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Chapter 2

2.1-1 The step function u(t) is a power signal because its energy is infinite, i.e., E, = ffooo u?(t) dt = .

2.1-2 Let us denote the signal in question by g¢(t) and its energy by E,.

(a),(b) For parts (a) and (b), we write

27 1 27 1 27
Eg:/ sinztdt:f/ dt—f/ cos2tdt=nw+0=m
0 2 Jo 2 Jo

(c)
47 1 4 1 47
Eg:/ sin2tdt:f/ dtff/ cos 2tdt =w+0=m
27 2 27 2 27
(d)
2 ) 1 27 1 o
Eg:/ (2sin t) dt:4[ dt—f/ cos 2tdt} =4[r + 0] = 47
0 2 0 2 0

Sign change and time shift do not affect the signal energy. Doubling the signal quadruples its energy. In the
same way, we can show that the energy of kg(t) is k*E,.

2.1-3 Both ¢(t) and wy(t) are periodic.

The average power of ¢(t) is Py = + fOT QX (t)dt =L [F (e*t/2)2 dt = ===,

s

The average power of wo(t) is Py = 7 fOTD wy(t) dt = 7 fOTO 1-dt =1.

2.1-4

2 22

(a) Since x(t) is a real signal, £, = [; @

Solving for Fig. S2.1-4(a), we have

E:f512dt:2, E, = [ (1)%dt + [{(~1)2dt =2
Epry= [l (22dt =4, E, ,=[}(2)2dt=4

Therefore, Eziy =E,+E,

Solving for Fig. S2.1-4(b), we have

By = [f()?dt+ [T (—1)2dt =2m, E, = [[2(0)*dt+ [, (~1)%dt + [

(t) dt.

TR dt+ [, (—1)% dt =27

Eory = f77(2 2dt+f3“/2 2dt+f2” (—2)%dt =
By = 5202 dt+ [7,2)%dt+ [

Therefore, E,4y = E, + E,.

(=22 dt+ [, (0)% dt = 4r

(b) E,= [y )2 dt+ [T, (-1)2dt =7, E,=[](1)?dt=nr

Eppy = J7 @2 dt+ [T (02 dt =n, Epy= [7/'(0)2dt + [T, (~2)dt = 3r
Therefore, E,1y # E; + Ey, and Ezy = E; £ Ey are not true in general.
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2.1-5
1 /2.
P, = 1/ (t*)*dt = 64/7
-2
1 2
@ P = 1 (OPd=oyT
-2
1 2
(b) Prsgy = 1/ (1.5t%)2 dt = 144/7
-2
1 2
(¢) Pyty = Z/ (—t*)%dt = 647
-2
3 4/3
(d) Pyrsyy = g/ ((1.5¢)%)2 dt = 64/7
—4/3

Comment: Changing the sign of a signal does not affect its power. Multiplication of a signal by a constant
c increases the power by a factor of ¢2. Time-scaling of a signal does not change its power, though the signal
period changes.

2.1-6
1 To 2 To
P, = — C? cos® (wot + 0) dt = — [1 + cos (2wt + 20)] dt
To Jo 274 Jo
C? To To 2 C?
= — dt 2wot +20)dt| = —[Tp +0] = —
o7, /0 +/O cos (2wt + 26) 2TO[0+ ] 5
2.1-7 If W1 = Wa, then
G2(t) = (Cycos(wit+01) + Cycos (wit + 03))°

= CPcos®(wit +61) + C3cos?(wit + 02) + 2C1C4 cos (wit + 01) cos (wit + )



1 T
P, =limp 00 T / (C1 cos (w1t + 01) + Ca cos (wit + 92))2

0
c? 3 1 [To

= 21 + 7 + hm 201(]2—/ cos (w1t+01)cos (w1t+02) dt

To 0

c?  C3 1 [T

= — + =+ hm 2010y — / - [cos (2wt 4 01 + 02) + cos (01 — 92)] dt
2 "7 To 2
c? (3 2C,C

= ?1+?2+0+ ; 2 cos (6, — 65)

. Cl2+012+20102 (o)) (91 702)

B 2

2.1-8
T/2
P, = lim —
y = g [ 00 @
T/2 n :
_ : - * ] Wi —wr )t
Th_r)noo - ;ﬂ;ﬂpw e dt

n

T/2 n T/2
= lim — Dy D*e?@r=en)t gt 4 lim —/ \Dk|2 dt

The integrals of the cross-product terms (when k # r) are finite because the integrands (functions to be
integrated) are periodic signals (made up of sinusoids). These terms, when divided by T — oo, yield zero.
The remaining terms (k = r) yield

T/2 n
lim — Dy |? Dy |?
Po=gim &[S b= Y i

T/km k=m

2.1-9

(a) From Eq. (2.5a), the power of a signal of amplitude C is P, = CQ, regardless of phase and frequency;
therefore, P, = 25/2; the rms value is /P, = 5/v/2.

