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1.6. Exercises

P1.1 Using Cartesian bases, show that (u ® v)- (w ® x) = (v- w)u ® x where u, v,
w, and x are rank 1 tensor.

Solution: Using the Cartesian basis, (u® v)(w ® x) = (ue; ® vie;) - (w e, ® €)).
Since the dot product occurs between adjacent bases, we have

(v, ® 'Ujej) (w,e, ® zpe))
= ywz(e; e )(e; ®e)
= uvwzb, (e; ® e)
= yw;z(e; @ €)

= vw;(ue; ® ze)

A
=(v-w)(u®x)

In the above equation, we used the following properties: e, e =0,, wb, =w,, and

vw; = VoW,

P1.2 Any rank 2 tensor T can be decomposed by T =S + W, where S is the symmetric
part of T and W is the skew part of T. Let A be a symmetric rank 2 tensor. Show
A:W=0adA:T=A:8S.
Solution: Since A is symmetric and W is skew, we have
AW =AW, =-AW, =-AW,

Since in the above equation, the repeated indices i and j are dummy, the above equation
can be rewritten as

AWy = — AW =0
In addition, from the relation T=S + W,

A:T=A:S+W)=A:S+A:W=A:S

P1.3 For a symmetric rank-two tensor E, using the index notation, show that

I:E=E,where I =[6,6, +6,0,] is a symmetric unit tensor of rank-4.

Solution: Using index notation, the contraction operator can be written as

(I:E), =[5,8, +6,6,1E,

ik gl il gk

Since the Kronecker-delta symbol replaces indices, the above equation can be written as



(I:E), =1[E, + E,|=E, = (E),

)

The symmetric property of E is used.

P1.4 The deviator of a symmetric rank-2 tensor is defined as A, = A — A™1 where
A" =+(A, + A, +A,). Find the rank-4 deviatoric identity tensor I, that satisfies
Adezr = Idev : :
Solution: From Problem P1.3, it can be shown that I: A = A . In addition, A™ can be
written in the tensor notation as A" = %1 : A Therefore, A, = A — A™1 and it can be
written as

A, =[I-1101:A=1,:A

dev

The last equality defined the rank-4 deviatoric identity tensor I .

P1.5 The norm of a rank-2 tensor is defined as HAH =+ A : A . Calculate the following
derivative 0 HAH / OA . What is the rank of the derivative?

Solution: From the definition

o)A
y - a%[(A FVE %(A L A)2(2A 1) =

A
4]

The result is a rank-2 tensor. Note that the property that A / OA =1 is used.

P1.6 A unit rank-2 tensor in the direction of rank-2 tensor A can be defined as
N =A/[A]. Show that ON / 9A = [1- N @ N]/[A].

Solution: Using chain-rule of differentiation, the unit normal tensor can be differentiated
as

ON_ 9
0A  0A

A

4]

1
Jaf

oA
O0A

O||A
- a5 5!

It is straightforward to show that A / OA = I. From Problem 1.5, we have

olal_ o
OA O0A

A
Al

(A:A)”] = LA A)22A) =
2

Therefore, we have



ON 1
—=—(I—-N®N
on " NN

P1.7 Through direct calculation of a rank-2 tensor, show that the following identity

Solution: In the index notation, (, s, t) are real indices, while (i, j, k) are dummy indices.
Since (1, s, t) only appears in the permutation symbol, it is enough to show the cases of
even and odd permutation. Consider the following case of even permutation: (1, s, t) = (1,
2, 3). In such a case, non-zero components of the right-hand side can be written as

eijL~Ai1Aj2AL~3 = 6123‘411’422‘433 + 6132‘411’432‘423
tey A AR A, + e, A A AL
te,, A ALA e, AjALA L

In the above equation, we have e, =e, =e¢,

Therefore, the above equation becomes

ezjkAilAj?AkS = All(A22A33 - A32A23) + A?l(AazAm - A12A33) + ‘431(‘412‘423 - AEQAIS)

which is the definition of det[A]. By following a similar approach, it can be shown that
the odd permutation of (r, s, t) will yield —det[A].

2 1 and €30 = €3 = €591 = —1.

P1.8 Foravector r = z,€, + 1,8, + T5€4 and its norm r = ‘r

,prove V- (1) = 4r.
Solution: From the product rule,

V-(m)=Vr-r+rV-r
Now consider

1 0 1 0z, oz, 1

0 N
VT.:—.%{II,l/Q =0z .x. :__]$—{—.’L'—j ISy =i
( )7, axl( J ]) 2(Ik,’1]k)1/2 axl( Ji j) 27”(81‘ j j a:I:,L) . i .

Therefore,
. orx. 2
v'(”):VT'I'—I—TV'r:ﬁ%_}_r $l:r_+3/’":4’f‘
r 8:1] r

7

This completes the proof.




P1.9 A velocity gradient is decomposed into symmetric and skew parts, Vv = d + w,

where
dzl %_}_%, w:lavz_%
Y 2 EMJ. 8332. v 2 81‘]- &Ui

Show that

(a) For a symmetric stress tensor, o : Vv = o : d.

