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Solution’s Manual for Finite Element Analysis of Composite Materials Using Abaqus

Problem 1.1

Using the principle of virtual work (PVW), find a quadratic displacement function u(x) in
O<x<L of a tapered slender rod of length L, fixed at the origin and loaded axially in
tension at the free end. The cross-section area changes lineally and the areas are A;>A; at
the fixed and free ends, respectively. The material is homogeneous and isotropic with

modulus E.

Solution /
e \
e s
/ E
?/
e |

The PVW says that:
[(oyeeyav)- [ (touds)- [ (fauav)=0

\ S \

Assuming u(x) as: U(X) =C, +Cx+ C2X2

—0)= THEN .
Using the boundary condition u(x - O) =0——C, =0

Because of'it’s a case of uniaxial load without body forces (f; = 0), the PVW can be

rewritten as:
L

[ (0,6, Adx) - Fau(x = L)

0

0

So, we can calculate:
A(x) = x&, + x*&C,

£ :Z—U:Cl+2(32x
X

og, =, +2XC,
o, = Eg, =E(C,+2C,x)

and
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AK:AM_,_AZK

L L
_Ai (Ai_Az)

—1 20y

L

Now,
L

E[(C, +2C,x)eT, + 2x5C2)(A1 - sz) xjdx ~F(L&C, + 12T, )=0

0

L
E[(C,6T, +2C,xeT, +2C, X, + 4C2x26C2{A1 - @ xjdx ~F(L&c, + 2&C,)=0

0

L

E [ (4C,x*6C, +2(C,&C, +C, 0T, Jx + c:lacl{A1 - Lf?) dex ~F(Lac, + 1’C,)=0

L

EA, [ (4C,x*6T, +2(C,8C, +C,&C, x + C,6C, Hx
0
(

Al;AZ)T(M:ZX%CZ +2(C,0C, +C,dC, )k +C,aC,xJdx — F(LAC, + L26C, )= 0
0

EA{% L’C,dC, + L?(C,0C, + C,C, ) + LC@CJ

-E (Al lAZ)(L4C2&2 +§L3(C1&2 +C26Cl)+%|‘2cl&lj_ F(L&l + Lzécz): 0

Reordering the equation to express it like a linear combination of the variations of C;’s

éCl(EAlLZCZ +EALC, —% E(A - A )LC, ‘% E(A - A )LC, - FLj

+ &z[g EAL’C, + EAL’C, - E(A - A))LC, —%E(Ai - A)L’C, - FLZJ =0

Since Ci’s are independent variations of Ci’s values there are two equations involved in
the above one. The solution of those equations (2x2 system) will give the values of
coefficients Ci'’s.
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(EAlL—%E(Al - Az)ch1 +(EA1L2 —% E(A - AZ)LZJCZ = FL

[EAlLZ —%E(Al - Az)szCl +(% EAL—E(A - AZ)L3)CZ = FL?

Calling

1

a=EA-JE(A-A)

p-EA-ZE(A-A)

¥ = SEA E(A-A)

Then
oC, +pLC, =F

PLC + A C, =F

The solution for this system is:
(B-a)F

C = (Z_ﬁ)F
Y lax-47)
Finally, the displacement solution is:
_=pF ., (B-aF
u(x) = (a;(—ﬁz)XJr (5 —az) X

In terms of the known data

u(x)= 64, Fx + AA-A) x
E(W +4AA +A)) " E(A+4AA +A) L

Fx
u(x)=—
When A; = A, = A the well-known result EA s obtained.
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Problem 1.2

Using the principle of virtual work (PVW), find a quadratic rotation angle function 6(x)
in O<x<L of a tapered slender shaft of circular cross section and length L, fixed at the
origin and loaded by a torque $T$ at the free end. The cross-section area changes lineally
and the areas are A;>A; at the fixed and free ends, respectively. The material is
homogeneous and isotropic with shear modulus $G$.

Solution

The PVW says that:
[(oy0,0v )~ [(Tawds)- [ (fevdv)=
S

\ \Y
Assuming 8(x) as: 6(x)=C, +Cx+C,x*
Using the boundary condition #(x = 0)=0—"~_C, =0

Because of'it’s a case of pure torsion without body forces (fi = 0), the PVW can be
rewritten as:

j(ﬁﬁ(% Yy )AKdX)—Tée(x = |_) -0

0
So, we can calculate:

80 (x) = xIC, + x*C,

ou ov
= (5+&) =1 (C, +2C,X)

7/xy

.
5(%7/xy)= EX(&l + ZX&Z)
7, =Gy, =G (C, +2C,x)
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and
_aL=x) ,x
B L +A2L
_ _(Ai_Az) 2
A<_Ai L X_ﬂrx
(2=r2 - - X
L
Now,

L
[Gr,(C, +2C,x)3 1, (&, + 2xeT, JarZdx ~T (L&, + 26T, ) = 0
0

Solving the integral and organizing the result

C, (& #G )(2C1 (rl4 +r2r2 +r} )+ LC, (rl4 +2r%r? +3r) ))
+ C, (& 7G )(5 LCl(rl4 +2r%r? +3r} )+ 4L%C, (rl4 +3r°r? +6r} ))
—T&C, + LTS,

The coefficients of the terms 6Ci’s must be equal on RHS and LHS, therefore a 2x2
system can be written.