(b) From Eq. (2.5b), the power of the sum of two sinusoids of different frequencies is the sum of the power
2 2

of individual sinusoids, regardless of the phase, % + %, therefore, P, =25/2 + 4/2 =12.5 + 2 =14.5;

the rms value is /P, = v/14.5.

(c) Same as (b), P, =25/2 4+ 4/2 =12.5 + 2 = 14.5; the rms value is /P, = v/14.5.

(d) g( ) — 5sin (55t) sin (7Tt) 5(cos (55t— Trt) cos (55t+7t))
Therefore, P, = 25/8 + 25/8 = 25/4; the rms value is /P, = 5/2.

(e) Given g(t) = 10sin (5t) cos (10¢) u(t). By definition,

P, = lim7 00 7 fT/2 100sin? (5t) cos? (10t)dt

100 T/2 [ (1—cos(10t)) (14cos(20t))\ _ 100 T __
( co; CO; ) 5= 25/2.

= lim7 0 7 J

The rms value is /P, = 5/\/5

'



(f) [g(t)* = sin?(wot)
Therefore, P, = 1/2 = 0.5; the rms value is /P, = v/0.5.

2.1-10

(a) P, = ifi 12dt = 1; the rms value is /Py = 1.

(b) P, =15 [ 1%dt = 1; the rms value is \/P, = 1//5.
(c) Py= o [77 (L) dt = L; the rms value is /P, = 1/V/3.
(d) P=1% fi{%(%) t = %; the rms value is /P, = 1/V6.
(e) P,= %fol t2dt = §; the rms value is /P, = 1/3.

(f) P =4¢ (f__zl(t—i-Q)zdt—I— [hodt+ [ - 2)2dt) = %; the rms value is /P, = 2/3.

2.2-1 If a is real, then both E, = [ [e7®"? . dt = oo and P, = limr TfT432|e*at\2 Sdt =

T/2
hmTﬂooné/2 20t . Jt = oo

If a is purely imaginary, a = ia; then, g(t) = e~ and |g(t)]> = 1. P, = limr_o0 TfTﬁ21 ~dt =

limy_,oe 77 = 1. It is not an energy signal since E;, = [~ _|g(t)|? - dt = co. Hence it is a power signal.
2.2-2

(a) P, =limr_ o + fTﬁQ t* dt = oo. Hence, it is not a power signal.

(b) E, = [~ t*dt = co. Hence, it is not an energy signal.

2.3-1
g2(t) =gt =)+ g1(t=1), gs(t) =gt =1)+g1(t+1), ga(t) = g(t —0.5) + g1(t +0.5)
The signal g5(t) can be obtained by (i) delaying g(¢) by 1 second (replace ¢ with ¢ — 1) (ii) then time-
expanding by a factor 2 (replace ¢ with ¢/2), (iii) then multiplying by 1.5. Thus g5(¢) = 1.5g(% — 1).
2.3-2 See Fig. 52.3-2.

2.3-3

(a) See Fig. S52.3-3.



(a) x, (1) = g(-t+1) + g(t-1)
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Fig. 52.3-2

(b) By = [=_|gt)2dt = [[7 [t —12)]* dt + [ [-k(t —24)]" dt = 3.

Based on the properties derived in Prob. 2.3-6, the energies are
(i) Eg(—t) =3

(i) E, g(t+2) =3

(iii) Eg—sy = Ey/3 =1

(1 ) t/3 = 3Eq =9

(V) g(2t+1) = g/2 =1.5

(Vl) Eg(2t+2) = 9/2 = 15

2.3-4 Denote g(at) = f(¢t). Since g(t) is periodic with period T,

gt) = g(t+7)
glat) = g(at—i—T):g(a(t—l-Z))

) = f <t+ f)

Therefore, g(at) is periodic with period T'/a.

The average power of g(a t) is

T/2a T/2 T/2
o @ 2 _ 1 a 2 @ = li l
Pyan = Jim 2 [ Ly, Sty = Jim o / A /_m

Therefore, the average power remains the same.

