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Chapter 2

Discrete-Time Signals and Systems
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(i) When the region of convergence is I, both terms on the right hand side are z-transform of
a left-sided sequence. We thus get
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(i) When the region of convergence is II, the first corresponds to a right-sided sequence and
the second term to a left-sided sequence. We thus get
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(iii) When the region of the convergence is III, both terms corresponds to a right sided sequence.

We thus get
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3. From (2.43),
¢ac;t(k) = Tacac(k) + ‘mz|2
Taking z-transform from both sides,
o0 o0
D,.(2) = Z Taz (k)2 4 My |? Z P
k=—co0 k=—00
We note that
o0 ~1 o0
DR SRR S
k=—00 k=—00 k=0
and for this to be convergent, |z| > 1 for the first term on the right side, and |z| < 1 for the
S~k

second term. Clearly there is no region of z for which > 2z~
k=—0o0

is convergent.
4. Applying (2.38),
Gz (k) = Puo(k) + Esin(won + 0) sin(wo(n — k) + 0)]
=o25(k) + E[% cos(wok) — %cos(wo(Qn — k) +20)] = o25(k) + %COS wok

where 02 = E[|v(n)|?] Hence,

1 o0
<I>x:r(z)_03+§ Z COS(U()]{JZ k
k=—00
and
1 s 1 © ] oo
B Z coswokz kzz[ Z eJwok k_|_ Z e Jwok k]
k=—o0 k=—o00 k=—o00

In a similar way to the proof given in Problem 2.5, we can show that here also there is no region
of z-plane in which either of summation on the right side of the above equation may converge.

5. (i) From (2.43),
Gua(k) = T22 (k) + |mx’2
Taking z-transform from both sides,
oo [ee]
D,.(2) = Z Tz (k)2 7% 4 |my|? Z P
k=—o00 k=—o0
We note that
o) -1 e
Z zF = Z z*k—i-Zz*k
k=—o00 k=—00 k=0
and for this to be convergent, |z| > 1 for the first term on the right side, and |z| < 1 for
k

o0
the second term. Clearly there is no region of z for which > 2~
k=—o00

is convergent.
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(ii) Since x(n) is a stationary process with m, # 0, we can separate it into two parts
z(n) = my +y(n)

In the above equation y(n) is a stationary process with m, = 0. Taking a Fourier transform
from the above equation we have

X (/%) = myd(w) + Y (e?¥)

o0

v = 3 e

n=—o00
In the vicinity of w = 0, Y (¢/“) becomes
lim Y (&%) = Z y(n)

w—0
n=—o00

Since m, = 0, we can expect that the above equation would also be zero., and thus in
vicinity of w = 0, we have '
X(e’) =mgo(w)

(iii) As in previous part
z(n) = mg +y(n)

y(n) is a stationary process with m, = 0. So we have

Gz (k) = mi + d)yy(k)

B (e99) = m26(w) + D4y (2)

Dyy(2) = Z ¢yy(k)€_jWk

k=—o00
In vicinity of w = 0 we have
Pyy(2) = Z Dyy (k)
k=—oc0

oo

= Y Ely(n)y*(n— k)
k=—o00
— B lyn) 3 y*(n—k>] ~0
k=—0o0

Accordingly,
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6. Solution to this problem follows the same line of derivations as Problem 2.5, with m, replaced
by Aelwon,

7. Starting from (2.54), we arrived at (2.55) as follows

k=—00 k=—o00

= (3 bn(-R)Y (from (248))
k=—00

= (Y 6B k)
k=—o00

= (@)

=2,

2*
Equation (2.56) is also proved in the same way.

8. (i) From (2.57)

Dy (2) = H*(i*)q)w(z) o2 x (- _1a2*)* N _1a*z
From (2.80),
o2
Bunls) = HEH(L)0(2) = :

(ii) For |a| < 1,

Since ¢, (k) is the inverse z-transform of ®,,(2) and ¢uy(2) = . duu(k)z7F, it follows

k=—0o0
that
0 k>0
Poulh) = { o2(a*)7F, E<0
By method of partial fraction,
2
o
Puu(2) = . (o2 /a2
(1—-a*2)(1 —az"1) = 7(2_£/;,{)(Z)_a)
A B

= +
z—1/a*  z—a
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Where
I R S
a* z=al, q/q a* 1 — |al

g o =z _ o2a
a*z—1/a*],_, 1—|a|?