20C, + pLC, =6
56C,+4,LC, =56
with

a=r'+rr +r,

B=r"+2rr] +3r)

x =1 +3r’r] +6r,
12T

0=—-
7G

Solving the system

Cl:( 5’2_41 J5
50° -8ay

C _ 20— |36
2 (582 -8ay ) L

2Tx . .
When r, =1, =r the well-known result 8 = is obtained.

Gar?
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Problem 1.3

Construct a rotation matrix [a] resulting from three consecutive reflections about (a) the
x-y plane, (b) the x-z plane, (c) the y-z plane. The resulting system does not follow the
right-hand rule.

Solution
Initial system

/\v

(@) The reflection of z-axis about the plane x-y can be reached by one of the
following four rotations: 6 = (+r) or (-t) about the x-axis or y-axis.

X

(b) The reflection of y-axis about the plane x-z*@an be reached by one of the
following four rotations: 6 = (+r) or (-r) about the x-axis or z-axis.

. . . v
(c) x’-axis represents the reflection of x-axis about the plane y-z. It can be reached by
one of the following four rotations: 6 = (+rx) or (-r) about the y-axis or z-axis.

v v

\Y/
1
1
1
1
1
1
1
1
1
1
1
1

vz
Notice that the new system doesn’t accomplish the right hand rule.
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-1 0 O
Rotation matrix: a; =| 0 -1 0
0 0 -1
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Problem 1.4

Construct three rotation matrices [a] for rotations 8 = m about (a) the x-axis, (b) the y-
axis, (c) the z-axis.

Solution
Rotation about the x-axis
1 0 0 1 0 O
a;=|0 cosf sing|—"—>a;=|0 -1 0
0 -sin@ cosd 0O 0 -1

Rotation about the y-axis

[cos® 0 —sin® -1 0 0
;= 0 1 0 |—=>a=0
_sine 0 cos@ 0O 0 -1

Rotation about the x-axis

[ cos® sind 0 -1 0 0
a; =|—-sing cosd 0|—=—>a;=0 -1 0
0 0 1 0 0 1
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Problem 1.5
Using

10 2 1
o= [ 2 5 1]
_ Sl1 13
and [a] of Ex. 1.2, verify that (1.29) yields the same result as (1.26).

Solution
Solved with Mathematica®:
TL({

{11_, ml_, nl_},

{12_, m2_, n2_},

{13_, m3_, n3_}

P)1:=(_{

{11%, m1?, n1?, 2 ml n1, 2 11 nl, 2 11 ml},

{12%, m2?, n2?, 2 m2 n2, 2 12 n2, 2 12 m2},

{132, m3?, n3?, 2 m3 n3, 2 13 n3, 2 13 m3},

{12 13, m2 m3, n2 n3, m2 n3+n2 m3, 12 n3+n2 13, 12 m3 +m2
13},

{11 13, ml m3, nl n3, ml n3+nl m3, 11 n3+nl 13, 11 m3 +ml
13},

{11 12, ml m2, nl n2, ml n2+nl m2, 11 n2+nl 12, 11 m2 +ml 12}

)

Tbar([T_]:=(_{
{1, o, o, 0, 0, 0O},
{0, 1, o, 0, 0, 0},
{o, o, 1, o, 0, 0O},
{0, o, 0, 2, 0, 0},
{o, o, o, 0, 2, 0},
{0, o, 0, 0, 0, 2}
P).T. (o
{1, o, o, 0, O, 0O},
{0, 1, o, 0, 0, 0},
{o, o, 1, o, 0, 0O},
{0, o, 0, 1/2, 0, 0},
{0, o, 0, 0, 1/2, 0},
{0, o, 0, 0, 0, 1/2}

)
Inverse[T[ (_{
{1, 0, 0},
{0, Cos|[rx], Sin|rnr]},
{0, -Sin[rx], Cos[r]}
}_)1]1==Tbar[T[ (_{
{1, 0, 0},
{0, Cos|[n], Sin[rx]},
{0, -Sin[n], Cos|[x]}

} 117 (* Eql .47 [T]*-1lOverscript[=, ?][Overscript][T,
_11"T for (a) *)
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Inverse[T[ (_{

{Cos[x], O, -Sin[x]},
{0, 1, 0},

{Sin[x], 0, Cos[x]}

}_)11==Tbar[T[ (_{
{Cos[x], O, -Sin[x]},
{0, 1, 0},
{Sin[x], 0, Cos[r]}

}.)11" (* Eql .47 [T]~-1lOverscript[=, ?][Overscript[T, _]1]°T

for (b) *)
Inverse[T[ (_{
{Cos[7x], Sin[mx], 0},
{-Sin[x], Cos[xr], 0},
{0, 0, 1}
}_)11==Tbar[T[ (_{
{Cos[x], Sin[x], O},
{-Sin[x], Cos[x], 0},
{0, 0, 1}
} )117T (* Egql .47 [T]”-1Overscript[=, ?][Overscript[T,

_117°T for (c) *)

All three equations yield "~ “true’’.
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