2.3-5 See Fig. 52.3-5.
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2.3-6

E_4= /jo [—g(®)]* dt = /jo g>(t)dt = Ey, Eg_p = /Oo [g(—t)]2dt = /:)O P (x) de = E,

o0

oo oo o0 1 o0
By = / lg(t — TY2dt = / (@) de = By, Eyan) = / o(at)? dt = © / ¢ (2)de = B, Ja
o0 1 o0 o0 o0
Byor = | otat-vPdt =1 [ Pa)de=Byfa. By = [ otjala=a [ @@ ap,

oo oo
Eag(ty = / [ag(t))? dt = a® / ¢*(t) dt = d’E,

—00 —0Q0

2.4-1 Using the facts that ¢(t)d(t) = ¢(0)d(¢) and ¢(t)d(t —T) = ¢(T)o(t — T), we have

(0) SRR~ ) = Fmedlt = )

(b) %6(w+w)
(¢) —e™/155(t + 7 /15)
(d) 025 1) = Lo(t - 1)

(e) COS(1—/327T/2) — 0

(f) k*0(w) — w&w + 7/2) (use L’Hopital’s rule lim,,_q % =1)

2.4-2

a

(a)
(b) 15
(c)
d
(e

(f)

S wie

)

)

2 4 sin? (kw/2)
2

B

2.4-3 Letting at = x, we obtain (for a > 0)

/jo o(t)d(at) dt = é/jo $(2) 6(x) da = %¢(0)

Similarly for a < 0, we show that this integral is —<¢(0). Therefore

/ " o(t)(aty di = ﬁ(e) - ﬁ / o5 di
1

o(at) = al

5(t)

Therefore,

5(w) = 6(2mf) = 5-6(F)



2.4-4 Using the fact that §(at) = |}T|(5(t) (see Problem 2.4-3), and the equality f: d(t)o(t —T)dt = ¢(T),
we get

(e) €%/2
) 5

(8) 29(—4)

cos(77/3)
(h) =5+

2.5-1

(a) In this case E, = fol dt =1, and

(b) Thus, g(t) ~ 0.52(¢), and the error e(t) =t — 0.5 over (0 < ¢ < 1), and zero outside this interval. Also
E, and E. (the energy of the error) are

1 1 1
Eg:/ gQ(t)dt:/ t?dt =1/3 and Ee:/ (t—0.5)*dt =1/12
0 0 0

The error (t — 0.5) is orthogonal to z(t) because

/1(t—0.5)(1)dt:0
0

Note that E, = ¢*E, + E.. To explain these results in terms of vector concepts, we observe from Fig. 2.13
that the error vector e is orthogonal to the component cx. Because of this orthogonality, the length-square
of g [energy of g(t)] is equal to the sum of the square of the lengths of ¢ - x and e [sum of the energies of
cz(t) and e(t)].

2.5-2 In this case B, = [} ¢2(t)dt = fol t2dt = 1/3, and

0
1 1
c:—/ x(t)g(t)dt:?)/ tdt=15
Ey Jo 0

Thus, z(t) =~ 1.5¢(t), and the error e(t) = z(t) — 1.5g(t) = 1 — 1.5¢ over (0 <t < 1), and zero outside this
interval. Also E. (the energy of the error) is E, = fol(l — 1.5t)2dt = 1/4.



2.5-3
le]* = |gf” + ¢*[x|* — 2cg - x

e . dle|?
To minimize error, set |;c| =0

2.5-4

(a) In this case B, = fol sin? 27t dt = 0.5, and

1 1
E/ ﬁ/ tsin 2ntdt = —1/m

(b) Thus, g(t) = —(1/m)x(t), and the error e(t) =t + (1/7)sin 27t over (0 < ¢ < 1), and zero outside this
interval.

Also E,; and E. (the energy of the error) are

1 1
Eg:/ gz(t)dt:/ t2dt =1/3
0 0

E, = /1[15 + (1/m) sin 27t)* dt =

and

Wl =
[

The error [t + (1/7)sin 27t] is orthogonal to x(t) because
1
/ sin 2wt[t + (1/7) sin 27¢] dt = 0
0

Note that E, = c?E, + E,. To explain these results in terms of vector concept we observe from Fig. 2.13 that
the error vector e is orthogonal to the component cx. Because of this orthogonality, the square of length of
g [energy of g(¢)] is equal to the sum of squares of the lengths cx and f [sum of the energies of cx(t) and

(a) If 2(t) and y(t) are orthogonal, then we can show that the energy of x(t) + y(t) is E, + E,,.

/|z(t) + y(t)|2dt/o; lz(t)|? dt +/O; ly(t)|* dt i/o:ox t)dt i/o:c
=[P [ rar

The last result follows from the fact that because of orthogonality, the two integrals of the cross products
x(t)y*(t) and z*(t)y(t) are zero. Thus the energy of z(t) 4+ y(t) is equal to that of z(t) — y(¢t) if z(¢) and y(¢)
are orthogonal.

