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CHAPTER 1
Limits and Their Properties

Section 1.1 A Preview of Calculus

1. Calculus is the mathematics of change. Precalculus is 7. f(x) = Jx
more static. Answers will vary. Sample answer: @
a "

Precalculus: Area of a rectangle P(4,2)
AN
Calculus: Area under a curve 2

Precalculus: Work done by a constant force
Calculus: Work done by a variable force

Precalculus: Center of a rectangle

Calculus: Centroid of a region ‘ S

2. A secant line through a point P is a line joining P and Jx
another point Q on the graph. (b) slope = m =

x—4
The slope of the tangent line P is the limit of the slopes
Jx -2

of the secant lines joining P and Q, as Q approaches P. =
(Vx + 2)(Vx - 2)

3. Precalculus: (20 fi/sec)(15 sec) = 300 ft

4. Calculus required: Velocity is not constant.

Distance = (20 ft/sec)(15 sec) = 300 ft x=1m= ! !

J1+2 3

5. Calculus required: Slope of the tangent line at x = 2 is x=3m

_ 1
the rate of change, and equals about 0.16. V3+2
1

NG

(c) At P(4,2) the slope is

0

0.2679

n

x=5m 0.2361

6. Precalculus: rate of change = slope = 0.08

_1 = 0.25.

1
Ja+2 4
You can improve your approximation of the slope at
x = 4 by considering x-values very close to 4.
8. f(x) = 6x — x?
(a) \

6x — x*) -8 - -
(b) slopezmz(x x) = (x = 2)(4 - x) =(4-x),x =2
x -2 x -2

Forx =3, m=4-3=1

For x =25 m=4-25=15=

Dl ow

Forx =15 m=4-15=25 =

(c) At P(2,8), the slope is 2. You can improve your approximation by considering values of x close to 2.
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9. (a) Area

0
(9]
+

Area = l(5 + 2+
(b) You could improve the approximation by using more rectangles.

10. Answers will vary. Sample answer:

The instantaneous rate of change of an automobile’s position is the velocity of the automobile, and can be determined by the
speedometer.

11. (a) D, =\/(5—1)2+(1—5)2 =16 + 16 = 5.66
Vo e (-8 e - e )

2.693 +1.302 + 1.083 + 1.031 = 6.11

(c) Increase the number of line segments.

(b) D,

N

Section 1.2 Finding Limits Graphically and Numerically

1. As the graph of the function approaches 8 on the horizontal axis, the graph approaches 25 on the vertical axis.

2. (i) The values of f approach different (ii) The values of f increase without  (iii) The values of f oscillate between
numbers as x approaches ¢ from bound as x approaches c: two fixed numbers as x approaches c:
different sides of c¢: .

2 3 4 5

3. y 4. No. For example, consider Example 2 from this section.
6 1, x#2
i x) =
z i = f( ) {0, x =2
225
1 i L%js lim /(x) = L but/(2) = 0
l/ X
AN
5.
X 3.9 3.99 3.999 | 4| 4.001 4.01 4.1
f(x) | 0.3448 | 0.3344 | 0.3334 | ? | 0.3332 | 0.3322 | 0.3226
lim - =% < 03333 Actual limit is 1.
x4 x? — 5x — 4 3
6.

X 29 2.99 2999 | 3 | 3.001 3.01 3.1

f(x) | 0.1695 | 0.1669 | 0.1667 | ? | 0.1666 | 0.1664 | 0.1639

3 = 0.1667 (Actual limit is lj
9 6
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10.

11.

12.

13.

14.
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X -0.1 -0.01 -0.001 0 | 0.001 0.01 0.1
f(x) | 0.5132 | 0.5013 | 0.5001 ? 1 0.4999 | 0.4988 | 0.4881
im Y7L 05000 [ Actual limitis —
x—0 X 2
X 2.9 2.99 2.999 3.001 3.01 3.1
f(x) | —0.0641 | —0.0627 | —0.0625 | —0.0625 | —0.0623 | —0.0610
1(x+1)| - (1/4

lim M = —0.0625 [Actual limit is —LJ
x—3 x -3 16

X —0.1 —0.01 —0.001 | 0.001 0.01 0.1

f(x) | 0.9983 | 0.99998 | 1.0000 | 1.0000 | 0.99998 | 0.9983

lirr}) SIY . 1.0000 (Actual limit is 1.) (Make sure you use radian mode.)
x— X

X -0.1 -0.01 -0.001 | 0.001 0.01 0.1

f(x) | 0.0500 | 0.0050 | 0.0005 | —0.0005 | —0.0050 | —0.0500

x—0

cosx — 1
m_—x="

= 0.0000  (Actual limit is 0.) (Make sure you use radian mode.)
x

x |09  [099 |099 | 100t |101 |1l
f@) | 0.2564 | 0.2506 | 02501 | 0.2499 | 0.2494 | 0.2439

lim —~ =2 ~ 02500 (Actual limit is 1.]

=l x" +x—6 4

x |41 | 401 | 4001 |4 [-399 |39 |-3.9
f@) | L1111 | 1.0101 | 1.0010 | 2 |0.9990 | 0.9901 | 0.9091
lim —"%  _ 10000 (Actual limitis1)

x—>-4 x° + 9x + 20

X 0.9 0.99 0.999 1.001 1.01 1.1

f(x) | 0.7340 | 0.6733 | 0.6673 | 0.6660 | 0.6600 | 0.6015

.oxt - L. 2

lim = 0.6666 [Actual limit is 7.)

x—1 x° — 3

X -3.1 -3.01 -3.001 -3 | =2.999 -2.99 -2.9

f(x) | 27.91 27.0901 | 27.0090 | ? | 26.9910 | 26.9101 | 26.11
3

fim £ 27 _ 270000 (Actual limit is 27,

x>-3 x4+



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
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X -6.1 -6.01 -6.001 -6 | —5.999 -5.99 -59
fx) | -0.1248 | —0.1250 | —0.1250 | ? | —0.1250 | —0.1250 | —0.1252
lim Y0¥ =4 1250 (Actual limit is —1)
x—=6 x+6 8

X 1.9 1.99 1.999 2 | 2.001 2.01 2.1

f(x) | 0.1149 | 0.115 | 0.1111 | ?2 | 0.1111 | 0.1107 | 0.1075

fim XEHD =23 Actual limit is .
x—2 x -2 9

X -0.1 -0.01 -0.001 | 0.001 0.01 0.1

f(x) | 1.9867 | 1.9999 | 2.0000 | 2.0000 | 1.9999 | 1.9867

. sin 2x . .

llII‘(l) = 2.0000 (Actual limit is 2.) (Make sure you use radian mode.)
x— X

x -0.1 -0.01 -0.001 | 0.001 0.01 0.1

f(x) | 0.4950 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.4950

. tan Xx N |

lim =~ 0.5000 Actual limit is —.
x—0 tan 2x 2

2

fx) = 7

X -0.1 —0.01 —0.001 0| 0.001 0.01 0.1
f(x) | —2000 -2 x 10° —2x10° | 2| 2x10° 2 x10° | 2000

As x approaches 0 from the left, the function decreases without bound. As x approaches 0 from the right,
the function increases without bound.

