
Perimeter APAO | 33.02 | 9.08 | 3.41 | 2.10 | 2.01
Perimeter APBO | 33.77 | 9.60 | 3.41 | 2.00 | 2.00
r(x) 0.98 095 | 1 1.05 | 1.005
(c) Area APAO = lbh = 1(1)(x) z
2 2 2
1 1 y  x?
Area APBO = —bh = —(1 == —
SO0) =5 =7
Area APBO  x*/2
@) a(x) = ————= = / =
Area APAO  x/2
x 41211 0.1 0.01
Area APAO | 2 |1 | 1/2 1/20 1/200
Area APBO | 8 | 2 | 1/2 1/200 1/20,000
a(x) 41211 1/10 1/100

Problem Solving for Chapter 1

119
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120 Chapter 1 Limits and Their Properties

2. (a) There are 6 triangles, each with a central angle of 60° = 7/3. So,

Area hexagon = 6{%1)4 = 6[%(1) sin%} = # =~ 2.598.

h=sin6

Error = Area (Circle) — Area (Hexagon) = 7 — —— = 0.5435

33
2
(b) There are n triangles, each with central angle of 6 = 27/n. So,

4, = anh} - nBa) sin%r} - M

©
n 6 12 |24 48 96

A, 2.598 3 3.106 3.133 3.139

(2 in(2 .
As n gets larger and larger, 277/n approaches 0. Letting x = 27z/n, 4, = sin(272/n) = sin(27/ n)ﬂ' - smx
2/n (27/n) X

which approaches (1)z = z, which is the area of the circle.

3. () Slope = _12
(b) Slope of tangent line is iz
1
y+12 = i(x )
12
5 169
= —x — — Tangent line
7 12 12 g
© 0= (%) = x—169 - ¥*)
—~/169 — x> + 12
m =—""
x -5
12 -V169 — &% 12 + /169 —

(d) lim m, = lim
x5 =5 x =5 12 + /169 — x2

_ 2
=i 144 (169 x)

5 (x = 5)(12 + V169 - 27

= lim Xt - 25
5 (x = 5)12 + V169 - )
B (x +5) 10 5

x—)512+\/169_x2 :12+12:12

This is the same slope as part (b).
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Problem Solving for Chapter 1 121

. lim [/(x) + g(x)] = Sand lim [/(x) —g(x)] =12

tim () + &) + (/) - £o))] = 5 +12 =17 = tim 1) = 7

X—cC x—c

SO, lim g(x) = 5 — lim f(x) = 5 - 177 = 7%

Finally. tim [ /(x)2(x)] = (17/2)(-7/2) = -2 ana im [ f()/(x)] = (17/2)/(~7/2) = -17/7.

x—c

\/a+bx—\/§_\/a+bx—\/§’\/a+bx+\/§_ (a+bx)-3
) X B X \/a+bx+\/§_x(\/m+\/§)

Letting @ = 3 simplifies the numerator.

s i 3B N3 L bx = lim b
0 x—0 X x—0 x(\/3+bx +\/§) x—0 \/3+bx+\/§

b
Setting m =3, you obtain & = 6.So, @ = 3and b = 6.

. () o 192000

= ——+ v, — 48
B
192,000 — Py 4 48
r
_ 192,000
L Py
ve — vyt + 48
. 192,000
lim r =
v—0 48 — v02

Let vy = /48 = 4~/3 mi/sec.

. Let @ # Oand let € > Obe given. There exists & > Osuch thatif 0 < |x — 0| < & then | f(x) - L|< e.Let

6 = 6,/|a|. Thenfor 0 <|x - 0| < & = &,/|al, you have

3] < 2
|a]
‘ax‘< )
‘f(ax)—L‘< E.

1 0

As a counterexample, let @ = Oand f(x) = {2’ *7 o

, X =

hen im /() = 1= Lpuc lim /(@) = lim /(0) = lim2 =2

© 2023 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



	Calc12e_0P_CSM
	Calc12e_0P_CSM_a
	Calc12e_0P_CSM_b
	Calc12e_0P_CSM_c

	Calc12e_01_CSM
	Calc12e_01_CSM_a
	Calc12e_01_CSM_b
	Calc12e_01_CSM_c

	Calc12e_02_CSM
	Calc12e_02_CSM_a
	Calc12e_02_CSM_b
	Calc12e_02_CSM_c

	Calc12e_03_CSM
	Calc12e_03_CSM_a
	Calc12e_03_CSM_b
	Calc12e_03_CSM_c
	Calc12e_03_CSM_d

	Calc12e_04_CSM
	Calc12e_04a_CSM
	Calc12e_04b_CSM

	calc12e_05_CSM
	calc12e_05a_CSM
	calc12e_05b_CSM
	calc12e_05c_CSM

	Calc12e_06_CSM
	Calc12e_06a_CSM
	Calc12e_06b_CSM

	Calc12e_07_CSM
	Calc12e_07a_CSM
	Calc12e_07b_CSM
	Calc12e_07c_CSM

	Calc12e_08_CSM
	Calc12e_08a_CSM
	Calc12e_08b_CSM
	Calc12e_08c_CSM
	Calc12e_08d_CSM

	Calc12e_09_CSM
	Calc12e_09a_CSM
	Calc12e_09b_CSM
	Calc12e_09c_CSM
	Calc12e_09d_CSM

	Calc12e_10_CSM
	Calc12e_10_CSM_a
	Calc12e_10_CSM_b
	Calc12e_10_CSM_c

	Calc12e_11_CSM
	Calc12e_11_CSM_a
	Calc12e_11_CSM_b

	Calc12e_12_CSM
	Calc12e_12_CSM_a
	Calc12e_12_CSM_b
	Calc12e_12_CSM_c

	Calc12e_13_CSM
	Calc12e_13_CSM_a
	Calc12e_13_CSM_b
	Calc12e_13_CSM_c

	Calc12e_14_CSM
	Calc12e_14_CSM_a
	Calc12e_14_CSM_b
	Calc12e_14_CSM_c

	Calc12e_15_CSM
	Calc12e_15_CSM_a
	Calc12e_15_CSM_b
	Calc12e_15_CSM_c

	Calc12e_16_CSM
	Calc12e_16_CSM_a
	Calc12e_16_CSM_b


