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Chapter 1

The Wave Function

Problem 1.1
(a)
()P =212 =

(%) = % ZjQN(j) = i [(14%) + (15%) 4 3(16%) + 2(22°) + 2(24%) + 5(25%)]

1 6434
= ﬁ(196 + 225 4 768 + 968 + 1152 + 3125) = = 459.571.

J|Aj=j—{)
4 [14—21=—7
15 | 15—21=—6
(b) 16 | 16 —21 = —5
22| 22-21=1
24| 24-21=3
25| 2521 =4

o’ = % Z(Aj)QN(j) = % [(=7)2 + (=6)>+ (=5)* -3+ (1)*- 2+ (3)*- 2+ (4)* - 5]

1 260
ﬁ(49+36+75+2+ 18 +80) = = 18.571.

o = V18571 =|4.309.
(c)

(5%) — (j)? = 459.571 — 441 = 18.571.  [Agrees with (b).]
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Problem 1.2
(a)

(e?) = /22 ! dmzl(zw)
o 2Vhzx 2vh \ 5

5 3 45 3v5
(b)
P—l—/ﬂidx—l— i(2\/5) o —l—i(w/x —Vz2)
o 2hr 2Wh . BV E
zy = (z) + 0 = 0.3333h + 0.2981h = 0.6315h; z_ = (z) — 0 = 0.3333h — 0.2981h = 0.0352A.
P =1-+0.6315+ v0.0352 = | 0.393.
Problem 1.3

()

1= / Ae M= g Tetu=x— a, du =dzx, u:—00 — 00.

1:A/ e’\“QduA\/? N RS
oo A T

(x) = A/ ze N0 gy — A/ (u+ a)e_’\"zdu
:A[/ ue—/\uzdu—i-a/ e—W’du} :A<o+a\/§> =[a.]

(%) = A/ 22e M@0 gy

=A {/ w2e N dy, + 2a/ ue ™ du + a2 / e>‘“2du}

}: a4+ —.

(b)
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() p(x)
A
a X
Problem 1.4
(a)
AR [ AR 1
1:7/0 szdx—‘-(b_a)Q/a(b—x)le':AP ?
b— b 3
— AP [§+ Ba} = |APZ = [A=/3.
(b)
o
A
a b X
(c) At [T=a]
(d)

a A2 a
P:/ w2de = AT / 22dr = |APS
0 a= Jo 3

(e)

if b=a, v

P=1
P=1/2if b=2a. v

(z) =/$|\I/|2dx: |A|2{(112/0ax3dx+ (bla)Q/abx(b—x)de}

a+ 1
0 (b—a)?

i ()
_ 3
4b(b — a)

3 oL, 2,
= 10(b—a)? (3‘”’ gt

)

3

1

4(b— a)Q(

4

2

9T x

2o opl 4
(b2 63+ >

5 [0®(b— a)® 4 2b* — 86* /3 + b* — 2%V 4 8a’b/3 — a’]

b* — 3a*b + 2a*) = .

2a + b
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Problem 1.5

(a)
o0 672/\1 S |A|2
1 :/|\I/|2d:r:2|A|2/ e 2y = 2| A|? ( > = A=V
0 -2X /|, A
(b)
(x) = /x|\I/|2dm = \A|2/ e Mol gy : [Odd integrand.]
o0 2 1
2:2A2/ 2,-22a 7, _ 9 .
(x®) |A] ; e dx A e o2
(c)
1 1
2 2\ N2 - ) U(+0)|? = |A[2e=227 = e 2N V2N — \e=V2 — 0.2431 ).
o° = {(z%) — (x) e o N3 [T (+0)|” = |A|"e e e 0.2431\

Probability outside:

0o 00 -2z o
2/ 0|2de = 2|A|2/ e~y = 2) <e > )‘ = e = | V2 = (0.2431.