1 ov

®)w, =-e,e  —5
ij 92 ik~ mnk 8£En

Solution:
(a) From Prob. 1.2, Since stress tensor is symmetric, o : w = 0. Therefore, it is obvious
that c: Vv=0c:w+o:d=0oc:d.

(b) The direct substitution method can be used to show the identity. We will show the
case when ¢ = 1,7 = 2. The other cases can also be shown in the same way. Knowing
that the permutation symbol becomes zero when indices are repeated, in this case the
only nonzero situation happens when k& = 3. For the second permutation symbol, the
only non-zero situations are m = 1,n = 2 and m = 2,n = 1, where the former is even
permutation and the latter is odd permutation. Therefore,

W9

! Ov _1[%_%]

= —e..e —_m _—
2 123"mn3 8In 2 8.772 afL’l

Other cases can also be shown in the same way.

P1.10 A symmetric rank four tensor is defined by D = A1 ® 1 4+ 2ul where 1 = [(51.].] is
a unit tensor of rank-two and I = ;[6,6, + 6,0, ] is a symmetric unit tensor of rank-four.
When E is an arbitrary symmetric rank-two tensor, calculate S = D : E in terms of E .

Solution: Using index notation, the contraction can be written as

S, =D,E, = [A(sm(skl + (8,8, + 5_167k)]Ekl

ikl Kl L2 (2

Since the Kronecker-delta symbol replaces indices, the above equation can be simplified
as

Sij = D E = )\Ekk6zj + 'LL(EU + Eji) = )\Ekk6zj + QMEU

wgkl™ kKl
In the tensor notation, the above relation can be written as

S=D:E = Mr(E]1+2uE




P1.11 Using integration by parts, calculate [ = f zcos(z)dx.

Solution: Let v = z and v = cos(z). Then

f:l:cos(x)dx = fuv’dx
= uv — fu'vdx
= zsin(z) — fsin(x) dx

= xsin(z) + cos(z) + C

P1.12 Using integration by parts, calculate [ = f e’ cos(z)dx .
Solution: Let u = cos(z) and v = €”. Then
fe‘/” cos(z)dx = e” cos(z) + fe‘/” sin(z)dx

Now, to evaluate the second terms on the right-hand side using additional integration by
parts with u = sin(z) and v = ", as

fe"” sin(z)dx = e” sin(z) — fe"” cos(z)dx
Therefore, putting these together, we have
fef” cos(z)dx = e’ cos(z) + €” sin(z) — fef” cos(z)dz

After rearranging, the original integral can be obtained as

fex cos(z)dx = %(e‘” cos(z) + " sin(x)) + C

P1.13 Calculate the surface integral of the vector function F = ze, + ye, over the
portion of the surface of the unit sphere, S : z> + 4? + 2? = 1, above the zy plane; i.e.,
z>0.

j;F-ndS

Solution: If we close the surface of integration by adding the portion of the zy plane
which spans the hemisphere, we notice that the surface integral of F over the added
surface is zero, since

F-n=F-(—e;) =0



over this area. Thus, the divergence theorem states that we may calculate the required
surface integral of F by evaluating

fSF-ndS:ffVV-FdV

where V' is the volume interior of the hemisphere. Since V - F = 2, the result is merely
twice the volume of the unit hemisphere, or 47/3.

P1.14 Evaluate the surface integral of a vector, F = ze, + ye, + ze,, over the closed
surface of the cube bounded by the planes, z = +1,y = +1,z = £1, using the
divergence theorem.

fSF-ndS

Solution: Using the divergence theoremand V- F = 3,

fSF-ndS:ffVV-FdV:ffviSdV:M

P1.15 Consider a unit-depth (in z-axis) infinitesimal element as shown in the figure.
Using force equilibrium, derive the governing differential equation in two-dimension
(equilibrium in x- and y-directions). Assume that a uniform body force, f% = [ le , fQB |, is
applied to the infinitesimal element.
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Solution: Equilibrium in the x—direction yields the following equation:
[0’11 ‘H@ ]dy — [011 ‘mfdi" ]dy + [7’21 ‘er@ ]dx — [7’21 ‘ydy]dx + fIdedy =0
2 2 2 2

If the first-order Taylor series expansion is used to represent stresses on the surfaces of
the rectangle in terms of stresses at the center, the first two terms in the above equation
can be approximated by



["11 ‘Hﬂ ]dy - [‘711 L_@ ]dy
2 2

0o, d
= [‘711 "‘&_x]dy - [‘711

T Ox 2
Similarly, the next two terms can be approximated by

— 80” % dy = —8011 dzdy
I oz 2 oz

[7’21 ‘H@ dx — [7’21 ‘gﬁ@ ]dar;
iy 2
=T Oy dy de — | 7 ‘ _ Ot dy de = 97y dxdy
2y dy 2 21y dy 2 oy

By substituting these two equations into the original equation, we obtain an equilibrium
equation in the x—direction as

0oy, 01y

+/=0
Ox oy h

Similarly, equilibrium in the y-direction yields the following equation:

or,, 0o,

+5 =0
Ox Jy 2

P1.16 In the above unit-depth (in z-axis) infinitesimal element, show that the stress
tensor is symmetric using moment equilibrium.