P
X
x 0.1 —0.01 —0.001 | 0 | 0.001 0.01 0.1
fx) | 30 300 3000 ? | 3000 300 30
As x approaches 0 from either side, the function increases without bound.
ll_)ng (4-x)=1

limsecx =1

x—=0

lim f(x) = lim (4 —x) = 2

x—2

x—1

x—2

x—1

lim f(x) = lim (x* + 3) = 4

-2
25. lim ‘ al ‘ does not exist.

x—=2 x —
-2
For values of x to the left of 2, ( 2) = —1, whereas
x —
-2
for values of x to the right of 2, =1.
(x-2)
. 2 . ..
26. lim 5 does not exist because the function increases
X5 x —

and decreases without bound as x approaches 5.
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27.

28.

29.

30.
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lin}) cos(1/x) does not exist because the function
x—

oscillates between —1 and 1 as x approaches 0.

lim tan x does not exist because the function increases
x—>r/2

without bound as x approaches % from the left and

. V3
decreases without bound as x approaches 3 from

the right.

(a) f(1)exists. The black dot at (1, 2) indicates that
7) =2,
(b) lin} f(x) does not exist. As x approaches 1 from the

left, f(x) approaches 3.5, whereas as x approaches
1 from the right, f(x) approaches 1.

(¢) f(4) does not exist. The hollow circle at (4, 2)
indicates that f is not defined at 4.

(d lirr}‘ S (x) exists. As x approaches 4,
x>
S (x) approaches 2: lirr}1 f(x) =2

(@) f(-2) does not exist. The vertical dotted line
indicates that f is not defined at —2.
(b) ]imz f(x) does not exist. As x approaches -2, the

values of f(x) do not approach a specific number.
(¢) f(0) exists. The black dot at (0, 4) indicates that
f(0) = 4.
(d) }% f(x) does not exist. As x approaches 0 from the
left, f(x) approaches %, whereas as x approaches 0

from the right, f(x) approaches 4.

(e) f(2) does not exist. The hollow circle at (2, %)

indicates that f(2) is not defined.

(f) lirri S (x) exists. As x approaches 2,
x—

f(x) approaches 1: lim flx) =1
(g) f(4) exists. The black dot at (4, 2) indicates that
f(4) = 2.

(h) lAing1 f(x) does not exist. As x approaches 4, the

values of f(x) do not approach a specific number.

31.

32.

33.

34.

35s.

lim f(x)exists for all values of ¢ # 4.

X—=c¢

lim f(x)exists for all values of ¢ # 7.

X—=c¢

One possible answer is

Youneed | f(x) = 3| =|(x +1) - 3| =|x — 2| < 0.4,
So, take & = 0.4.If 0 <|x — 2| < 0.4,
then [x — 2| =|(x + 1) = 3| =| f(x) - 3| < 04,

as desired.



36. You need ‘f(x) - 1‘ =‘% - 1‘ =‘
X —

37.
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2—x

—L<x—2<isl—i<x—l<l+L
101

101 101 101
100 102
> —<x-1<—
101 101
100
=|x-1>—
101
and you have
1 2 -x 1/101 1
1) 1] 2=« i - 7
x -1 x =1 100/101 100

You need to find 3 such that 0 <|x — 1| < & implies

| f(x) —1] = 1)< 0.1 Thatis,
X
1
-0l <—-—-1<0.1
X
1
1-0l< — <1+0.1
X
9 111
10 x 10
10 10
—_— > X > —
9 11
Q—1>x—1>9—1
11
l>)c—l>—i.
9 11

So take 0 = %.Then 0 <‘x - 1‘ < O implies

1 1
—<x-1<—
11 11
—i<x—1<1.
11 9

Using the first series of equivalent inequalities, you

obtain

l—1<0.1.
X

[f(x) = 1] =

= 0.01.

< 0.0l.Let § = L If0 <|x—2|< L, then
1 101 101
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38. You need to find & such that 0 <|x — 1| < & implies

-1
X

| f(x) 1| =

1
—e<—-1l<e¢
X

1
l-e< — < l+e¢

=

1 1
> x>

1-¢ 1+
L -1>x-1> !
1-¢ 1+

£

-1
£

—£
1-¢ 1+ ¢

>x—-1>

0.05, take 0 =

For &

0.05

1-0.05

For £ = 0.01, take 0 =

1

For £ = 0.005, take 0 =

As € decreases, so does €.

0.01
- 0.01

0.005

1 - 0.005

= 0.05.

= 0.01.

= 0.005.
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39. lim (3x +2) =3(2) +2=8=L

@ |(3x+2)-8[< 001
|3x — 6| < 0.01
3|x - 2| < 0.01

0 <[|x—-2|< 2% ~00033 =6

So,if 0 <‘x - 2‘ <0 = %,youhave

3|x - 2| < 0.01

|3x — 6] < 0.01

|(3x +2) - 8| < 0.01
| f(x) - L| < 001

(b) |(3x +2) - 8| < 0.005
|3x — 6| < 0.005
3|x — 2] < 0.005

0.005

0<|x-2|< =~ 0.00167 = &

Finally, as in part (a), if 0 <|x — 2| <

you have |(3x + 2) - 8| < 0.005.

x—=6

(a) (6—;]—4

-3
3

40. 1im[6—1)=6_9=4=L
3 3

< 0.01

< 0.01

H(x - 6)‘ < 0.01
|x — 6] < 0.03
0<|x-6/<003=2¢

So,if 0 <|x — 6] < & = 0.03, you have

~Lx - 6)‘ < 001
‘2 ~Xl<o01
3
(6—")—4 < 0.01
3
| f(x) - L| < 0.01.

0.005

(b) (6 - g) ~ 4/ < 0.005

‘2 ~ 21 < 0.005
3

H(x ~ 6)| < 0.005

|x — 6] < 0.015
0<|x=-6/<0015=15

As in part (a), if 0 < ‘x - 6‘ < 0.015, you have

< 0.005.