Problem 1.6

For integration by parts, the differentiation has to be with respect to the integration variable — in this case the
differentiation is with respect to ¢, but the integration variable is z. It’s true that

0

Ox 0 0
U|2) — 2 2 _ 2
S @lV) = SO 4 U = O,

but this does not allow us to perform the integration:

b b
Q 25 Q 2 2,0
/a mat|\Il\ d:c—/a at(m\\ll\ Ydx # (z|¥| )|a
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8
Problem 1.7
From Eq. 1.33, d<"> —zhf 5 (\If* 8‘1’) dz. But, noting that 2 azat = g:a‘l; and using Eqs. 1.23-1.24:
0 ov ov* oV o (0¥ ih 02T* g ov 0 [ih 02T
— (U — ) = — 4V — | — | = |- fV\IJ* e — = =VVU
8t( ax) ot o 895(615) [ om o2 }aﬁ 8x[2m8x2 B
ih v 92U O i ov 0
= — |0 — — VI — — U — (VO
2m { ox®  0x? Oz } { Ox oz ( )]
The first term integrates to zero, using integration by parts twice, and the second term can be simplified to
Vgt gy I g Sy = —|[29Y So
d(p) (i 2av ov
= —ih v ={——). ED
o ——in() [ -1l -2 Q
Problem 1.8
ihdY — zhjl ?;2 + VW¥. We want to find the solution

Suppose ¥ satisfies the Schrodinger equation without Vy: 4
8% SR i (V +V5)¥,.

\I/() with ‘/E)Z ih 2m 0x2
Claim: ¥y = \I/e*’VOt/h
Proof ha% _ ha\y ﬂvot/thm\I,( zvo) —iVot/h _ {7%%13} +V\I/} e=iVot/h | Yo gre—iVot/h

B 9% | (V4 V)W,  QED

— T 2m 022
This has no effect on the expectation value of a dynamical variable, since the extra phase factor, being inde-

pendent of x, cancels out in Eq. 1.36.

Problem 1.9
(a)
1=2|A]? /OOO o—2ama® /B g, 2|A\2% m _ |4 27;;2. = (Z;‘Zl)l/4_
(b)
%f = —ia¥; % _ 72a;nff\p; 5;1\12’ _ 72(27)1 <‘I’+xaai> _ 72@;_Lm <1 B Qaq;;x2> v
e AT

. R . .2 OU
Plug these into the Schrodinger equation, ih; =

K2 2am 2ama?
U = th(—ia)¥ + — | — 1-— R
1% ih(—ia)¥ + o < W > < W >

2 2
{ha — ha (1 _ Loy )] U = 2a*ma’®¥, so ’V(x) = 2ma’a?.
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(c)
(x) = / z|U)?de = [Odd integrand.]
e 2 1 wh h
2 :2A2/ 2 —2amz®/h :2A2 \/ _ .
(=) 4l 0 ve do =2/ 4] 22(2am/h) V 2am | 4dam
d(x
) =m ™ _[0]
<2>—/\1/* ho 2\1/01 ——hZ/\p*m’d
P = 1 0x v a2 *F
2 2 2 2
= _52/\11* JEO (2T ) | d = 2amb /\\II|2dx— ﬂ/x2|‘l/|2dx
h h h
_ 2am , 5.\ _ 2am h \ 1y
= 2amh <1 - (x )) = 2amh (1 - 4am) = 2amh <2> = |amh.
(d)
02 = (%) — (x)? = f = |0, =1/ hol o2 = (p*) — (p)? = amh = | o, = Vamh
v dam * dam [ P P '

h

dam

Og0p = vamh = g” This is (just barely) consistent with the uncertainty principle.

Problem 1.10
From Math Tables: m = 3.141592653589793238462643 - - -

P0)=0  P()=2/25 P(2)=3/25 P3)=5/25 P(4)=3/2
@) | ps)=3/25 P(6)=3/25 P(7)=1/25 P(8)=2/25 P(9)=3/25

In general, P(j) = %

(b) Most probable: Median: 13 are < 4, 12 are > 5, so median is
Average: (j) = %[0-0+1-2+42-3+3-5+4-3+5-3+6-3+7-1+8-249-3]
= L0+2+6+15+12+15+18+ 7+ 16+ 27 = 18 =[4.72.]