Solution: Moment equilibrium with respect to the center of the element becomes

dzdy dzdy dzdy dzdy
T de |—— +| T de |—— —| T. dy |—— —| T d =0
[l [ el J 5l [l )

If the first-order Taylor series expansion is used to represent stresses on the surfaces of
the rectangle in terms of stresses at the center,

Typdrdy — 7o dxdy = 0

Thus, the stress tensor is symmetric. The same relation can be shown for 3-D stress
tensor.

P1.17 The principal stresses at a point in a body are given by o, = 4,0, = 2,0, =1,
and the principal directions of the first two principal stresses are given by
n') = ﬁ(o, 1,—1) and n® = %(0, 1,1) . Determine the state of stress at the point; i.e., 6
components of stress tensor.



Solution:
Since the three principal directions are mutually orthogonal, the third principal direction
can be calculated by using the cross-product of the two principal directions, as

n® = n® xn® = (1,0,0)

Since these three principal directions are mutually orthogonal, they can be considered as
a basis of coordinate system. In this new coordinate system, the stress tensor will only
have diagonal components, which is the same as the three principal stresses. Then, the
transformation between the two coordinate systems for a rank-2 tensor can be written as

(o193 = [Q]T[G]mz[Q]

where [Q] = [0 n® n®)] is the orthogonal transformation matrix between the two
coordinate systems. Using the property that the inverse of an orthogonal matrix is the
same as the transpose, the reverse relationship can be obtained as

[0],,. = [Qllo]5[Q1"

Or,
001400()%—% 1 0 0
[G]W:%%00200%%=03—1
L L gllo 0 1{1 0 0 0 -1 3
2 42

The last matrix defines all 6 components of stress tensor.

P1.18 Find the principal stresses and the corresponding principal stress directions for the
following cases of plane stress:

(a) 0'11:40 MPa, 022=0MPa, 0'12:80 MPa

(b) g11 = 140 MPa, 0'22:20 MPa, 0'12:_60 MPa

(C) 0'11:—120 MPa, 0'22:50 MPa, g1 = 100 MPa

Solution:
(a) The stress matrix becomes

40 80
80 0

MPa

ag

l Oz sz
Tl'l/ vy

To find the principal stresses, the standard eigen value problem can be written as
[c — JI]{n} =0

The above problem will have non-trivial solution when the determinant of the coefficient
matrix becomes zero:



T.. g . —0

The equation of the determinant becomes:
((40—0)-—0)—(80-80) = 0® — 400 — 6400 = 0

The above quadratic equation yields two principal stresses, as

o, = 102.46 MPa and 0, = —62.46 MPa..

To determine the orientation of the first principal stresses, substitute 6; in the original
eigen value problem to obtain

n, 0

n, o

Since the determinant is zero, two equations are not independent

40 — 102.46 80
80 0 —102.46

62.46-n, = 80-n 80 n, = —102.46 - n,

¥ and

Thus, we can only get the relation between ny and ny. Then using the condition [n| = 1 we

obtain
{nx F” - {0.788}
n, 0.615
To determine the orientation of the second principal stress, substitute o, in the original
eigen value problem to obtain
n,| 0
=l

80-n, = —62.46 -1,

40 + 62.46 80
80 0+ 62.46

102.46 - n, = —80 - n, and

Using similar procedures as above, the eigen vector of 6, can be obtained as

n,|? [ 0615
n,| — |-0.788
Note that if n is a principal direction, —n is also a principal direction

(b) Repeat the procedure in (a) to obtain

o, = 164.85MPa 0, = —4.85MPa

and

1% }“) - {—0.924} {n r) - {0.383}
n, 0383 [ |, 0.924



(c) Repeat the procedure in (a) to obtain

o, = 96.24 MPa = —166.24 MPa

g
and 2

{nx r’ {0.420} {n r) {—0.908}

n, 0.908 and n, 0.420

Note that for the case of plane stress 63=0 is also a principal stress and the corresponding
principal stress direction is given by n® =(0,0,1)

P1.19 Determine the principal stresses and their associated directions, when the stress
matrix at a point is given by

[e]={1 1 2|MPa
1 21

Solution:
Use Eq. (1.50) with the coefficients of 1,=3, I,=—3, and I5=—1,

AP =3\ =3A4+1=0
By solving the above cubic equation,

o, = 3.73MPa, o0, =0.268MPa, o, = —1.00MPa

(a) Principal direction corresponding to o:

(1—3.7320)n, +n, +n, =0
ny + (1—3.7321)n) + 2n! = 0
n, +2n, + (1 —3.7321)n; = 0

Solving the above equations with [n'| = 1 yields
n' = {£0.4597,+0.6280, +0.6280}
(b) Principal direction corresponding to o»:

(1—0.2679)n, +n, +n; =0
n? +(1—0.2679)n + 2n =0
n? +2n2 + (1 —0.2679)n = 0

Solving the above equations with [n*| = 1 yields
n* = {40.8881,F0.3251,F0.3251}

(c) Principal direction corresponding to o3:



