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Chapter 2
Translational Mechanical Systems

Topic Section | Examples | Problems!

Horizontal motion, applied force 4 1,2 1%,2,3,4%, 5,6

Horizontal motion, displacement input 4 3 7, 8,9

Relative displacements 4 4 10%, 11, 12*, 13, 14

Vertical motion 4 5, 6 15%, 16, 17, 18*, 19, 20
21, 22*

Horizontal and vertical motion 4 7 23, 24

Series and parallel combinations 4 8,9, 10,11 | 25%, 26, 27", 28, 29, 30

! The answers to problems with an asterisk are given in Appendix G.

2.1
Summing the forces shown on each of the free-body diagrams, k X, <
we have l..’ ‘ «— K. (X -X3)
M, 2{X, A2
.. . I)S"‘”- M _..’.f(f)
Mii, + B, + K1z + Kz(xl - 1‘2) = fa(t) Bl X' ‘ 3
Maoio + Bozo — Kz(;l‘l - .’172) = 0
Collecting terms gives
M1z + Bia1 + (K1 + Kooy — Koz = folt) AIZ(X’ -)(2)‘—% M t— 1 k,
—~Kox1 + Mois + Bois + Koxa = 0 Mz )E"(--. - 2 2
2.2
Summing the forces shown on each of the free-body diagrams, . »
we have 5 (X,, = X,)
. Kox, = M, M3
M1i1+B(;i,‘1-—fC2)+K1£C1 = 0 —— 3 [Ty X,
Miy + B(22 — 1) + K2z2 = fa(?)
Collecting terms gives
sl e Falt) <— —> K, X,
Mi, + Bty + Kyzy — Bz, = 0 B(gz_“,)_’ Mz "'—"M .x
—Biy + Msis + Big + Koo = fa(t) 272
2.3
Summing the forces shown on each of the free-body diagrams, .
we have K(x,* X 2) = -+ M, X
M3, + K11y +K2($2 +m‘1)+31(i2+i’1) = 0 3'(,(.’ f-x’,)-—-’r ! m— /(,X,

Il
o

Maio + Bogy + Bi(&g + 1) + Ka(za + 1) + fa(?)




Collecting terms gives

Mz, + By + (K1 +K2)I1 + Bizo + Kozoy =
By, + Kezy + Mozq + (B1 + Bg)i’g + Kozo =

0
“fa(t)

/‘12;1 “ —

ﬁ(t)""‘_ Mz

Bz *l -1

e— K3 (X, #Xa)
p— 'BI (i; +x.z)

2.4 . .
K, x, +— >3, (%, = X,)
M, jzl"_" M, —> 74"(&)
Kp(x;."xl)

B, X, <

FJ ()El = )?,)4—4

Mg )?2.4--—- /‘72

K; ( Xy ‘xl)""‘

Summing the forces shown on each of the free-body diagrams and collecting terms, we get

My + (By + B3)gy + (K1 + K3)zy — Bady — K3zz = falt)

—Bsiy — Ksxy + Mads + (Bz + Bg):i?g + (K2 + K3)£L‘2

0

""A/zxz

P Bz)’(z

2.5 -
M X, <= M —*kz/xz"x,)
LT pratea
B, X,

Mzizd- —

K:(Xg "XI) <« Mz

82 (x.x = .1)6—

Summing the forces shown on each of the free-body diagrams and

collecting terms, we get

—> k3 (X '3 —X 2)
> (% ~4y)

My + (By + B2)2y + (K1 + K2)z1 — Bodz — Koz2 = %XJ =7
—Bozy — Kozy + Mais + (Bg + B3).’i‘2 -+ (KQ + Kg):l:z kJ(xJ ‘Xi)d— M3 -—’f;(t) -
—B3i3 — Kzzs = 0 : B’ (is ‘Xz)‘_‘
—Bsiy — Ksxg + Msis + Bsis + Kzzz = fu(?)
2.6
The free-body diagrams are drawn for the case where z3(t) = 0. K 3> fa. (¢ _
Summing the forces shown on each of the diagrams and collecting 2% MI — Kz( X3 -X))
terms, we get M, 52’ PR 8, i:
Myiy + Bz + (K + Koz — Koze = fa(®)
—Koxy + MaZo + Bago + Koze = 0
A’Z(Xz'xl)*" B.
o M, < 2 X2
Py Xa +——




2.7

(a) Because the motion of M, is known, we need only the free-
body diagram for M, in order to write the differential equation
governing the motion of M;. Summing the forces shown on
that diagram and collecting terms, we get

MiZy + Briy + (K + K»)zy = Koz (t)

(b) Summing the forces shown on the free-body diagram for
M5 and rearranging the terms, we obtain

f2 = ~Koxy + Myis + Bogs + Kg.r‘g(t)

2.8

(a) Because the motion of M is known, we need only the free-
body diagram for M; in order to write the differential equation
governing the motion of M;. Summing the forces shown on that

diagram and collecting terms, we get

MZ; + Bty + K1z, = Big

(b) Summing the forces shown on the free-body diagram for M,

and rearranging the terms, we obtain

fo = —=Biy + MyZo + By + Kozo (t)

K, X, %— .72"
B, X, <— MI I
@[leé)-x,]
/‘71)?24- - M )S
D 2 .‘__Bziz
Kz[x?-(t) 'X/]
M, == -
. K,
B (%, - X;) < M %
/‘72 ”z. - - M e ;‘;_
B, - — 2 [ KaXa(?)

2.9

K, [, ~%3(2))
‘_——-—i

M %, <=

M,

'—sz (Xz —-X,)
S B[(i, "/€3)

(a) Because the motion of Mj is known, we need only the
free-body diagrams for M; and M, in order to write the
differential equations governing the motions of M; and M.
Summing the forces shown on these diagrams and collecting

terms, we get

MiE, + Byzp + (Kl + Kz)l‘1 — Koxs
—Ksxy + MsZs + Byio + Kozo

'(;(Xz"xl)é‘ s _ g
. My [T Ba(R-X
szz<_~_ 2 2\ %2 3)
MRy e =T > 4, [x ~ %3(2)]
é —> ""3/ ()E, ").(3)

-Bz (%, ")23) g

M,

Blii'3 + Kl.’L'g(t)
= Baig

(b) Summing the forces shown on the free-body diagram for Ms and rearranging the terms, we obtain

fzs=—-Bi; —

i

K.x: — Bsx

1

aZy + MsEs +




2.10

When drawing the free-body diagrams, note that z, is the relative K X, €
displacement of My with respect to M, and that the inertial force ! .,' /\4, —3 /{z X,
on M, depends on the absolute acceleration #; + #2. Summing M X, < — —
the forces shown on the diagrams and collecting terms, we have
Mii, + Kyoy — Kozg = 0
MsZ1 + By + Msis + By + Keza = fa(t> kz x.z<—' -—'bﬁ(f)
o ° MZ,
Mz(x, f‘X:.)
2.11 :
M (%, + Xy) - [' kz[x'(f)""XZ *"“3]"’4 > B, X
Mz <—-—Bzxz M3i‘ ——
A/’ X2 [« 3, ).‘z 3

Because the motion of M; is known, we need only the free-body diagrams for M, and M3;. When drawing
these diagrams, note that xz is the relative displacement of M, with respect to M) and that the absolute

acceleration of My is &1 + #,. Likewise, the compression of K5 is z;(t) + 2 + z3. Summing the forces shown

on each of the diagrams and collecting terms, we get

Moiq + (Bl + Bz)i‘z + (K1 -+ Kz)l’z + Kox3

It

—Ms%, — Koxy (t)

Koz + M3Zs + Byis + Keozz = —Korm (%)
2.12
Because the motion of the right end of K is known, we need :(/,[xg (f) "X,]
. ) Al
only the free-body diagrams for M; and M,. Because x5 isa . .
relative displacement, the compression of K and the accelera- X 2 < M e — — M%
tion of M are x5 — ; and Z — 1, respectively. Summing the /

forces shown on each of the diagrams and collecting terms, we
get ,
Mii, + Kz, + B, = Kl.’Eg(t)
—Msyiy — Koz, + Mads + Big + Kaoxo 0

kz()‘z"xl)-—-—%

Mz (x.; ‘k‘p) -—%

My 8%

2.13

When drawing free-body diagrams for M; and Ms, note that z;
is a relative displacement. The elongation of K is z; + z3, and
the absolute acceleration of M, is Z; + 2. Summing the forces
shown on each of the diagrams and collecting terms, we get