The first term on the right hand side corresponds to a left sided sequence,

A Aa* o2 1

= — = v
z—1/a* l—a*z2 1—la]?1—a*z

0
_ 012) i(a*)kzk _ 012) Z (l/a*)kz—k
1— |af? 1—|af?
k=0 k=—o00

and the second term to a right sided sequence

1 (%)
B = Bz = Bz} Zakz*k
z—a 1—az7!
k=0

o? >
_ v k—1_—k
T 1= ‘a|2 Za o
k=1

oo
Using the above results, and since ®,,(2) = Y. ¢uuz ", we get
k=—o00

7‘13'2&’“_1 k>0
uu k)= 1-lg
Puulh) { % @)k k<0

1—lal?

(iii)
&

2 _ —
Oy = (buu(o) - 1— |CL|2

(i) When a # b, 1 2
(I)vu(z) = H*(Z—*)Qm,(z) = (1 _ a*zo)-zl _ b*Z)

1 o,

Duu(z) = H(2>H*(§)¢)w(z) - (1 —az"H)(1 =bz71)(1 —a*2)(1 — b*2)

When a = b,
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When a # b

Thus, we have

0 k>0
Puu(k) = o2 [(a*)fk+1 _ (b*)*k+1] k<0

a*—b*
Similarly,
By (2) A . B n o . D
wul\R) =
(z—a) (2—=b) (z2—1/a*) (2—1/b%)
Where
L 0222 - 02a?
et (z = b)(z = 1/a*)(z = 1/0%) |, (a—Db)(1 —|a[?)(1 — ab*)
0222 —02q?
b= L*b*(z —a)(z —1/a*)(z — 1/b*)] oy (a—b)(T—[b)(1 — ba”)
0222 —2
¢= L*b*(z —a)(z—b)(z - 1/5*)} 2=1/a " (@ = b))~ [aP)(1 — ba”)
0222 o2a?
D — v — v
[a*b*(z —a)(z—b)(z - 1/@*)} amippe (a* = b*) (1= [b?)(1 — ab®)
Hence,
B (2) = Az~ . Bz! _ Ca* ~ Da*
YT 1T —azl)  (1=bz7Y)  (1—a*2) (1 —a*2)
o) o) 0 0
= ZAak_lz_k + ZBak_lz_k — Z Cla*) =k - Z D(b*) "R,k
k=1 k=1 k=—o00 k=—co
and
Gou (k) = AaF~1 + BpF1 k>0
VU - _C(a*)—k-H _ D(b*)—k—i-l k S 0
When a = b,
1 1 o2 k-1 1 o2zk-1
wul(k) = =—— @ Bpy(2)2F tdz = — ”d:f v d
oulh) = 55 § P e = g Pt = s

Where C is a contour in |a|] < |z| < |a|™!. For k > 1, there is no poles inside C' implies
that ¢, (k) = 0. For k < 1, substituting z = 1/p and noting that p = a* is the only pole
in C,

1 1 O'gp_k—H

Doulk z.jg@vulpp_k_ldpz. ————5dp
(k) 215 Jo (1/p) 2rj Jo (p— a*)?
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2, —k+1 d
= Residue | X = | —ap " =a* =021 —k)(a*)7F
0 —a)? e “

p a p:a* p P

Hence,
0 k>0
CRE PO

Similarly, applying the residue method to find inverse z-transform of ®,,,(z),
0.2
¢(m_{<1¢pm—mmu+m+mﬂwﬁ k> -1
uu - o2 o\ —
(1~ laP)(1 — k) + 2aPl@)F k< -1
(iii)
Ui = ¢uu(0)
10. (i) Using (2.75),

n=0
N-1 0
o2 Z h*(n)z" = o Z h*(—n)z™"
n=0 n=—(N-1)
Using (2.80),
N-1 N-1
O (2) H (2)H* (1/2")0u(2) = 00 Y h(n)z™" Y h*(m)z™
n=0 m=0
N-1N-1
o2 Z Z h(n)h*(m)z~ (=™
n=0 m=0

With n — m = k, we obtain

min(N—1,N—1—k)
where ay, (k) = > h(m + k)h*(m).

m=max(0,—k)

(ii) From the result of Part (a), we immediately obtain

o2h*(—=k) —(N—-1)<k<0
ou(k) = { 0 otherwise
. Zan(h)  —(N—1) <k
| oiap —(N-1)<k<N-1
Pun(k) = { 0 otherwise

= o2ay (k) (since ap(k) =0 for k < —N and k > N)
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11. From (2.65),

EHxN e]w Z Z E ] —jw(n—m) _ Z Z Gza(n —m e]wn m)
—N m=—N

—Nm=—N

Next, we note that £k = n — m can take values in the range —2N to 2N and for any k = n — m,
there are 2N + 1 — |k| similar terms added together. Thus we obtain

2N
Ellan(@)P) = 3 @N +1 = [k (k)e 7"
k=—2N

Dividing both sides of the result by 2NV + 1, gives (2.66).

