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2.1. (a) T(z[n]) = g[njz[n]
e Stable: Let |z[n]| < M then |T{z[n]| < |g[n]|M. So, it is stable if |g[n]| is bounded.

e Causal: y:1[n] = g[n]zi[n] and y2[n] = g[n]z2(n], so if z1[n] = z2[n] for all n < ng, then
y1[n] = y2[n] for all n < ng, and the system is causal.

e Linear:
T(az:1[n] + bz2[n]) = g[n](azi[n] + bz2[n]
= ag[n]z:1[n] + bg[n]z2[n]
= aT(zi[n]) + bT(z2[n])
So this is linear.
e Not time-invariant:
T(z[n —no]) = g[njz[n — no]

#  y[n — no] = g[n — nolz[n — no]

which is not TI.
e Memoryless: y[n] = T(z[n]) depends only on the n* value of z, so it is memoryless.
(b) T(z[n]) = Xk, (k]

e Not Stable: |z[n]| < M — [T(z[n])| < Y}_,, lzk]| < In —no|M. As n = oo, T — oo, 50 not

stable.
e Not Causal: T'(z[n]) depends on the future values of z[n] when n < no, so this is not causal.
o Linear:
T(azi[n] + bz2[n]) = Z az1 [k] + bz [k]
k=no
n n
= a Z zi[n] + b Z z2[n]
k=ng k=ng
= aT(z1[n]) + bT (z2[n])
The system is linear.
e Not TI:
T(zln—no]) = Y zfk—no]
=ng
n—ng
= > alk
k=0
n—ng
# yln—nol= Y ali
k=no

The system is not TI.
e Not Memoryless: Values of y[n] depend on past values for n > ng, so this is not memoryless.

(©) T(aln]) Tpinl,, <lk]

o Stable: [T(z[n])| < Spine . |z[k]] < Tpin2,. zlkIM < |2no + 1|M for |z[n]| < M, so it is
stable.

e Not Causal: T(z[n]) depends on future values of z[n], so it is not causal.

e Linear:

n+no

Z azy[k] + bz, [k]

k=n—ng

T(az;i[n] + bza[n])

n+ng n+ng

a Y. m[kl+b Y =a[k] = aT(z[n]) + bT (z2[n])

k=n—ng k=n-—ng

o
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This is linear.
o TI:
n+ng

T(z[n—no] = Z z[k — ng]

k=n—ng
n

> alk]

k=n-—ng

y[n — noj

1l

This is TI.
e Not memoryless: The values of y[n] depend on 2ng other values of z, not memoryless.
(d) T(z[n]) = z[n — no
e Stable: |T'(z[n])| = |z[n — no]| < M if |z[n] < M, so stable.
o Causality: If ng > 0, this is causal, otherwise it is not causal.
e Linear:

T(az1[n] + bza[n]) azi[n — no] + bzafn — ngj

aT (z1[n]) + bT (z2[n])

This is linear.
o TI: T(z[n — n4] = z[n — ng — na] = y[n — ng4). This is TL.
o Not memoryless: Unless ng = 0, this is not memoryless.
() T(z[n]) = =l
Stable: |z[n]| < M, |T(z[n])| = |e*!"]] < el*l?ll < M this is stable.
e Causal: It doesn’t use future values of z[n], so it causal.
¢ Not linear:

T(az1[n] + bza[n]) = eo=(nl+bealn]

- ea.zl[n]ebzz[n]

aT (z1[n]) + bT (z2[n])

AL

This is not linear.
TL T(z[n — no]) = €*l*~™l = y[n — ny), so this is TL
e Memoryless: y[n] depends on the n** value of = only, so it is memoryless.
(f) T(z[n]) = az[n] +b
e Stable: |T'(z[n])| = Jaz[n] + b] < a|M| + |b|, which is stable for finite @ and b.
o Causal: This doesn’t use future values of z[n], so it is causal.
e Not linear:

T(czy[n] + dz2[n]) = aczin] + adzz(n] +b
# cI(z1[n]) + dT (z2[n])

This is not linear.
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TL T(z[n — no)]) = az[n — no] + b = y[n — ne). It is TL
Memoryless: y[n] depends on the n** value of z[n] only, so it is memoryless.