-5)-

41. }ig;(xz—s)zzz-s:l:L

(a) ‘(xz -3)- 1\< 0.01
| - 4| < 001
|(x +2)(x - 2)| < 0.01

|x + 2[|x - 2| < 0.01

0.01

‘x—2‘<7
‘x+2‘

If youassume 1 < x < 3,then
J = 0.01/5 = 0.002.
So,if 0 < ‘x - 2‘ < 6 = 0.002, you have

\x—2\<o.ooz=é !
|x +2||x - 2| < 0.01
|x* - 4| < 0.01
‘(x2 —3)—1‘< 0.01
| f(x) - L| < 0.01.
) |(x* = 3) - 1| < 0.005
|x* — 4| < 0.005
|(x + 2)(x = 2)| < 0.005
|x + 2[|x - 2| < 0.005

0.005

‘x—2‘<
‘x+2‘

Ifyou assume 1 < x < 3, then

0= &505 = 0.001.

Finally, as in part (a), if 0 < ‘x - 2‘ < 0.001,

you have \(x2 ~3) - 1\ < 0.005.

(0.01) < ‘m(om)



42. 113(x2+6)=42+6=22=L
(a) ‘(x2 +6) - 22‘ < 0.01
|x? =16/ < 0.01
|(x + 4)(x - 4)| < 0.01

|x + 4[|x — 4| < 0.01

\x 3 4‘ < 0.01
‘x +4‘
If you assume 3 < x < 5, then

0 = % = 0.00111.

So, if 0 <‘x - 4‘ <9d = %,youhave
\x—4\<w< 0.01
9 ‘x+4‘

|(x + 4)(x — 4)| < 0.01

|x? — 16| < 0.01

|(x* + 6) - 22| < 0.01

| f(x) = L| < 0.01.

(b) \(x2 +6) - 22\ < 0.005
|x* = 16] < 0.005

|(x = 4)(x + 4)| < 0.005

‘x - 4Hx + 4‘ < 0.005

0.05
‘x + 4‘

‘x—4‘<
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43. linl(xz—x)=16—4=12=L
(a) \(x2 ~x) - 12\ < 0.01
|(x = 4)(x + 3)| < 0.01
‘x - 4Hx + 3‘ < 0.01
v — 4| < 0.01
‘x +3‘
If you assume 3 < x < 5, then
s =200 _ 400125,
8
So,if 0 < ‘x - 4‘ < %, you have
v 4] < 0.01
‘x+ 3‘
|x — 4[|x + 3| < 0.01
|x? = x — 12| < 0.01
\(x2 ~x) - 12\ < 0.01
| f(x) - L| < 0.01
(b) \(x2 - x) - 12\ < 0.005
|(x — 4)(x + 3)| < 0.005
|x — 4]|x + 3| < 0.005
v 4]< 0.005
‘x +3‘
If youassume 3 < x < 5, then
5= @ = 0.000625.

If you assume 3 < x < 5, then

0.005

0= = 0.00056.

Finally, as in part (a), if 0 < ‘x - 4‘ < 5

you have |(x* + 6) - 22| < 0.005.

0.005

0.005

Finally, as in part (a), if 0 < ‘x - 4‘ < <

you have ‘(xz - x) - 12‘ < 0.005.

63
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44. lma® =3 =9=1
(a) |x* = 9| < 0.01
|(x = 3)(x + 3)| < 0.01

|x = 3||x + 3| < 0.01

0.01
‘x+ 3‘

‘x—3‘<

If you assume 2 < x < 4, then
0.01

0 = — = 0.0014.
7
So, if 0 <‘x - 3‘ < g, you have
0.01
‘x+3‘

|x = 3||x + 3| < 0.01

‘x—3‘<

|x* - 9| < 001
| f(x) - L| < 0.01
(b) |x* - 9| < 0.005

|(x = 3)(x + 3)| < 0.005
|x = 3||x + 3| < 0.005

0.005
‘x + 3‘

‘x—3‘<

If you assume 2 < x < 4, then

0= % = 0.00071.

Finally, as in part (a), if 0 <|x — 3| <

have \xz - 9\ < 0.005.

45. lim(x +2) = 4+2=6

x—4
Given € > 0:
[(x+2)-6|<e

|x—4|<e=6

So, let & = &. So,if 0 <|x — 4| < § = ¢, youhave

‘x—4‘<8
(x+2)-6|< ¢
‘f(x)—L‘< £

0.005

> you

46. lim (4x +5) = 4(-2) +5=-3

x—-2

Given £ > 0:

|(4x +5) — (-3)| < ¢
|4x + 8| <

4lx + 2| <

=0

Aoy & &

|x +2| <

So, let & = E.
4

So,if 0 <‘x + 2‘ <0 = %,youhave

|x +2|<
|4x + 8| <

|(4x +5) — (-3)| <
‘f(x) - L‘< £

[T I N N

47. lim (lx - 1) =4 -1=33

x4 \2

Given £ > 0:

‘(%x—l)—(—3)‘<£

%x+2‘< £
%‘x—(—4)‘< £
‘x—(—4)‘< 2¢
So, let & = 2e.
So, if 0 <‘x - (—4)‘ < § = 2¢,you have
‘x—(—4)‘< 2e
‘%x+2‘< £
‘(%x—l)+3‘<£

‘f(x) - L‘< €.



48.

49.

50.

lim (%x + 1) = %(3) +1=0B

x—3 T
Given £ > 0:

3 _13

‘(4x+1) 4‘<.€

3 9

‘ZX—Z‘<£
%‘x—3‘<£
\x—3\<§€

So, let & = %S.

So,if 0 <‘x - 3‘ <0 = %g,youhave

‘x—3‘<§8
%‘x—3‘<8
‘%x—%‘<£

‘(%x+l)—%‘<e
‘f(x)—L‘<£.

lim3 =3

x—6
Given € > 0:
|3-3|<e¢
0<e
So, any ¢ > 0will work.

So, for any & > 0, you have

3-3|<e¢
‘f(x) —L‘< £
iy (1) =

Given £ > 0f-1 - (-1)| < &
0<e
So, any ¢ > 0will work.

So, for any & > 0,you have
(1) - (-D]<e
‘f(x) - L‘ < e
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51.

52.

53.

fim s =0
Given & > 0: [I/x - 0| < ¢
<
x|< e =6
So, let & = &°.
So, for 0|x — 0|8 = &, you have
|x|< &
<
‘i/; - 0‘ <&
| f(x) - L|< &
lim /x = /4 =2
Given € > 0: ‘\/;—2‘<g
[Nx = 2f|Vx + 2] < eV + 2
|x - 4] < e|/x + 2|
Assuming 1 < x < 9, you can choose & = 3&.Then,
0<|x-4/<d=3=|x-4|< s‘\/;+2‘
:>‘\/; - 2‘< E.
lim [x = 5] =[(=5) - 5[ =[-10[ = 10

Given £ > 0: ||x - 5|-10[< &

—(x-=5)-10|< ¢ x—5<0

|~(x — 5) — 10| ( )
‘—x—5‘<£
‘x—(—S)‘<£

So, let 0 = €.
So for |x = (=5)| < & = &, you have
|~(x +3)|<
|-(x=5)-10|]< &
|x—5|-10]< ¢ (because x — 5 < 0)

‘f(x)—L‘< €.
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54.