(€) )= £[0+12-24+22.3+3%2.5+42-3+52.34+62-3+72-1+82-2+9%.3
= L[0+2+12+45+ 48+ 75 + 108 + 49 + 128 + 243] = 10 =[28.4.
0% = (j%) — (j)? = 28.4 — 4.72% = 28.4 — 22.2784 = 6.1216; o = /6.1216 =|2.474.




10 CHAPTER 1. THE WAVE FUNCTION

Problem 1.11
(a)

Lt v=E o o) =2 E-ve).

(b)

b b
T:/ ! dx:\/m/ r _ de.
o /2 (E— Lka?) k Jo /RE/k)—=x
Turning points: v =0= E =V = $kb> = b= \/2E/k; a= —b.
b
B m 1 B mo. g (r\|° m .
T—21/E/0 ﬁdx—%/ksm (b))o_%/ksm (1)
mom m
=25 (5) =T

px) = = : ()

= - > X
(¢) [(z) =0
1 b 2 2 b 2
(z?) = f/ < = I
7 J_y Vb2 — 22 T Jo VB2 — 2
2 = 2 b ¥r 0 |E
= 222 — 2+ g 1(7) _ 2 =22 == =
{2 x—|—2sm o), sin” (1) —5 =3 A
b E
op = {22 — (2)? = /(2?) = — =/ —.
V=GP = Vi) = S5 =y
Problem 1.12
®) d |dt/dp| d,
14 t/dp| dp
dp = — = 2/ 2070
plp)dp = — T
where dt is now the time it spends with momentum in the range dp (dt is intrinsically positive, but
dp/dt = F = —kx runs negative—hence the absolute value). Now
2 2
p | 2 p
— 4 = =F =44/~ E— —
om T3k - k( 2m>’
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SO

—_

1 1
rER 2 (E-£) ©2mE —p? | w/ —p?

where ¢ = v2mE. This is the same as p(z) (Problem 1.11(b)), with ¢ in place of b (and, of course, p in

place of x).
2
(b) From Problem 1.11(c), | (p) =0, (p*) = %, op = % =+vVmE.
E m E 1 1 . . . .
(c) om0, = " vVmE = T E|= e If E > Shw, then 0,0, > 5h, which is precisely the Heisenberg

uncertainty principle!

Problem 1.13

x[t_] :=Cos[t]

snapshots = Table[x[ 7w RandomReal[j]], {j, 10000}]

Histogram[snapshots, 100, "PDF", PlotRange - {0, 2}]

20r

10

05
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r[x_] :=
i 1-x2
Plot[ r[x], {x, -1, 1}, PlotRange -> {0, 2}]
‘ 201

| |
| ’

-10 -0.5

Show[Histogram[snapshots, 100, "PDF", PlotRange » {0, 2}],
Plot[ r[x], {x, -1, 1}, PlotRange -> {0, 2}]]

[ P P P
0.5 0.0 0.5 1.0

Problem 1.14

(@) Pup(t) = [2|U(x,t)2dw, so Lo = [* 21024z, But (Eq. 1.25):
v 9 ov o .
ot oz [ (qj dr  Ox \IIH B —%J(x,t).
dP‘“’ = / —J(x,t)dx = — [J(z,1)]|° = J(a,t) — J(b,t).  QED