MiZ, + Bty + Kzy + Myis + Kz = 0
—Biy + Moy = fa(t)

k(x:'l")(z) <

M ()’t',-f')?;\i--

My X, < —

Bx,

M, (<35,

M, A0




2.14

.a;x./"_ M’ .. oo

When drawing free-body diagrams, note that z; and zs are relative dis-
placements. The elongation of K is 3 + z2. The absolute accelerations

of M; and M, are 1 + Z3 and Iy — I3, respectively. Summing the forces .

shown on each of the diagrams and collecting terms, we get

MyZ1 + Bixzy + Kyz1 + Koo + Myis = O
Kz + Msis + Boiy + (K1 + Kz).’L'g — Msis = 0
~Biiy + Boig + Koma + Mais = fal(t)

&, (%, # X3) Ki(x, + %X3) ——3)

== M, (X, + X3) My(%y = ¥y — — M,

> K1,

| Bg i,
%i}‘-*- k:.xa.
B,k —>f2(2)
% ‘- az *;

2.15 :
(a) Summing the forces shown on each of the free-body diagrams and
collecting terms give

Mi%, + Bty + Kyry — Big — Kyze = Mg
—B#) — K121 + My + Big + (K1 + Ka)za = Mg+ fal(t)
(b) Letting f,(t) = 0, replacing z; and 22 by 71, and z2,, and noting
that 3, = &1, = 22, = &2, = 0, we obtain
Kz, — K1z, = Mg
—Kyz1, + (K1 + K2)ze, = Mag
from which
Ty, = <——————M1;2M2 + %) g and To, = (—-—~—~———-—~M1;2M2) g

(c) We let 21 = 1, + 2, and 23 = x5, + 22, with z;, and », replaced
by the expressions in part (b). We then substitute these expressions for
z1 and T2 into the equations found in part (a). After canceling common
terms, we get

MiZ% + B, +Kyzy —Bzys — K129 = 0
=Bz — Kiz1 + MaZy + Bia + (K + K3)zy fa(?)

it

A’I(x/'xz)

.E{).(, ').(z) |

M X,

sz &X; /‘7;,).(.3

|

‘f

i

I,

l }‘«) l

KI (XI‘XJ)

B(X./ —X.Z)




2.16
(a) From the free-body diagrams,

M3, + By + 3Kz, — Kz» Mlg
—Kzxy + Moio + Kzo = Mag+ fa(t)

Il

(b) With z; and z, replaced by the constant displacements x1, and 2, and
with f,(t) =0,

M
3x1, — Ty = —Kl,g and —T1, + Ty =

Mg
K

from which

g A g
T, = (M + M2)—= and To, = (M7 + 3Ms)—
1o = (M1 + M) 5 20 = (M1 +3Mz) 7
(c) Substituting z; = T1, + 21 and 7o = Tz, + 22 into the original differential
equations, using the above expressions for z;, and z2,, and canceling common
terms, we obtain

2Kx, M;)’C 2,
R
M,

YooY
Mj k(Xz‘x,)

Mz + Bz +3Kzy — Kzo = 0 ‘ ‘
~Kz + MoZo+ Kzo = fa(t)
sz f;(f)
2.17
(a) Summing the forces shown on each of the free-body diagrams and . .
collecting terms, we obtain -B, X, ﬁf, § kX,
4
Miiq + Biz1 +2Kz1 — Kzg = Mg T : T
Moyie + BoTo + 2Kzy — Bodz — Kz = Mag
—Kz, — Byis — Kag + Mais + Bais + 2Kzs = Mag+ falt) M,

(b) Letting f,(t) = 0, replacing 1,2, and z3 by the constant dis-
placements x1,,Z2,, and z3,, and noting that all the derivatives of
these constant displacements are zero, we have the following three
algebraic equations.

R

Mj k(x.) -X,)

»1’2 i.z KX;.

M,

2Ty, — T3, = % , 2Ta, — T3, = % )
and — 2z, — T, + 223, = _Mk:o,_g_
Solving these equations simultaneously gives
o, = (3My+M;+ 2M3)fk- &
@y = (My+3My+ ;zzv'g,)fi{-
z3, = (My+Mz+ 2M3)'2’g‘15

r o

Mg Kilxy»D) Balks-k)




A
!
1

MJBZJ Klxa=%2) Bal¥-1;)

P 1

M

The four spring elongations are z,,, z3,, and
w3, — 71, = (—Mi+ M+ 2M3)Z%
T3y — T2y, = (M1 — M, + 2M3)Zg}?

!