(8) T(z[n]) = z[-n]

Stable: |T(z[n])] < |z[—n]| < M, so it is stable.
Not causal: For n < 0, it depends on the future value of z[n], so it is not causal.
Linear:

T(az1[n] + bzz[n]) az;[—n] + bzaz[-n]

aT (z1[n]) + bT(z2[n])

I

This is linear.
Not TI:
T(z[n — no)) z[~n — ng)

# y[n —no] = z[-n + ng

This is not TI.
Not memoryless: For n # 0, it depends on a value of z other than the n‘* value, so it is not
memoryless.

(h) T(z[n]) = z[n] + u[n + 1]

Stable: |T(z[n])| < M + 3 for n > —1 and |T'(z[n])] < M for n < —1, so it is stable.
Causal: Since it doesn’t use future values of z[n], it is causal.
Not linear:
T(az1[n] + bz2[n]) = azi[n] + bza[n] + 3ufn + 1]
# aT(z1[n]) + T (z2[n])

This is not linear.
Not TI:

T(z[n —no] = z[n - ng] + 3uln + 1]
y[n — no
z[n — ng] + 3u[n —ng +1]

I

This is not TI.
Memoryless: y[r] depends on the n** value of z only, so this is memoryless.
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2.2. For an LTI system, the output is obtained from the convolution of the input with the impulse response
of the system:

vinl= 3 Alkleln — 4

k=-o0
(a) Since h[k] # 0, for (Ng < n < M),
N
ylnl= Y hlklz[n — k]
k=Np
The input, z[n] # 0, for (N, < n < N3), so
z[n — k] #0, for N2 < (n—k) < N3

Note that the minimum value of (n — k) is N;. Thus, the lower bound on n, which occurs for
k ==IVbiS
Ny = Ny + Ns.

Using a similar argument,
Ns = N; + Nj.

Therefore, the output is nonzero for

(A%'+'A&) <n< (Aﬁ +'A&).

(b) If z[n] # 0, for some n, < n < (n, + N — 1), and h[n] # 0, for some n; < n < (ny + M — 1), the
results of part (a) imply that the output is nonzero for:

(no+mn1))<n<(no+m+M+N-2)

So the output sequence is M + N — 1 samples long. This is an important quality of the convolution
for finite length sequences as we shall see in Chapter 8.
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2.3. We desire the step response to a system whose impulse response is
hln] = a "u[-n], for0<a < 1.
The convolution sum: -
ylnl= ) hlklaln — k]
k=-—00
The step response results when the input is the unit step:
z[n] = ufn] = 1, forn>0
M=UMU=10, forn<0
Substitution into the convolution sum yields
oo
ylnl= > o *u[-kluln— k]
k=—00
Forn < 0
[e o]
yn] = ) o*
k=-o0
o0
-
k=-n
— a_n
T 1-a
For n > 0:
0
yln] = ) a7*
k=—00
oo
= ak
k=0
_ 1
T 1-a
5
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2.4. The difference equation: 3 .
yln] - Jyln — 1)+ gyln — 2 = 22fn — 1]

To solve, we take the Fourier transform of both sides.
Y (') - %Y(e"“)e—"" + gY(e"")e"Z“’ =2-X(e')e
The system function is given by:

Y (e7%)
X (eiw)
2e~iw

— 3o—jw 4 lo—j2w
1-4e + ge

H(eY) =

The impulse response (for z[n] = &[n]) is the inverse Fourier transform of H(e?*).

-8 8

oy =
H(e™) 1+ te—dw 1o ze~v

Thus, . .
h[n] = —S(Z)"u[n] + 8(5)"u[n].
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2.5. (a) The homogeneous difference equation:
yln] = 5y[n — 1] + by[n — 2] = 0

Taking the Z-transform,
1-527146272=0

1-2:"1H(1-32"1) =0.
The homogeneous solution is of the form
yn[n] = A1(2)" + A2(3)".
(b) We take the z-transform of both sides:
Y(2)[1 =527 +627%) =221 X(2)
Thus, the system function is

Y(2)

H(z) XG)

1—-2z"1 + 1-32z"1

where the region of convergence is outside the outermost pole, because the system is causal. Hence
the ROC is |z| > 3. Taking the inverse z-transform, the impulse response is

hin] = —2(2)"ufn] + 2(3)"u[n].