55.

56.
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lim |x - 3[=[3 3| = 0
Given € > 0:Hx—3‘—0‘< £
|x-3|<e
So, let 0 = €.
So, for 0 <‘x—3‘< 0 = &,you have
|x-3|<e
|x=3]-0|<e

‘f(x)—L‘< £

lim(x2+1)=12+1=2

¥l
Given £ > 0: ‘(x2 +1) —2‘< £
‘xz - 1‘ <e€

‘(x +1)(x - 1)‘ <e€

I

‘x—1‘<7
‘x+1‘

If you assume 0 < x < 2,then § = &/3.

Sofor 0 <|x —-1|<d = g,youhave

\x—1\<ég<‘ﬁl‘£
‘xz —1‘< £
(2 +1)-2|< e
| f(x) - 2|< e

lim (x> + 4x) = (=4)° + 4(-4) = 0

x—-4
Given £ > 0: ‘(xz + 4x) - 0\ <e
‘x(x+4)‘< £

x+4)< 5
X

If you assume —5 < x < =3, then J = g
Sofor 0 <|x — (-4)|< 6 = %,youhave

\x+4\<—<lg
|x(x + 4)| < €
‘(x2+4x)—0‘<8

‘f(x)—L‘< £

57.

58.

59.

60.

61.

I
N

lim f(x) = lim 4

X XD

lim f(x) = limx =7

X X

—-0.1667

The domain is [-5, 4) U (4, e). The graphing utility

does not show the hole at (4, %)

x=3
0= T
. 1
fim /() = 5

4
,3\_\_\_\_\_‘ LS

—4

The domain is all x # 1, 3. The graphing utility does not

show the hole at [3, %j

C(t) =999 - 0.79[1 — ¢,z > 0

(a) C(10.75) = 9.99 — 0.791 - 10.75]
= 9.99 — 0.79(-10)
= $17.89

C(10.75) represents the cost of a 10-minute,

45-second call.
(b)

0 . . . . . -6

(c) The limit does not exist because the limits from the
left and right are not equal.



63.

64.

65.

66.

67.
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62. C(t) = 5.79 - 0.99[1 = 1], ¢ > 0 — ng’V _ug
(@) C(10.75) = 5.79 — 0.991 — 10.75] A
= 5.79 - 0.99(~10) (2) 248 = —zr’
= $15.69 . 186
=
C(10.75) represents the cost of a 10-minute, T
45-second call. r = 0.8397in,
by 2 (b) 245 < ¥V <251
o—e| 4
Lo 245 < Jrr'< 251
f—-o_' 0.5849 < 3 < 0.5992
. - 0.8363 < r < 0.8431
(c) The limit does not exist because the limits from the (c) For & =251 - 248 = 0.03,5 = 0.003
left and right are not equal.
69. f(x) = (1+x)"
Choosing a smaller positive value of ¢ will still satisfy . i
the inequality ‘f(x) - L‘ < e 112}) (1+2)7 = e~ 271828
In the definition of lim f(x), f must be defined on both
xX—c
sides of ¢, but does not have to be defined at c itself. The
value of f"at ¢ has no bearing on the limit as x approaches c. T
W (0,2.7183)
No. The fact that f(2) = 4 has no bearing on the ,K
existence of the limit of f(x) as x approaches 2. a3 7}17[” IS a I
No. The fact that lim f(x) = 4 has no bearing on the
¥=2 x S x S
value of f at 2.
-0.1 2.867972 0.1 2.593742
(a) C = 2zxr
c p 3 —0.01 2.731999 0.01 2.704814
rE T o g 09 0001 | 2719642 | | 0001 | 2716942
(b) When C = 5.5:7 = 275 ~ 087535 cm —0.0001 2.718418 0.0001 2.718146
67; —0.00001 2.718295 0.00001 2.718268
When € = 6.5:r = — =~ 1.0345T cm 0.000001 | 2.718283 | | 0.000001 | 2.718280

70.

So 0.87535 < r < 1.03451.
© lim (27r) = 6,6 = 0.5, 5 =~ 0.0796
x=3r

_‘x+1‘—‘x—1‘

f(x)

x
x -1 [-05|-011]0 0.1]05]10
fx) |2 2 2 Undef. | 2 2 2
im0 =2
Note that for

d<x<lx#0 f(x) = — 2L~
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71. 0.002 76. False. Let
(1,999, 0.001)

\/(2.001.0.0(”) f(x) _ x—4, x #2
\/\ e

lim f(x) = lirr;(x—4) =2and f(2) =0 %2

1.998 2.002 2
0
Using the zoom and trace feature, 6 = 0.001. So 71. f(x) = Vx
(2 - 8.2+ 68) = (1999, 2.001). lim /5 = 05is true.
x—0.25
xt -4
Note: T2 x + 2for x # 2. As x approaches 0.25 = ifrom either side,

f(x) = /x approaches % =0.5.
72. (a) lim f(x)exists forall ¢ # 3.

(b) lim f(x)exists forall ¢ # -2, 0. 8. f(x) = Vx
xX—c
lin}) Jx = 0is false.

73. False. The existence or nonexistence of f(x)at x = ¢ . .
. . O f(x) = /x is not defined on an open interval
has no bearing on the existence of the limit

of f(x)asx — ¢ containing 0 because the domain of f isx > 0.

79. Using a graphing utility, you see that

74. True .
. sinx
lim =1
75. False. Let x20  x
1) = x—4, x#2 lir%leetc.
= x>
0, x=2 v
. sin nx
f2) =0 So, lim == ==
ll_)n% f(x) = ll_)n% (x-4)=2=0 80. Using a graphing utility, you see that
lim tan x -
x—=0 x
lim tan 2x =2, etc
x—=0 X
t
So. Tim 207 _
x—=0 X

81. If lim f(x) = Lyand lim f(x) = L,, then for every & > 0, there exists 6, > Oand J, > 0such that
|x —c|< 6 = ‘f(x) - Ll‘ <éeand |x —¢|< 6, = ‘f(x) - Lz‘ < &.Let 6 equal the smaller of & and &,. Then for
|x — ¢|< &, youhave |L, — L,| =‘L] - f(x)+ f(x) - Lz‘ < ‘Ll - f(x)‘+‘f(x) - Lz‘ < & + &. Therefore,

‘Ll - Lz‘ < 2¢&.Since € > 0 is arbitrary, it follows that L, = L,.