Y
7

Note that the elongations are not affected by the vicous damping
coefficients By and Bs. K ( X3=%,) /%f
2.18 .
(a) Summing the forces shown on each of the free-body diagrams and col- M, ’ KX,
lecting terms, we get ’ T i
My, + Biy + 2Kz1 — Biy — Kzy = Mg 1
—Bz, — Kxy + Ms#y + By +3Kxs — Kzz = Mg M
—Kxg + M3Zis + Kzz = Mzg— fu(t)

(b) Letting f,(t) = 0, replacing z1, 9, and z3 by the constant displace-
ments z1,, 3, , and z3,, and noting that all the derivatives of these constant
displacements are zero, we have the three algebraic equations

Mg ]‘JQ
29}10 — Ty, = Kl,y , —Ti,+ 3:1:20 — I3, = Kg R
M
and — 1z, + T3, = %-’Z
from which the four spring elongations are found to be
I, = (2M; + M, + M3)g/3K
z9, = (M +2M2+2M3)g/3K
T2y — T1, = (—-Ml +M2+M3)9/3K
T3, — T2, — Mgg/K

M,
Bliy-) T Kbumx)

My%, Kxy K(xa-%)
C

|
.,

bl

Klxy=%) a”19/;:,‘-;'(,)

M"X.J K X3~ Xa)

[}
1

M,

b1
My £




2.19

i RN R
(a) From the free-body diagram for the mass X ,Z 3%
Mi + Bi+1° = fo(t) + Mg T ) T
!
(b) With f,(t) = 0 and with « replaced by the constant displacement zo, the '
equation gives =3 = Mg. Substituting z = 2o + 2z, £ = 2, and £ = Z into the /‘1
differential equation, we have ' { ;

M3+ Bz + (a3 + 3222 + 3z02% + 2%) = fa(t) + My Mj
Canceling the terms zj and Mg yields

M3+ B + 3222 + 3z02> + 2° = fu(t)

falt)

(c) Because of the nonlinear spring, the differential equation in z is not the same as the one in z with the

Mg term deleted.

2.20 v oy
Bk, M% fal® Kaxy M3, fil
]
by Pyt
M, M,
v
f ¢ ‘l' . . 1  I%g v .
kK x, MI] 8, (X, -Xa) 8, (%X,~X2) O3 X,
Summing the forces shown on each of the free-body diagrams and collecting terms, we get
My, +(Bl +BQ)$1 + Kiz1 — Bazg = _fa(t) — Mg
—Bsiy + Moo + (Bz -+ B3)132 + Kozg = fb(t) - M29
2.21 . - .
K2 (%3-x,) M%) Byf%,-%) £ (E) Kxy Mi X, B:x,
B N | P 1o f
M, M,
ﬂff) /Q,X, /‘1,] @(Xz'}l) sz 'z;(iz")zl)

Summing the forces shown on each of the free-body diagrams and coliecting terms, we get

Myi, + Big1 + (K1 + Ko)zy — Bigs — Koza = —fo(t) + Mag
—Bii1 — Kozy + Mais + (B + Ba)za + (K2 + K3)z2 fa(t) + Mag




2.22

When drawing the free-body diagrams, note . .
that the upward force of the cable on M, is le %3 Kalx,-X2) Kl X/'xﬂ-) M X,
the same as the upward force of the cable on i T ?
M, because of the pulley. Summing the forces A 1
shown on each of the diagrams and collecting Mz M,
terms, we get
i

M, +(K1+K2)1131 — Kyzo = Mg { v‘ £ f %

—KziL']_ + Mgii‘2 -+ B.’L'z + (Kg + Kg)iL’Q - —Mgg k3x2 Bxl sz k' xl M'j

2.23

When drawing the free-body diagrams, note that the force of the

cable to the right on M; is the same as the upward force of the cable M K==
on My because of the pulley. Summing the forces shown on each of e

the diagrams and collecting terms, we get K, x , ——bﬂ(iz- )'(/)
Mii, + Biy + Kz — Bty = —fa(t) 3()2 _)'< )
~Biy + Myiy + Bia = Mag 20t
My
I
! ss
Mg 1%,
) 2
2.24
When drawing the free-body diagrams, note that the downward
force of the cable on M> is the same as the force of the cable to 7[ ( I‘) ] ->M X
the right on M7 because of the pulley. Summing the forces shown a M '
on each of the diagrams and collecting terms, we get B, )?/ e ! K, (x,~Xa)
Mz, + By + Kyo1 — K122 = fa(t)
~K1xy + MoZy + Baio + (K + Ka)za = Moy szl Bziz MZiz
I
]
M,

I

K (X, -X2) sz




2.25
The free-body diagrams for the junction of the dashpots and for the mass

are at the right. By D’Alembert’s law, .
B, X, > B, (%,-%)

Bl.'l'?l - BQ(.’tfg - 1131) = 0
Bg(.’f,‘-z—i‘l)-l'K.’I}Q‘f'Mfl:'g = 0

Rearranging these two equations, we have 8 (xz - X,)G-

5 ME <=+ M

. 2 .