(c) Let z[n] = u[n] (unit step), then

X(z) = 'l_—lz—:f
and
Y(z) = X(z)-H(2)
2271

(1=2"1)(1-22"1){1 - 32~1)°
Partial fraction expansion yields

1 4 3
Y(e) = 1-2z1 1-2z1 +1—3z‘1'

The inverse transform yields:

yln] = ufn] — 4(2)"u[n] + 3(3)"u[n].
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2.6. (a) The difference equation:
yln] - 33l ~ 1] = zn] + 2aln ~ 1] + 2l ~ 2
Taking the Fourier transform of both sides,
Y(e)[1 - —;-e’j‘”] = X(e?)[1 +2e77 +e77%].

Hence, the frequency response is

- Y (e7¥)
_ 142e7I 4 eI
- 1- e v

(b) A system with frequency response:

1-le™ ¥ 433

Jjw —
H(Y) = 1+%e_—ju+%e—j2w

Y (e7¥)
X(eiv)

cross multiplying,
j 1 —fw 3 —jow jw 1 —Jjw —j3w
Y(e"")[1+§e I + 7€ 729 = X (e )[1——2-6 W e,
and the inverse transform gives

yl) + 3yl — 1]+ Syl — 2] = aln] — 3l — 1] + ol - 3|
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2.7. z[n] is periodic with period N if z[n] = z[n + N] for some integer N.
(a) z[n] is periodic with period 12:
eI(3n) = Qi (F)n+N) _ gi(Fn+2mk)
= 27k = %N, for integers k, N

Making k£ = 1 and N = 12 shows that z[n] has period 12.
(b) z[n] is periodic with period 8:
1) — giCE)(n+N) _ i(3En+2nk)

3

k =
= 27 7

N, for integers k, N

= N= g-k, for integers k, N

The smallest k for which both k and N are integers are is 3, resulting in the period N being 8.
(c) z[n] = [sin(nn/5)]/(7n) is not periodic because the denominator term is linear in n.
(d) We will show that z[n] is not periodic. Suppose that z[n] is periodic for some period N:
(TN = (TN _ i(Fgnetank)
T
V2
= N = 2v/2k, for some integers k, N

There is no integer k for which NNV is an integer. Hence z{n] is not periodic.

= 27k = —N, for integers k, N
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2.8. We take the Fourier transform of both h[n] and z[n], and then use the fact that convolution in the time
domain is the same as multiplication in the frequency domain.

5
1+ femiv
H(e™)X (™)

5 1
[Tl Tl
3 2
1+ ledo | 1-lew

H(e™)

l

Y (el®)

s = 2(3)"uln] +3(~3) uln]

10
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2.9.

(a) First the frequency response:

Y(e) - ge_j“'Y(ej“’) + ée"zj“’Y(ej“') = %e_zj“’X(ej“’)

Y(e?v)
X(e5%)

1, 2w
3€

H(Y) =

1-3e—Jo + Le2w
Now we take the inverse Fourier transform to find the impulse response:

-2 2

HE™) = 1 le—iv 1= ze~iv

Hin] = =2(3)"uln] +2(3)"uln)
For the step response s[nj:
s[n] = i hikJuln — k]

k=-—00

= ) hlK]
k=-—o0

IS T ¢V 1- (1/2)"+

= -2—-——1-_—1-/-?3———11,[11] + 2———1t-1—/—2-—u[n]

o 1 n 1 n
= 1+ ()" -25)"uln]
(b) The homogeneous solution yx[n] solves the difference equation when z[n] = 0. It is in the form
ya[n] = 3 A(c)™, where the c’s solve the quadratic equation
5 1
2 _ = - =
c 6c+ 6 0