82. f(x) = mx + b,m # 0.Let £ > 0 be given. 83. lim [ f(x) — L] = 0means that for every £ > 0
Take § = . t;;e exists & > Osuch thatif 0 <|x — ¢|< &,
‘m‘ then
If0<‘x—c‘<§=‘%,then (f(0) - 1) - 0| < &
|m||x - c|< & This means the same as | f(x) — L| < & when

e~ me] < e 0<lx-c|<s

‘(mx+b)—(mc+b)‘< £ So. lim.f(x) - L

which shows that lim (mx + b) = mc + b.

x—c



1
84. (a) (3x + D)(3x —x? +0.01 = (9x% — )x? + —
(@ (Bx+1)(3x—1x (x )x 00

=0xt —x?+—

= ﬁ(mx2 - 1)(90x2 - 1)

So, (3x + 1)(3x = 1)x> + 0.01 > 0if

10x> =1 < 0 and 90x*> — 1 < 0.

1 1
Let (a,b) = | ———, —|.
( ) ( V90 90)
Forall x # 0in (a, b), the graph is positive.
You can verify this with a graphing utility.
(b) Youare given lim g(x) = L > 0.Let £ = %L.

There exists & > Osuch that 0 < ‘x - c‘ <0

implies that ‘g(x) - L‘ <& = % That is,

L L
-— < - L <—=
7 <80 2
L 3L
2 g(x) 2

For x in the interval (¢ — &, ¢ + 6), x # ¢, you

have g(x) > % > 0, as desired.

1. For polynomial functions p(x), substitute ¢ for x, and
simplify.
. An indeterminant form is obtained when evaluating a

limit using direct substitution produces a meaningless
fractional expression such as 0/0. That is,

im Lx)
S g()

for which lim f(x) = lim g(x) = 0

x—c x—c

. If a function f is squeezed between two functions 4 and
g h(x) £ f(x) < g(x), and h and g have the same limit

Las x — c, then lim f(x)exists and equals L
X—c

Section 1.3 Evaluating Limits Analytically 69

8s.

86.

Section 1.3 Evaluating Limits Analytically

The radius OP has a length equal to the altitude z of the

triangle plus g So,z=1- g

Area triangle = lb(l - ﬁj
2 2

Area rectangle = bh

Because these are equal,

P
lb(l—ﬁjzbh
2 2
1—ﬁ=2h
2 h 0
Sh=1
2 b
=2
5

Consider a cross section of the cone, where EF is a
diagonal of the inscribed cube. AD = 3, BC = 2.

Let x be the length of a side of the cube.
Then EF = x</2.

By similar triangles, A
EF  AG
BC 4D

w2 3-x E G \F
2 3

Solving for x,

B D C
32x = 6 — 2x

(3\/5+2)x=6

x = 6 :9ﬁ_6~0.96.

32 +2 7

li Sll’l)C=1
x—=0 x
. 1l —cosx
lim =
x—=0 X

L limxd =28 =38

x—=2

lim x* = (-3) = 81

lim (2x +5) = 2(-3) +5 = -1

x—-3

. lim (4x —1) = 4(9) =1 =36 — 1 = 35

x—9

lim (x* +3x) = (-3)" +3(-3) =9-9=0

x—-3
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

37.

Chapter 1 Limits and Their Properties

1 -3 = (— 3 = — = —
113(x+1) (-2 +1=-8+1=-7
lim (20 +4x +1) = 2(=3)" +4(-3) + 1
=18-12+1=7
lim (2" — 6x +5) = 201y - 6(1) + 5
=2-6+5=1
liII;\/x+8 =3+8 =11
lim J2x +3 = 3/12(2) + 3
=324+3 =327 =3
. I Ry RN
lim (1 - x) [1-(-4)] =5 =125
lim (3x - 2" =(30)-2)" = (-2)* =16
3 3 3
lim = ==
=22x+1 2(2)+1 5
. 5 5
lim = =—
>-5x+3 -5+3 2
im—t -1 _1
iyl +4 1244 05
[ XS _3M+S _3+5 8
=1 x4+ 1 1+1 2 2
. 3x 3(7) 21
lim = =—=17
STx+2 NT+2 3
. x+6 3+6 9 3
lim = =— ==
=3 x + 2 3+2 5 5
(a) 11:r}f(x):5—1:4
. — A3
(b) )1(123‘ g(x) =4 =64
(©) lim g(/(x)) = g(/(1) = g(4) = 64
lim f(x) = 2, lim g(x) = 2
(@) lim[Sg(x)] = 5 lim g(x) = 5(2) = 10
. . 2 12
(b) lim [f(x) + g(x)] = lim f(x) + lim g(x) = 3 +2 = <
. . _ 2
O 3 ] = [ 4]« i ] - 2
lim f(x)
@ fim ) Sxme? 025 1
se g(x)  lim g(x) 2 5

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35s.

36.

(@
(b)
©

(@)
(b)
(©)

(@) lim f(x) = 2(4) -3(4)+1=21
(b) lim g(x)=321+6 =3
() lim g(f(x)) = g(21) =3

. . .
lim sin x = sin — =1
x—=7/2 2

limtanx = tanz = 0

XD
. X T 1
lim cos — = cos — = —
x—l 3 3 2
T - T 1 ¢) I
lim sin — = sin =sin— = —
X2 12 12 6 2
lim sec 2x = sec0 =1
x—0
lim cos 3x = cos 37 = -1
X
. . . Srm 1
lim sin x = sin— = —
x—57/6 6 2
. hY/4 1
lim cosx = cos— = —
x—57/3 3
. X T
lim tan| — | = tan — = —1
x—3 4

-2/3

. Tx r
lim sec|] — | = sec — =
x—7 6 6 3




38.

39.

40.

41.

Section 1.3 Evaluating Limits Analytically

lim f(x) = 2, lim g(x) = -

x—c x—c

(@ lim[4f(x)] = 4lim f(x) = 42) = 8

|

) tim [7() + g(x)] = fim £(x) + lim g(x) = 2+ = 2
: . . 3) 3
© 1 [(eo] = [im 1) [im 0] = 23] = 3
S ms) 2 g
D) T mat) T4 3
lim £(x) = 16
@ lim [/(x)]" = [lim /(x)]" = (16)" = 256
(b) lim \[f(x) = [lim f(x) = /16 = 4
(© lim[3/(x)] = 3[1im f(x)] = 3(16) = 48
@ tim [£(9]7 = [lim f(x)]"* = (16)"" = 64
lim f(x) = 27
(a) llin\/f hmf) 27 =3
;
(b) lim /) _ xlifiﬂx) _27_3
e 18 lmiI8 18 2
(© lim[f(x)] = [hm f(x )} (27" = 729
(@ tim [/(x)]" [hm flx )] =27 =9
7(x) = x? + 3x _ x(x+3)andg(x)=x+3
X X

agree except at x = 0.
lin})f(x) = lin})g(x) = lin})(x+3) =0+3=3

5

42.