10



(b) We can use a similar argument to show that the energy of ¢qz(t)+c2y(¢) is equal to that of ciz(t) —coy(t)
if 2(t) and y(t) are orthogonal. This energy is given by |c1|?E, + |c2|*E,.

(c) If 2(t) = x(¢t) £ y(t), then it follows from part (a) in the preceding derivation that

E,=E,+E,£(E; + Ey)

2.6-1 We shall use Eq. (2.51) to compute p,, for each of the four cases. Let us first compute the energies
of all the signals:

1
E, = / sin? 27t dt = 0.5
0

In the same way, we find F,, = E,, = Fy, = E,, = 0.5.

From Eq. (2.51), the correlation coefficients for four cases are found as follows:

(1) W fol Sin 27Tt Sin 47Tt dt = 0

(2) I S
\/(0.5)(0.5)

(3) I S
/(0.5)(0.5)

1 0.5 - 1 - _
(4) b [Jo 7 0.707sin 2wt dt — 5 0.707sin 2wt di | = 2.828/

Signals z(t) and ga(t) provide the maximum protection against noise.

[ (sin 27t) (—sin 27t) dt = —1

Jiy 0.707sin 2t dt = 0

2.6-2 By = [*_g2(t)dt = [} 1dt =2 and Ego = [*°_g2(t)dt = [T et = 1.

Therefore, p = \/% f02 e 05t gt = /2 (1 _ e—l),

2.6-3 Given g(t) = exp(—2t) cos(nt)u(t), the autocorrelation function is
v(r) = [ atgte+ i

= /_OO exp(—2t) cos(mt)u(t) exp(—2(t + 7)) cos(n(t + 7))u(t + 7)dt

o0

Ye(1) = exp(—2t) cos(mt) exp(—2(t + 7)) cos(w(t + 7))dt

J
o 1 1
= /0 exp(—4t — 27) {2 cos(2nt + 77) + 5 COS(TFT):| dt
= % /o exp(—4(t + g)) - cos(2m(t + %)) dt + %exp(—?r) cos(mT) /0 exp(—4t) dt

exp(—27)(4 cos(n7) — 2msin(n7)), T > 0.

(=2r) cos(m7) + —5
= —eX — 4T ) COS\TTT —_—
g &P 872 + 32

Because of symmetry,

1 2 +8 2T
(1) = 3 exp(—2|7|) 211 cos(mT) — ] sm(ﬂ'r|))}

11



2.7-1

(a) g = (27_1)) 82 = (_172)7 83 = (Ov _1)7 g4 = (172)7 85 = (2v 1)) and 86 = (3,0)

(b) Signal pairs (g5, 86), (81,84) and (g,,85) are orthogonal. We can verify this analytically.

<gs3 8> = (0x3)+(-2x0)=0,
<gnhg > = (2x1)+(-1x2)=0,
<gy 8> = (—1x2)+(2x1)=0

We can show that the corresponding signal pairs are also orthogonal.

| s = [ Fa@baeia=o

— 00 — 00

/OO g1(t)ga(t)dt = /OO [2z1(t) — z2(t)][z1(t) + 222(¢)] dt =0

— 00 —0o0

/ T st dt = / 11 () + 200 (][220 (8) + 22(8)] dt = 0

—00 —00

In deriving these results, we used the fact that [*° az3dt = [ 23(t)dt =1 and [*_ zi(t)ws(t)dt = 0.

(c) Because [T aidt = [7 a3(t)dt = 1 and [ x1(t)z2(t)dt = 0, signal energy Ey, = ¢} + ¢3 for
g(t) = ciz1(t) + cowa(t). Therefore, Egy =5, Ego =5, Eg3 =4, Egu =05, Eg =5, E4=09.

2.7-2

(a) Since z(t) and e(t) are mutually orthogonal, we can choose these two functions as the basis functions.
After normalizing, we obtain 1 (t) = 2(t)/VE; = x(t) = 1,0 <t < 1 and 95(t) = e(t)/VE. = 2V/3e(t) =
2¢/3(t —0.5),0 <t < 1.

(b) Through orthogonal decomposition, we know that g(t) = 0.5xz(¢) + e(t) = 0.5¢1(¢) + ﬁwz(t) and

z(t) = ¥1(t) + 01b2(t). Thus, the vector representations are g = [1 ﬁ] and x =[1 0], respectively.

(c) Similarly, this time v1(t) = 2(t)/vVE, = V2a(t) = VZsin(2rt),0 < ¢ < 1 and ¢5(t) = e(t)/VE: =
N .