12. From (2.75), ¢zy(2) = H*(1/2*)®,4(2). Using (2.55) and (2.56), we get

Dy, (1/27) = H*(1/27) Pa(2)

Hence, ®y,(2) = H(2)®},(1/2%) = H(2)Py(2) From (2.90), ®qy(z) = H*(1/2*)P4,(2). Again
using (2.56), we get

ya(1/27) = H*(1/27)@3,4(1/27)
Hence, ®,4(2) = H(2)®q(2).

13. Using * to denote convolution,

(1) ¢yz(n) = h(n) x dzz(n),
(i) @ay(n) = h*(=n) * ¢ga(n),
(ili) ¢ya(n) = h(n) * ¢za(n),
(iv) day(n) = h*(—n) * ¢az(n)

14. Let y(n) = y1(n) +y2(n), where y1(n) and y2(n) are the outputs of H(z) and G(z), respectively.

(i) Since u(n) and v(n) are uncorrelated,

qbuy(”) = ¢uy1 (n) + ¢uy2 (n) = ¢uy1 (n)

Hence,
Buy(2) = Puy1(2) = H*(1/2")Puu(2) = o H*(1/27).
(ii) Similar to Part (b), ®,y(z) = 0c2G*(1/2*).

(iii) Noting that yi(n) and yo(n) are originating from uncorrelated source, u(n) and v(n),
respectively, we obtain @, (2) = ®y1y1(2) +Py2y2(2) = 02H (2)H*(1/2*)+02G(2)G*(1/z%).
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15. (i) Using ®u4(2) = H(2)H*(1/2")®yy(2), with H(z) = = 05 —+— and ®,,(z) = 1, we obtain

1 1 ' 1
Dyr(2) = 1_0521 L _ 0.5(1/2;*)—1] - (1 -0.52"1)(1 -0.5z2)

(ii) Since @,y (2) = G(2 )G*(l/z Y®..(2), where G(z) = 1 — 227!, we obtain

Dyy(2) =

1—22~ 1-2(1/z971 1" 1— 2271 122
= X - w(2) = — X
1—0.5271 7 | 1—0.5(1/z%)"1 1-0521 "7 1-05z

1= 2(z+2z)+4
C1-05(z+21)+1/4
(iii) Using ®yy(2) = H*(1/2*)G*(1/2*)Pyo(2),

=4

C[1-20/2)71 ] _1-2
Puyle) = [1 - 0.5(1/z*)‘1] ) =T

16. (i) Since z(n) = >_ h(k)v(n — k) and y(n) = %g(kz)fu(n — k),

k

bay(m) = Ela(n)y*(n —m)] = B[S 3" h(k)g* (o(n — k)o*(n —m — 1)
l k

=3 " h{k)g" () E[(n — k)v*(n —m —1)] ZZh (—k+1+m).
Ik

But 6(—k +1+m) =1 for k =1+ m and zero elsewhere. Using this in the above result,
we obtain ¢gy(m) = > h(l +m)g*(l).
l

(ii) Since ®yy(2) is the z-transform of ¢, (m),

(z) = Z by (m)z™™ = Z Z h(l 4+ m)g*(1)z"™

Zzhl—l-m —mH) g (1) —Zg th(l+m)z_(m+l)

= G*(1/2")H(z) = H(2)G"(1/z7).
17. (i) Since u(n) = z(n) + y(n), we have
Puu(k) = El(x(n) +y(n))(«"(n + k) +y"(n + k)]
z(n)a”(n+ k)] + Ely(n)y"(n + k)] + Elz(n)y"(n + k)] + Ely(n)z* (n + k)]
= ¢xw(k) + bey(k?) + ¢1y(k) + ¢y$(k)

= B
= B

Hence,

Dyu(2) = P (2) + By (2) + Py (2) + Py (2) = P (2) + Pyy(2) + Py (2) + 05, (1/27)
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(ii) Since u(n) is the output of a system with input v(n) and transfer function H(z) + G(z),
Duu(2) = (H(z) + G(2))(H™(1/27) + G7(1/27)) D (2)
= H(2)H*(1/2")Puy(2)+G(2)G"(1/27) oy (2)+H(2) G (1/27) P (2) +H" (1/27)G(2) o (2)
Since v(n) in a zero-mean unit-variance white noise process,
Dyy(2) =1
and we have

DPyu(2) = Py (2) + Pyy(2) + Puy(2) + Pya(2) = P (2) + Pyy(2) + Pay(2) + (I);y(l/Z*)
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