So for ¢ = 1/2 and ¢ = 1/3, the general form for the homogeneous solution is:

wnln] = 41 ()" + Aa(3)"

(c) The total solution is the sum of the homogeneous and particular solutions, with the particular
solution being the impulse response found in part (a):

ya[n] + ypln]
= MG+ 4G+ ~25) sl + 2(3)"uln)

y[n]

Now we use the constraint y[0] = y[1] = 1 to solve for A; and A,:

yl0) = A1+A4:-2+2=1
y[l] = A1/2+A4:/3-2/3+1=1
Ai+4 =1
A2+ A42/3 = 2/3
With 4; = 2 and A; = —1 solving the simultaneous equations, we find that the impulse response
is
= l n l ny - .1_ n _1_ n
ylnl = 2(3) (3) +-2(3) uln] + 2(3) u[n]
11
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2.10. (a)
y[n] = hin]*z[n]
o0
= Z a*u[—k — 1ju[n — k]
k=—o00
Z af, n<-1
_ k=—00
= -1
Z a", n>-1
k=—o0
an
_ < —
_ 1-1/a’ ns-1
= 1/a > -1
1-1/a’

(b) First, let us define v[n] = 2"u[—n — 1]. Then, from part (a), we know that

2n+1’ n < -1

win] = u[n] *x v[n] = { 1,

n>-1
Now,
yln] = uln—4]*vn]
= wn -4
2% n<3
- 1, n>3

(c) Given the same definitions for v[n] and w[n] from part(b), we use the fact that h[n] = 2" "lu[—(n -
1) — 1] = v[n — 1] to reduce our work:

z[n] * h[n]

z[n] * v[n — 1]

wln — 1]

_ { 2", n<0

y[n]

1, n>0
(d) Again, we use v[n] and w[n] to help us.

z[n] * hln]

(uln] - ufn — 10]) » vln]

= w[n] - w[n - 10]

= (2"u[~(n+1)] + ufn]) ~ (2" u[~(n ~ 9)] + uln — 10))
9(n+1) __ 2(n—9)’ n< -2

y[n]

Il

= 1 - 2(n=9) -1<n<8
0, n>9
12
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2.11. First we re-write z[n] as a sum of complex exponentials:

ej-xn/4 - e-—j1rn/4
2j

z[n] = sin(zg—l)

Since complex exponentials are eigenfunctions of LTI systems,

H ej1r/4 ej1m/4 - H e—j1r/4 e—Jimn/4
ORE CACAEY (Gl

Evaluating the frequency response at w = +x/4:

We get:

H(T) = ..1_:_6__]1 =2(1 - j) = 2v/2e"/4
T 1¥1j2e7 9=
- 1- ej"/z )
-3 - . = i} =2 jn/4
H(e %) 13120 2(1 + j) = 2v2

2V~ im/4eimn/4 _ 0.\ [2ei™/4e=imn/4
yln] = %

2V/2sin(rn/4 - w/4).

13
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2.12. The difference equation:
y[n] = ny[n — 1] + z[n]
Since the system is causal and satisfies initial-rest conditions, we may recursively find the response to
any input.

(a) Suppose z{n] = §[n]:
y[n] =0, forn <0

y[0] =1
yl=1
y[2] =2
y[3]=6
yl4] =24

y[n] = k[n] = n'u[n]
(b) To determine if the system is linear, consider the input:

z{n] = ad[n] + bd[n]

performing the recursion,

y[n] =0, forn <0
yl0]=a+b
y[lj=a+b

y[2] =2(a+1)
y[3] = 6(a + b)
y[4] = 24(a + b)

Because the output of the superposition of two input signals is equivalent to the superposition of
the individual outputs, the system is LINEAR.

(c) To determine if the system is time-invariant, consider the input:
z[n] = 8[n—1]

the recursion yields
y[n]=0, forn <0

y[0]=0
y1]=1
y2] =2
y[3]=6
yl4] =24

Using h[n] from part (a),
h[n - 1] = (n - 1)!‘(1.[7’1. - 1] # y["’]lz[n]:é[n—-l]

Conclude: NOT TIME INVARIANT.

