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CHAPTER

1

RAY OPTICS

1.1 POSTULATES OF RAY OPTICS

EXERCISE 1.1-1

Proof of Snell’s Law
The pathlength is given by n;d; sec 6, + nods sec ;. (1)

The pathlength is a function of §; and 6, which are related by
d1 tan 91 + d2 tan 92 = d (2)

The pathlength is minimized when %[nldl sec 01 4+ nady sec 6] = 0,
1
i.e., when ’flldl sec 6 tan 6y + 7’1/2d2 sec 05 tan 92(892/891) =0. (3)

From (2), we have a%[dl tan 6, + ds tany] = 0,
1

892 d1 sec2 91
SO that dl SeC2 01 + d2 SeC2 62(802/601) =0 and 8791 = —m

d; sec? 6, tan 0

Substituting into (3), we have n,d; secf; tan; — n, el = 0,

2
whereupon n; tan 6; = ny sec 6, sin 6o, from which n; sin#; = ns sin 6,, which is Snell’'s
law.

1.2 SIMPLE OPTICAL COMPONENTS

EXERCISE 1.2-1
Image Formation by a Spherical Mirror

Wy 2yt

[ >

™

Y, 2,)

A ray originating at P, = (y1, 1) at angle 6; meets the mirror at height

y%y1+9121. (1)
The angle of incidence at the mirroris ¢ = ¢ — 6, = %R — 0.
The reflected ray makes angle 6, with the z axis: '
2 2(y; + 61 2
02:2¢+91 =2 |:—LR_01:| +01 = %—01 = (yl_iRll)—el.
Substituting f = <, we have 0, = %9121 —0,. @)

The height y, can be determined from %2_3/2) ~ 0y. (3)
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Substituting from (1) and (2) into (3), we have y; + 6121 — y2 = 2o {

Y1 +f91 2 01}

291 21 %
and y, = y; — 241 + 0, {21—17.24'22 .

f f
21 22 1 1 1
If[zl—T+zQ}:O, or Z—1+Z—2:7,wehave
z

= (1-2), @
which is independent of 6;.

L ) Y2 22
From (4) itis clear that —— =1 — ==, so that yo = —— ;.

f Y1 Z1

EXERCISE 1.2-2
Image Formation

a)

S

From Snell’s law, we have n, sin (6, + ¢) = nosin [¢ — (—62)]. Since all angles are
small, the paraxial version of Snell's Law is ny(0; + ¢) =~ na(¢ + 62), or
02 ~ (nl/ng)ﬁl + [(nl — ’flg)/’flg](ﬁ

. n Nog — N
Because ¢ ~ y/R, we obtain f, ~ — 0 — ———
Ny

y, which is (1.2-8).

Substituting 6; = y/z; and (—6;) ~ y/z; into (1.2-8),

(m/na)y _ m2=m g which (1.2-9) follows.
z1 TLQR

we have —y/z ~

With reference to Fig. 1.2-13(b), for the ray passing through the origin 0, we have
angles of incidence and refraction given by y; /21 and —y, /22, respectively, so that
the paraxial Snell's Law leads to (1.2-10). Rays at other angles are also directed
from P; to P», as can be shown using a derivation similar to that followed in Exer-
cise 1.2-1.

EXERCISE 1.2-3
Aberration-Free Imaging Surface In accordance with Fermat'’s principle, we require

that the optical path length obey n,d; +n,d> = constant = n, z; +ns2,. This constitutes
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an equation defining the surface, which can be written in Cartesian coordinates as

niy/(z +21)%2 + 92 + n2/(22 — 2)2 + 42 = ny2z1 + naza. (1)

Given z; and z, (1) relates y to z and thus defines the surface.

EXERCISE 1.2-4
Proof of the Thin Lens Formulas

A ray at angle 6, and height y refracts at the first surface in accordance with (1.2-8)

and its angle is altered to 0 = 0 _n—1 Y, (1)
n nk,
where R; is the radius of the first surface (R; < 0).
At the second surface, the angle is altered again to 6, = nf — 1§ By, (2)
2

where R, is the radius of the second surface (R, > 0). We have assumed that the ray
height is not altered since the lens is thin.