43.

44.

xt =5xr X*(x* - 5)

f(x) = — = 5 and g(x) = x* =5

X X
agree exceptat x = 0.

liII‘(l) f(x) = lin}) g(x) = liII‘(l) x?=5=0-5=-5

VL

W

-6

_xz—l_(x+1)(x—1)
f(x)_x+1_ x+1

agree except at x = —1.

Xlgr{ll f(x) = XILH}I g(x) = xlgr{ll (x-D)=-1-1==2

3

g

—4

=

f(x) - x+2 x+ 2
g(x) = 3x — lagree exceptat x = —2.
lim2 f(x) = lim2 g(x) = hm (Bx-1)

=3(-2)-1=-7

—

and g(x) = x — 1

2 _ _
3x + 5x 2:(x+2)(3x Dand
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45.

46.

52.

53.

54.

SS.

56.

Chapter 1 Limits and Their Properties

X -
f(x) = and g(x) = x? + 2x + 4 agree except
at x = 2.

lim f(x) = lim g(x) = lim (x> + 2x + 4)

x—2 x—2

=22 +22) +4=12

/

f(x) = al +11 and g(x) = x* — x + 1 agree except at
x +

x =-1
lim f(x) = lim g(x) = lim (x* —x+1)

=) -(CD+1=3

7

\

1

-1

2 _ -
fim St 2 =8 o (= e+ )
x>2 xr —x =2 =2 (x = 2)(x + 1)
x+4 2+4 6

= lim = =— =2
=2 x 4+ 1 2+1 3

Nx+5-3 LoNX+S5 =3 ~Nx+5+3

lim = lim .
x—4 x -4 x—4 x -4 ~x+5+3
im0
—4

(x4 Var5+3) -

LoNx+1 =2 oA+l =2 Nx+1 42
lim = lim .
x—3 x—-3 x—3 x—-3 x+1+2

47. lim

3.2

48. lim 25— _ lim (7> —x) = 0 -0 =
x—=0 X x—0

9. lim =4 ¥4

50. lim ——— = lim

51. lim —— = lim 2

1 1 1

Jx+5+3 Jo+3 6

lim x -3

T -V e 142

1 1

1
= lim = = —
=>3ifx+142 Ja+2 4
_ x+5-45  x+5-5 Sx+5+-/5
lim = lim .
x—0 X x—0 X \/x+5+\/§
RS EE R 1 1 1 ASs
x—>0x(\/x+5+\/§) =0 x+5+-5 5+5 25 10
24 x -2 2+ x -2 2+x+2
Iim — = lim .
x—0 X x—0 X \/2+x+\/5
. 24 x-2 . 1 1 1 V2
= lim ——————— = lim =

SN N

Lixiv2 212 22



Section 1.3 Evaluating Limits Analytically
1 _1
57 lm 3% 3 _ oo GF0 lim—— - L1
x50 X =0 3+ x)3(x) =03+ x)(3)(x) —=0(3+x)3 (33 9
1 B l 4 - (X + 4)
58, lm Xt 4 4 _ g At
x—0 X x—0 X
. -1 -1 1
=lim—=— = -
=0 4(x +4) 44 16
59 1imw: lim 2Xt2Ax - 2x 2 L,
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0
(x + Ax)2 —x? o x? + 2xAx + (Ax)2 - x? Ax(2x + Ax) )
60. lim ~————— = lim = lim ——— = lim (2x + Ax) = 2x
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0
(A — 2+ A) 1 (x =20+ 1) %k 2xAv 4 (AY) - 2x - 2Ax + 1 - 2% + 20 — |
61. lim = lim
Ax—0 Ax Ax—0 Ax
= lim (2x+Ax—2)=2x—2
Ax—0
303 3 2 2 303
62 lim (x + Ax)" — x — tim ¥ + 3x%Ax + 3x(Ax)” + (Ax) - x
Ar—0 Ax Ax—0 Ax
A(3x + 3xAx + (Av)’) .
= lim = lim (3¢ + 3xAx + (Ax)’) = 347
Ax—0 Ax Ax—0
. . . 2 .
63. lim "2~ = lim Ksm x}(lﬂ - (1)[% -1 67. lim =~ = lim [S‘n % sin x} = (1)sin0 =0
x>0 S5x x—0 X 5 5 5 =0 X =0 x
_ 3(-cosx) (1 - cos x) L tan’x . osinx . fsinx  sinx
64. 1133) x et l}[ x =(3)0) =0 68- PL% x 113}) x cos® x )1(12% X cos’x
- (1(0) = 0
. - . _
6. hn}) (sin x)( : Cos x) _ lin}) [sm x 1-cos x} i
x> X x— X X - _
69. lim M = lim ﬂ(l — cos h)
= (1)(0) =0 h—0 h h—0 h
. =(0)(0) =0
66. lim cos @ tan 6 — lim sin 8 -
o0 0 00 0 70. lim gsec g = (1) = -z
>
1. lim6—6c0sx _ 6 —6cos0 _ 6 -6 -0
x—0 3 3 3
72. lim cosx —sinx — 1 -~ lim —sin x + lim cosx — 1
x—0 2x x>0  2x x—0 2x
__l smx_lli 1 - cosx
2 x=0 x 2 x—0 X

73

|



74

73.

75.

76.

Chapter 1 Limits and Their Properties

. sin 3t . (sin3¢)3 3 in 2x sin 2x 3x
lim = lim “l=0z|== 4. lim 222%  jim |2 —
(>0 2t HO( 3t ](J ()(J A Gnax e 2x sin 3x
1 2
=2() = (1) ==
030 -3
Jx+2-2
[ =—""—
X
x 0.1 -0.01 | -0.001 | 0 | 0.001 | 0.01 0.1
f(x) | 0358 | 0.354 | 0.354 ? 10354 | 0353 0.349
It appears that the limit is 0.354.
2
f—
-3 3
—2
The graph has a hole at x = 0.
. . x+2-2  Nx+2-2 Jx+2+2
Analytically, lim ————— = lim -
x>0 X x—=0 X Jx+2 +2
clim—2t272 gy ! Sl g
SV +2+2) 0Yx vz V2 2 4
4 —/x
X)) =
/%) x —16
X 15.9 15.99 15999 | 16 | 16.001 | 16.01 16.1
fx) | -0.1252 | —-0.125 | —0.125 | ? -0.125 | -0.125 | —0.1248
It appears that the limit is —0.125.
1
0 ——| 20
-1
The graph has a hole at x = 16.
. _4-~Ix (4 - Vx) . -1
Analytically, lim = lim = lim — = ——
o6 x — 16 x—>16 (\/; + 4)(\/; _ 4) 16 /x + 4



77.

78.

79.