14
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2.13. Eigenfunctions of LTI systems are of the form a", so functions (a), (b), and (e) are eigenfunctions.

Notice that part (d), cos(won) = .5(e7“°™ + ¢~9“°™) is a sum of two o™ functions, and is therefore not
an eigenfunction itself.

15
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2.14. (a) The information given shows that the system satisfies the eigenfunction property of exponential
sequences for LTI systems for one particular eigenfunction input. However, we do not know the
system response for any other eigenfunction. Hence, we can say that the system may be LTI, but
we cannot uniquely determine it. = (iv).

(b) If the system were LTI, the output should be in the form of A(1/2)", since (1/2)™ would have been
an eigenfunction of the system. Since this is not true, the system cannot be LTL. = (i).

(c) Given the information, the system may be LTI, but does not have to be. For example, for any
input other than the given one, the system may output 0, making this system non-LTI. = (iii).
If it were LTI, its system function can be found by using the DTFT:

_ 1
T 1-lemiw
1
M) = (run
16
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2.15. (a) No. Consider the following input/outputs:
1
zifn] =6[n] = wiln] = (7)"uln]
1
] =dn -1 = y2ln] = (3)" uln]

Even though o3[n] = z1[n — 1], y2ln] # y1fn — 1] = (2)*uln - 1]

(b) No. Consider the input/output pair z[n] and y,[n] above. z[n] = 0 for n < 1, but y2[0] # 0.

(c) Yes. Since h[n] is stable and multiplication with u{n] will not cause any sequences to become
unbounded, the entire system is stable.

17
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2.16. (a) The homogeneous solution yx[n] solves the difference equation when z[n] = 0. It is in the form

ya[n] = 3 A(c)™, where the ¢’s solve the quadratic equation

1 1
2 -_—— ——
c 4c+ 3 0
So for ¢ = 1/2 and ¢ = —1/4, the general form for the homogeneous solution is:

1 1
yaln] = A (3)" + A2(=2)"
(b) Taking the z-transform of both sides, we find that
Loa_1 5 _
Y(2)(1 yid i ) =3X(2)
and therefore

Y(z)
HE) = %@
_ 3
T 1-1/42"1-1/82"2
_ 3
T (1+1/4z7)(1-1/2271)
1 2

1+1/42-1 + 1-1/2z1

The causal impulse response corresponds to assuming that the region of convergence extends outside

the outermost pole, making
he[n] = ((=1/4)" + 2(1/2)")u[n]

The anti-causal impulse response corresponds to assuming that the region of convergence is inside
the innermost pole, making

hac[n] = —((—-1/4)™ + 2(1/2)™)u[-n — 1]

(c) he[n] is absolutely summable, while h,.[n] grows without bounds.

(d)
Y(z) = X(2)H(2)
B 1 1
T o1-121 (143270 -327Y)
_ 1/3 2 2/3
= T¥1/41 T1-1/21 T1-1/221
11, 1 2.1,
vial = 33l + e+ DGl 1)+ 2 ()
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2.17. (a) We have
1, for0<n<M
rin] = 0, otherwise

Taking the Fourier transform

M
n=0
1-— e—-ju(M+1)

1 —eiw

S M1 M1
ju, (€T e <
= 2 n -
€ elW — e—Iw

—jMw Sin( M‘é&w)
€7\ Tsin(/2)

R(e™)

Il

(b) We have
1(1 +cos(§2), for0<n<M
0, otherwise

wln] = {

‘We note that, ) orm
wln] =r[n] - 5[1 + cos(-EI——)].

Thus,
i v = 1 2MN\\ _iun
W(e) = R(@)* ), 5(1+cos(5r)e
n=—oo
o= 1 1 izen 1 _i2mn g,
= R()* Y 5L+ 56 F +2e e
n=--00

R(e) + (35(0) + 3800+ 30) + 360 = 37)

(c)
YRE®

- T O

A

(Wl @ )

D\

2\l
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2.18. h[n] is causal if h[n] = 0 for n < 0. Hence, (a) and (b) are causal, while (c), (d), and (e) are not.