Substituting (1) into (2) we obtain:

_ ﬁin—l l—-n, _p 1 1
02—n[n oy y 7 y=6—(n—1y 7 ik
Using (1.2-11), we invoke 6, = 6, — (y/f). (3)

If 6, = 0, then 6; = (—y/f), and z» = (y/—62) = f, where f is the focal length. In

general 6, ~ L and —6, = L. Therefore from (3), =% = X — X from which (1.2-
z1 Vo) 22 21 f

13) follows. Equation (1.2-14) can be proved by use of an approach similar to that used

in Exercise 1.2-1.

EXERCISE 1.2-5
Numerical Aperture and Angle of Acceptance of an Optical Fiber

Applying Snell’s law at the air/core surface:

sinf, = n; sinf, = n; cosf, (1) _)7

Since sinf, = na/ny, cosl, = /1 — (na/n1)?.

Therefore, from (1), NA = sinf, = ny/1 — (na/n1)2 = \/n? —n3.

For silica glass with n; = 1.475 and n, = 1.460, the numerical aperture NA = 0.21 and
the acceptance angle 6, = 12.1°.
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EXERCISE 1.2-6

Light Trapped in a Light-Emitting Diode

a) The rays within the six cones of half angle 6. =
sin™'(1/n) (= 16.1° for GaAs) are refracted into air
in all directions, as shown in the illustration. The rays
outside these six cones are internally reflected. Since
0. < 45°, the cones do not overlap and the reflected
rays remain outside the cones and continue to reflect
internally without refraction. These are the trapped rays.

b) The area of the spherical cap atop one of these cones is A = foe“ 2rrsinfrdf =
27r2(1 — cosf.), while the area of the entire sphere is 4rr2. Thus, the fraction of
the emitted light that lies within the solid angle subtended by one of these cones is
A/4mr? = 1(1 — cosd.) (see Sec. 18.1B). Thus, the ratio of the extracted light to the
total light is 6 x £ (1 — cosf.) = 3(1 — cosf.) (= 0.118 for GaAs). Thus, 11.8% of the

light is extracted for GaAs.
Note that this derivation is valid only for 6. < 45° or n. > /2.

1.3 GRADED-INDEX OPTICS

EXERCISE 1.3-1

The GRIN Slab as a Lens
Using (1.3-11) and (1.3-12), with , = 0 and z = d, we have y(d) = y, cos (ad) and
0(d) = —yoarsin (ad). Rays refract into air at an angle 6’ = ny|0(d)| = noyoasin (ad).

Therefore, AF ~ 9) _ _wncos(ad) .
erefore, 0’ neyoa sin (ad) noa tan (ad) and
% __ 1 h
f= o m———y so that
e 11 ]_ 1 1-cos(ad)
f noa | sin(ad)  tan(ad) Mo sin (ad)
o 2sin®(ad/2) =1 tan(ad/2).

~ o 2sin (d/2) cos (ad/2)  moc

Trajectories:

RN
M

F d = 7fa d = n2a
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EXERCISE 1.3-2

Numerical Aperture of the Graded-Index Fiber

Using (1.3-11) with yo = 0, we obtain y(z) = (6y/a) sin(az). The ray traces a sinusoidal
trajectory with amplitude 6,/ that must not exceed the radius a. Thus 6y/a = a.

The acceptance angle is therefore 6, =~ ng6y = noaa.

For a step-index fiber (Exercise 1.2-5), N
0o = /i —n3 = /(1 + na) (1 — ). ‘f %,

If ny ~ ng, 9(1 ~ \/277,1(711 — nz). 0

If ny = no and ny = ne(1 — a?a?/2),

0, = /2n0(a?a?ny/2) = aang , which is the

same acceptance angle as for the graded-index fiber.

1.4 MATRIX OPTICS

EXERCISE 1.4-1

Special Forms of the Ray-Transfer Matrix
Using the basic equations
Yo = Ay1 + Bgl and 0y, = Cyl + DGI, we obtain:

e If A= 0, then y, = B4, i.e., for a given 6, we

see that y, is the same regardless of y; .
This is a focusing system. ?‘

e If B =0, then y» = Ay, i.e., for a given y;, we % ?yz
see that y, is the same regardless of 6.
This is an imaging system.

e If C =0, then 0, = D¢, i.e., we see that all
parallel rays remain parallel.

/4

o If D=0, then 6, = Cy;, i.e., we see that all rays Y,
originating from a point become parallel. §