Section 1.3 Evaluating Limits Analytically

1
f(x) = 2+x 2
x
X 0.1 —-0.01 —0.001 | 0 | 0.001 0.01 0.1
f(x) | -0.263 | -0.251 | —0.250 | ? | —0.250 | —0.249 | —0.238
It appears that the limit is —0.250.
3
-5 ’_JE K/—"— !
I -2
The graph has a hole at x = 0.
1 1
) 2-(2+ - —
Analytically, lim 2+x 2 _ iy M 2= lim—— . 1 =1l -t = L
x>0 X =0 2(24x) x  x022+x) x 022+ x) 4
x> - 32
X)) =
/() x =2
X 1.9 1.99 1.999 | 1.9999 | 2.0 | 2.0001 | 2.001 201 | 2.1
f(x) | 7239 | 79.20 | 79.92 | 79.99 ? 80.01 80.08 | 80.80 | 88.41

It appears that the limit is 80.

100

/

-25

The graph has a hole at x = 2.

5 _ x = 2)(x* +2x° + 4x? + 8x + 16
Analytically, Tim =2 = fim (-2 ) = lim (x* + 2% + 4x% + 8x + 16) = 80.
=2 x —2 x—2 x -2 x—2
(Hint: Use long division to factor x> — 32.)
sin 3¢
1) =
t
t -0.1 | -0.01 -0.001 |0 | 0.001 | 0.01 0.1
f(@® | 296 | 2996 |3 713 2.9996 | 2.96
It appears that the limit is 3.
4
27 [rer A"‘v" ur\ o] 27
-1
The graph has a hole at ¢ = 0.
. . sin 3¢ . sin 3¢
Analytically, }LI% —— }eré 3( 3 ) =3(1) = 3.

75
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cos x — 1
80. f(x) = 7

X -1 —0.1 —0.01 | 0.01 0.1 1
f(x) | —0.2298 | —0.2498 | —0.25 | —0.25 | —0.2498

—0.2298

It appears that the limit is —0.25.

1

-1
The graph has a hole at x = 0.

. -1 +1 2x -1 —sin?
Analytically, %% ~cos x cos® x sin’x

sin? x
2 2

X cosx+1 2x*(cos x + 1) - 2x*(cos x + 1) T2

. 2 _ _
lim | 22X ! = 1[ 1] =L oo
=0 |  x? 2(cos x + 1) 4 4

2

81. f(x) = sin x

X

X 0.1 -0.01 | -0.001 | 0 | 0.001 | 0.01 | 0.1
f(x) | —0.099998 | —0.01 | —0.001 | ? | 0.001

0.01 | 0.099998

It appears that the limit is 0.

N

T

1
/\ The graph has a hole at x = 0.
on J.Juﬁl'll'llllll fifg

LTy wa

P -
Analytically, hn}J SN X Jim x[sm s j =0(1) = 0.

X x—=0

x —0.1 | -0.01 |-0001 |0 |o0.001 |001 |o0.1
f(x) | 0215 | 0.0464 | 0.01 2 | 0.01

0.0464 | 0.215

It appears that the limit is 0.
2

The graph has a hole at x = 0.

sin x

o = lim NS [sm—xJ = (0)(1) = 0.

X

Analytically, lim
x—=0

83 f(x)=3x-2

fim LU A 2 S oy St A -2 - (x - 2)

= lim
Ax—0 Ax Ax—0 Ax Ax—0 Ax

3x +3Ax —2-3x+2

. 2(cos x + 1)

lim

Ax—0

340
Ax

=3



84.

85.

86.

87.

88.

89.

Section 1.3 Evaluating Limits Analytically 77

f(x) =—-6x+3
S+ A) = f(x) . [-6(x + A) + 3] = [-6x +3] . —6x - 6Ax + 3 + 6x — 3
lim = lim = lim
Ax—0 Ax Ax—0 Ax Ax—0 Ax
dm, e = dim 9 =6
f(x) = x* - 4x
. f(x+Ax)—f(x) . (x+Ax)2—4(x+Ax)—(x2—4x) X2+ 2xAx + Ax? — 4x — 4Ax — X2 + 4x
lim = lim = lim
Ax—0 Ax Ax—0 Ax Ar—0 Ax
. Ax(2x + Ax - 4) )
lim ————— = = lim (2x + Ax — 4) = 2x — 4
Ax—0 Ax Ax—0
f(x) =3x* +1
Flx + AY) = £(x) [3()6 + M)+ 1} - [3x? +1] (3x% + 6xAx + 1) — (3x% + 1)
lim = lim = lim
Ax—0 Ax Ax—0 Ax Ax—0 Ax
lim % = lim 6x = 6x
Ax—0  Ax Ax—0
f(x) = 2%
lim flx + Ax) = f(x) _ fim 2Vx + Ax - 2/x i Z(VX+AX_\/;).\/x+Ax+\/;
Ax—0 Ax Ar—0 Ax Ar—0 Ax Ix + Ax + Ux
i 2(x + Ax — x) i 2Ax
im = lim
Ax=0 Ax(\/x + Ax + \/;) Ax=0 Ax(\/x + Ax + \/;)
lim 2 S
a0 x + Av +x 24x Ax
f(x) =~/x -5
LS A) - ) (Va+ar—s) - (Va-3) o N A - x xrAckx
Ax—0 Ax Ax—0 Ax Ax—0 Ax Jx + Ax + x
. (x+Ax) —x ) Ax
lim = lim
w0 mafnr ot A+ ) 0 A A+ o)
lim ! _ !
a0 Jx + Ar +/x 2</x
1
f(x) T x+3
1 1
11mf(X+AX)—f(X) 1imx+Ax+3 X+3:1imx+3_(x+Ax+3)_L
Ar—30 Ax Ar—30 Ax a=0 (x + Ax + 3)(x +3)  Ax

lim A = lim -l — -
a=0 (x + Av + 3)(x + 3)Ar  a=0 (x + Av + 3)(x +3)  (x + 3)
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90.

91.

92.

93.

97.

98.

Chapter 1 Limits and Their Properties

1
f(x)—y
1 1 X
Ax) — 22 2 - Ax
tim LEFA) 2 S0 g A 2 X DAY
Ax—0 Ax Ax—0 Ax—0 xz(x + Ax) Ax

x? - [xz + 2xAx + (Ax)ZJ

= lim 5 > =
Ax—0 x“(x + Ax)"Ax
— lim “2x - A 2x 2
a0 x2(x + Ax)? xt X’
112})(4 - xz) < lli%f(x) < lli‘[(l)(:; + x2)
4 < 1il)1})f(x) <4

Therefore, hn% f(x) = 4.