20
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2.19. h[n] is stable if it is absolutely summable.
(a) Not stable because h[n] goes to co as n goes to co.
(b) Stable, because h[n] is non-zero only for 0 < n < 9.
(c) Stable.
-1 )
Yill= Y 3n=Y(1/3)"=1/2<
n n=-—00 n=1
(d) Not stable. Notice that
5
> Isin(n/3)| = 2v3
n=0
and summing |k[n]| over all positive n therefore grows to co.
(e) Stable. Notice that |h[n]| is upperbounded by (3/4)!™!, which is absolutely summable.

(f) Stable.
2, ,-5<n<-1
hln]=< 1, ,0<n<4
0, ,otherwise
So 3 |h[n]| = 15.
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2.20. (a) Taking the difference equation y[n] = (1/a)y[n — 1] + z[n — 1] and assuming h[0] = 0 for n < 0:

hlo] = 0
A1l = 1
h2l = 1/a

R3] = (1/a)

hln] = (1/a)" lu[n-1]

(b) h[n] is absolutely summable if |1/a] < 1 or if |a| > 1

22
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2.21.
1 o900
(a) I T1/2
“®* 17233256 °
b ® 00 0|
“* 0512325 "
© LK)
12
0 1 2 "™
@ ]..I
~*1 o012 ***"
(e) L 4

|
{
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2.22. For an LTT system, we use the convolution equation to obtain the output:

ylnl= Y aln - KRk
k=—o00
Letn=m+ N:
yfm+N] = > z[m+ N - Klh[k]
k=-o00
= ) z[(m—-k)+ Na[k]
k=-—o00

Since z[n] is periodic, z[n] = z[n + rN] for any integer r. Hence,

o

ym+N] = > z[m - klh{k]

k=-—00

y[m]

So, the output must also be periodic with period N.

24
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2.23. (a) Since cos(nn) only takes on values of +1 or -1, this transformation outputs the current value of
z[n] multiplied by either £1. T'(z[n]) = (—1)"z[n].
e Hence, it is stable, because it doesn’t change the magnitude of z[n] and hence satisfies bounded-
in/bounded-out stability.
e It is causal, because each output depends only on the current value of z[n].
o It is linear. Let y1[n] = T'(z1[n]) = cos(wn)z;[n], and yq[n] = T(z2[n]) = cos(rn)zz[n]. Now

T(az1[n] + bzz[n]) = cos(nn)(azy[n] + bzz[n]) = ay:[n] + byz[n]

e It is not time-invariant. If y[n] = T(z[n]) = (-1)"z|n], then T'(z[n —1]) = (~1)*z[n — 1] #
y[n —1].
(b) This transformation simply “samples” z[n] at location which can be expressed as k2.
o The system is stable, since if z[n] is bounded, z[n?] is also bounded.
e It is not causal. For example, T'z[4] = z[16].
e It is linear. Let y1[n] = T(z1[n]) = z1[n?], and y2[n] = T(z2[n]) = z2[n?]. Now

T(azy[n] + bz2[n]) = az; [n?] + bz2[n?]) = ay1[n] + byz[n]

e It is not time-invariant. If y[n] = T(z[n]) = z[n?], then T(z[n — 1]) = z[n® — 1] # y[n — 1].
(c) First notice that
<]
> 8ln— k] = u[n]
k=0
So T(z[n]) = z[nJu[r]. This transformation is therefore stable, causal, linear, but not time-
invariant.
To see that it is not time invariant, notice that T'(6[n]) = é[n], but T'(d[n + 1]) = 0.
(d) T(zln]) = XiZn- (k]
o This is not stable. For example, T(u[n]) = co for alln ; 1.
o It is not causal, since it sums forward in time.
e It is linear, since

> amfk]+bmakl=a Y @kl+b Y z2fk]
k=n—1 k=n-1 k=n-—-1
e It is time-invariant. Let .
yln] =T([r) = ) alk),
k=n~1
then -
Teln-n)= Y. o[kl =yln—nol
k=n—ng—1
25