1/371/(%2)(75 +sin(27t) /7),0 <t < 1.
g(t) = —La(t) +et) = ——Lun(t) + /3 — 5z ¢a(t) and x(t) = L5¢h1(t) + 0w (t). Thus, the vector
representations are g = [_%ﬂ \/g] and x = [ 0], respectively.
2.7-3

12



(a) We can choose the normalized z(t), g1(¢), g3(t) as the first three orthonormal bases for the set of signals,
since all the correlations between these signals are zeros. Therefore,

p1(t) = V2z(t)
Ga(t) = V20i(t)
p3(t) = V2g3(t).

Signal go(t) is the negative of signal x(¢). Therefore, g2(t) = —%@(t).

To represent g4(t), we need an additional basis function ¢4(t). We can represent g4(t) as ga(t) = c161(t) +
c2¢2(t) + c3¢3(t) + c404(t), where,

o = / aa(B)G}(t) dt = V2 / sty dt = >
0 0

1

1 1 0.5
cy = / ga(t)P5(t) dt = \/5/ ga(t)gr(t) dt = V2 [/ 0.707sin47rtdt—/ 0.707sin4ntdt| =0
o1 o1 0 ) 0.5
c3 = / g4(t)p5(t) dt = \/5/ 94(t)gs(t) dt = \/5(0.707)/ g4(t)dt =0
0 0 0
Therefore,

cxalt) = 9a(t) — 16 (6) = au(t) = 220

The energy of the signal is

1 2 1
Fovgy = / 0®) - 2200 at= / 20+ 22202 - Y20 00| @t
0 0 m

™ s
1 4 4/2 V2 1 4 8 1 4
= -+ -—— —=-4+ 5 -5 =2—-—=00%
2 72 0 T 2+7r2 w2 2 z = 0.0946
Therefore,
pa(t) = 910~ 22a()  ga(t) — 22a(t)
* N 0.3076
(b)
n(t) = [ 00 0)F
g(t) = [0 % 0 017
gat) = [—% 00 0]
gs(t) = [0 0 —5 0]
git) = [2 0 0 03076 ]"
2.8-1

(a) To=4,w = 2T—7(: = 5. Because of even symmetry, all sine terms are zero.

13
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Fig. $2.81
g(t) = ap+ Z Ay, COS (n?wt)
n=1
ap = 0 (by inspection of its lack of dc)
4 1 2
an = - / cos (Et) dt —/ cos (Et) dt
4 . nmw
= — SIn —
nm 2

Therefore, the Fourier series for g(t) is

() = nt 1 3t n 1 S5nt 1 Tt n
g == cos2 3cos 5 5cos 5 7COS 5

Here b, = 0, and we allow C, to take negative values. Figure S2.8-1(a) shows the plot of C, which is
real-valued.
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(b) To=10m,wy = ZT—T(: = % Because of even symmetry, all the sine terms are zero.

g(t) = ao+ Z ay, COS (nt) + by, sin (ﬁt>
n=1

5 5
1 . .
ag = R (by inspection)
2 ’T n
a, = T0x B cos (3t) dt
1 /5\ . /A" 2 . /nmw
= — | —]sin <ft) = —sin (—)
5T \n 5/|_, 7 5
2 T . /n
bn = 107 . Sin (gt) dt
=0 (integrand is an odd function of ¢)
Here b, = 0, and we allow C,, to take negative values. Note that C,, = a,, for n = 0,1, 2, 3, .... Fig.

S2.8-1(b) shows the plot of C,, which is real-valued.

(¢) To=2m, wy=1,and

o0
g(t) =aog + Z an cosnt + by, sinnt

n=1
with
ap = 0.5 (by inspection of the dc or average)
1 27 t 1 2m t 1
an:f/ — cosntdt =0, and bn:f/ —sinntdt = ——
m™Jo 2m T ) 27 ™
and
(t) = 05 L (s t-i-l i 2t+1 i 3t+1 in 4t +
g = 0. — | sin 5 Sin 3 sin 7 5in
1 1 1
= 0.5+7T{cos(t—kg)+2(:os(2t+g)+3cos(3t+72r)+'-l

The cosine terms vanish because when 0.5 (the dc component) is subtracted from g(t), the remaining function
has odd symmetry. Hence, the Fourier series would contain dc and sine terms only. Figure S2.8-1(c) shows
the plots of |C),| and 6,,. Note that C,, is purely imaginary.

d) Ty=m wy=2and g(t) = 2¢.
(d) ; g(t) =2

ap =0 (by inspection)

a, =0 (n>0) (because of odd symmetry)
4 ("4 2 (2
bn:f/ tsin2ntdt:<sinm—cos7m>
m)o T ™ \Tn 2 2
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