IN

lim [b —|x = a|] < lim f(x) < lim [ +|x - a]

b < lim f(x) < b

xX—a

Therefore, lim f(x) = b.

f(x) =] x|sin x

6

Y

-6

lim ‘x‘sin x=0
x—0

2

—2xAx - (Ax)
m——  \=
a0 ¥ (x + Ax)*Ax

94. f(x) =|x|cos x

6

™

95. f(x) = xsin !

0.5

-0.5

7
A

-0

96. f(x) = xcosl
x

0.5

0.5

0.5

-0.5

lim ‘x‘cos x=0
x—0

(a) Two functions f and g agree at all but one point (on an open interval) if f (x) = g(x) for all x in the

interval except for x = ¢, where c is in the interval.

2 p— p—
(b) f(x) _ );_ 11 _ (x +xl)fx1 1)

(Other answers possible.)

Answers will vary. Sample answers:

1 1 1
a) linear: = —x; lim —x = —
@ f(x) 2x x—8 2x 2

(b) polynomial of degree 2: f(x) = x* — 60; hrr; (x2 - 60) =

(8) =4

X . X 8 8
; lim = -
2x — 14 -8 2x — 14  2(8) -14 2

(d) radical: f(x) = ~/x + 8 lim~/x +8 =~/8+8 = J16

x—8

(c) rational: f(x) =

and g(x) = x + 1 agree at all points except x = 1.

(e) cosine: f(x) = 4 cos(zx); lirrflg 4 cos (mx) = 4cos 8w = 4(1) = 4

x—8

r V4 V4
f) sine: f(x) = 4 sinj —x |; lim 4 sin| —x | = 4sin — = 4(1) = 4
) f() (16] [16) 2 ()



When the x-values are “close to” 0 the magnitude of f
is approximately equal to the magnitude of g. So,
‘g‘/‘f‘ = 1 when x is “close to” 0.

100. (a) Use the dividing out technique because the

numerator and denominator have a common factor.

(b) Use the rationalizing technique because the
numerator involves a radical expression.

102. s(1) = —16/> + 500 = O when ¢ = % = 5\2/5

sec. The velocity at time a =
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101. s(¢) = 16> + 500

2
- —16(2)" + 500 — (=16£% + 500
i 5@ =) _ . 1602) ( )
-2 D —t 12 2—t
. 436 + 16> — 500
=lim ————
t—2 2 —t
16(62 — 4
i S 4)
t—2 2 —t
16(¢ —
1620+ 2)
t—2 2 —t

= lim —16(¢ + 2) = —64 fi/sec
t—>2

The paint can is falling at about 64 feet/second.

55 .

1s
2

35
i 2 i 0 — (-16¢* + 500)
m ——F = m —FFF—FF
ﬁ[ﬁ] 55 ) q[ﬂ] 55 )
’ 2 ’ 2
16(1‘2 - E)
= fim —~ 4
[sﬁ] 55
2
o 525
= lim
(ﬂ} 55
2 —= -
2
= lim {—16[i + S\EH = —80-/5 ft/sec
55
t—

=~ —178.9 ft/sec.

The velocity of the paint can when it hits the ground is about 178.9 ft/sec.

103. 5(1) = —4.97 + 200

_ —4.9(3)> + 200 — (—4.9¢2 + 200
limM = lim ( ) ( )
t—3 3 -t t—3 3 -t

49(£2 -9
= lim ( )
t—3 33—t
49(r —
i 20— 30+ 3)
t—3 3 -t
= lim [-4.9(t + 3)]
= -29.4 m/sec

The object is falling about 29.4 m/sec.



80

104.

105.

106.

107.

108.

109.

Chapter 1 Limits and Their Properties

—4.9t2 + 200 = O when ¢ = 200 = 2075 sec. The velocity at time a = Mis
49 7 7
s(a) - s(z 0 — | —4.9¢% + 200
o @) =) _ 0= ]
t—a a—t t—a a—t
4. -
_ fim 20+ a)(t — @)
t—a a—1
= lim {—4.9[! + 20\/5]} = —28/5 m/sec
20-/5 7
7
=~ —62.6 m/sec.

The velocity of the object when it hits the ground is about 62.6 m/sec.

Let f(x) = 1/xand g(x) = -1/ x. lli‘[‘(l) f(x) and 111)1(1) g(x) do not exist. However,

liH(l) [ f(x) + g(x)] = lim {1 + (—lﬂ = lim [0] = 0 and therefore does not exist.
x— X

x—0

Suppose, on the contrary, that lim g(x) exists. Then, 110. Given lim f(x) =
x—c¢ x—c¢
because lim f(x) exists, so would lim [ f(x) + g(x)]. For every £ > 0, there exists & > 0 such that
x—c x—c
which is a contradiction. So, lim g(x) does not exist. ‘f(x) - 0‘ < & whenever 0 <|x — ¢|< 6.
X—C

N -0|= = - 0] < eft
Given f(x) = b, show that for every & > 0 there exists ow‘f(x) ‘ ‘f(x)‘ H f(x)‘ ‘ erer

|x — ¢| < 8. Therefore, lim ‘f(x)‘ =0.
a 0 > Osuch that ‘f(x) - b‘ < & whenever e

|x —c|< 5.Because‘f(x)—b‘z‘.b—b‘z0<£f0r 1L —M‘f(x)‘<f )SMf(x)‘
every € > 0, any value of & > 0 will work.

lim (=M /(x)[) < lim [/ (x)g(x)] < lim (M] f(x)])
Given f(x) = x", n is a positive integer, then M(0) < )l(li‘[} [f(x)g(x)} < M(0)
lim x" = lim (xx"'l) .
x—c x—c 0< )I(L}ITE [f(x)g(x)] <0
_ : : n—=1| _ : n—2
B Lllg x] [chLnl * } B CLhemv (xx )] Therefore, lim [ f (x)g(x)] =0.
= c[lim x} [lim x"'z] = ¢(c)lim (xx""3)
e S e 112. (@) If hm ‘f x)‘ 0, then hm[ ‘f(x)u = 0.
= v = C".
-\f x| < f(x) <[ /()
If b = 0, the property is true because both sides are ) - <1
equal to 0. If » # 0, let £ > 0 be given. Because PE[ )H B )1(1_)111 f( ) lep‘f(x)
lim f(x) = L, there exists & > Osuch that 0 < lim f(x) <
‘f(x) - L‘ < &/|b| whenever 0 <|x — c| < &.So, Therefore, lim f(x) = 0
whenever 0 <|x — ¢| < &, we have (b) Given lim f(x) =L
\be(x) - L‘ < & or ‘bf(x) - bL‘ <& For every £ > 0, there exists d > 0 such that
which implies that lim [f(x)] = bL. |/(x) = L| < & whenever 0 <|x — c| < &.Since
xX—c

Hf(x)‘—‘LH S‘f(x) - L‘ < efor |x - c|< 6,
then lim | f(x)| =|L|.
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