Probability is dimensionless, so J has the dimensions 1/time, and units

(b) Here U(xz,t) = f(z)e ', where f(z) = Ae=@m="/h g0 T = fe—iat df giat — ¢df

dz - Jdx
and U* %‘1’ fdf too, so | J(x,t) = 0.
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Problem 1.15
Use Eqgs. [1.23] and [1.24], and integration by parts:
CZ/Z\I/T\IIQCZ,I = /C: (’?t (10,) dx = /C: <aa\1f\112 +\II’{({9§;) dx
_ /:: K;;fa;g + ;qu7> Uy 4 0 (;’;‘La;jf - ;V%H dz
= f% a;quz : /O:O aaj%dx— w;% : /O:O 8;5 ‘98‘1;2 dz| = 0. QED

Problem 1.16

(a)
1= \A|2/ (az—xQ)de:2|A\2/ (a* — 2a%2” + o) da = 2| A [
—a 0
2 1 16 15
=2(APa® (1 -S4 - ) = —d°|A]* so| A=/ ——.
||a< 3+5> T V 1647
(b)

(z) =

—a

(c)

/ x| dr = (Odd integrand.)

= [ ) )
1 —a x

Since we only know (x) at t = 0 we cannot calculate d(z)/dt directly.

(d)

<w2> = Az/ 22 (a2 — m2)2dx = 2A2/ (a4x2 —2a%2* + xﬁ)dx
0

_ 1502 (35;4;2—; 15>

15, (1 2 1
0_8a5(a)<3 577
_|
~|7

)

(Odd integrand.)

3

3
T
a*r — 2a%— +

0

5

|

a

0
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(e)
a d2 a
<p2> = —A2h2/ (a2 — xz) ﬁ(a2 — x2) dr = 2A2h22/ (a2 - x2)dx
a x 0
~—_————
-2
15 o (o @\["_ 15K ( 5 @’ _ 1507 2 |50
1665 \“" 3 ), 4 \" T 3) T 1a® 3 [24%
()
1 a
s =V (22) — ()2 =4/ =a? =| —.
7o = Vi)~ (0 = et =|
(g)
5 h?2 5h
op =V (P —(p)? = 57: \/;
a a
(h)

_a \F’i_,/5h_‘/mh>h v
= N V" T V727

Problem 1.17

(a) Eq. 1.24 now reads 6(%* = —%% + %V*\I/*, and Eq. 1.25 picks up an extra term:
0 1 i 2r
22 = 2RV — ————_ iT — iT) = ... — ——|p|?
and Eq. 1.27 becomes ‘ilf = —% fooo |V |2de = —27{P. QED
(b)
ap 2T _ar — “ari/n _h
- = —?dt = InP= —?t + constant = ‘ P(t) = P(0)e ) ‘ 50 |7 = o
Problem 1.18
h h?
——>d > T< ——.
V3mkgT 3mkpd?

(a) Electrons (m = 9.1 x 10731 kg):

T (6.6 x 10734)2

=[1.3 x10° K.
= 3(9.1 % 10-51)(1.4 x 10-23)(3 x 10-10)2

Silicon nuclei (m = 28m,, = 28(1.7 x 10727) = 4.8 x 10~2% kg):

6.6 x 10734)2
T < (6.6 x )

=[24K.
3(4.8 x 10-26)(1.4 x 10-23)(3 x 10-10)2
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(b) PV = NkgT; volume occupied by one molecule (N =1, V = d*) = d = (kgT/P)"/>.

h2 P \%/3 B2 p2/3 1 B2 3/5
T<-——(— T <« L oT<—(2—) p2s.
< 3mkp <kBT> - < 3m k5B/3 < kg \3m

For helium (m = 4m,, = 6.8 x 10727 kg) at 1 atm = 1.0 x 10° N/m?:

1 (6.6 x 10-34)2\*/° s
T < (1.4 x 10-23) (3(6.8 »; 1027)) (1.0 x 10°) / :m

For atomic hydrogen (m =m,, = 1.7 x 10727 kg) with d = 0.01 m:

(6.6 x 10734)2 -
T —[62x 10 K.
< 3(1.7 x 10-27)(1.4 x 10-2)(10-2)2 a

At 3 K it is definitely in the classical regime.