= | =— A B —

o (31 +B2)$2 (4) Kxa
—Boty + MZs+ Boio+ Kz = 0 (B)

From (A), we see that &; is proportional to ;. Substituting (A) into (B) and collecting terms, we get

. By B» .
B Kz =
M$2+(B1+B2>ZE2+ o =0

From this result, we see that Beq = By B2/(B1 + Bs) for the series combination of B; and Bs.

2.26
Let v, denote the velocity, with the positive sense to the right, of
the right end of the dashpot labeled B;. From the two free-body BV 4—y 3 v, - y)
. 2\
diagrams, . M
Mv < - — B, V

M+ (Bi+ B3)v = Ba(va —v) =0 and  By(va —v) = fa(t)

. .. .
By combining the two equations, we have

By (ve-V) <—o—v £ (¢)
Mo+ (Bl + Bg)'v = fa(t)

which indicates that the force f,(t) is transmitted through the dashpot Bs and exerted on the mass M. The
friction elements B; and Bs are in parallel and can be replaced by Beq = By + Bj.

2.27
Because the motion of point B is known, we need free-body di- KX
agrams only for the mass M and point A. Summing the forces r” .’ —> 3B, ( x'z" ’?:‘)
shown on each of these diagrams and collecting terms, we get MM X, <% —— M

. —> K3 (%, ~X,)
M, + (B + Ba)iy + (Ky + Kp)ay — Boiiy — Kozo = 0 Be X,

—Boiy — Koxy + Bado + (K2 + K3)zs = KgZ‘g(t)
Bal%y - %,) &, [xs(8) - ¥)

A
k& (Xz—X,)

10




2.28
Summing the forces shown on each of the free-body diagrams and R
collecting terms, we have

K, X, —] sy
. . . -X
M(El -+ (Bl + BZ)Z‘l + (K1 + Kz)l'l - Bz.’l}g — K2272 = M*‘ < M — Bz(X2 1)
—Bzibl - Kzl‘l + Bgi'g + (K2 -+ Kg).’EQ - K3(L‘3 = 0 'I — Kz (Xz_"XI)
( V= ( 8, %
K3(z3—32) = falt)
The last two equations may be combined as 2 ()? ).()
2( Xy =M
=B — Koz + Bogs + Kazg = fo(t) Kz (X;,-Xz) 3{4_.k3(x3 XZ)
showing that f,(t) is transmitted through the spring K to point
A. This equation can be obtained directly from the free-body K (x X) 7[ ( ¢
LR T A2, 0> fqa

diagram for point A if we replace the force exerted by spring K
by f.(t). The differential equations governing the motion of the
mass M and the point A are the first and fourth of this set.

2.29
Summing the forces shown on each of the free-body diagrams and
collecting terms, we get

Bz, + Kz, — Bz, = 0 : B(X X, )e M > £
—B&y + MZs + Bia = fu(t) M;l.a“"- o h

Kix, <—2—->B(i1-)‘c,)

2.30

From the discussion associated with Figures 2.5 and 2.8, we note that the tensile forces on the ends of each
element are f,(t). Thus the order of the elements does not affect the relationship between f,(¢) and z5 — z;.
From (37) and (38),

KK, B1B,
“TK+k M PaTpp
Alternatively, we may write
x5 —21 = (x5 —x4)+ (T4 —z3) + (23 — x2) + (2 — 1)
B =i = )+ o fat o falt) + o fa = o fa o fal?)
B, K> B, K, Keq Beq

where Keq and Beq are defined as before.

11




Chapter 3
Standard Forms for System Models

Topic Section | Examples | Problems?
State-variable equations 1 1,2,3,4,5(1,2,3%,4,5",6
6,7,8,9 7,8, 9% 10, 11*, 12
13*, 14, 15*%, 16, 17
18*, 19, 20, 21*, 22
Input-output equations 2 10, 11, 12 23, 24*, 25, 26™, 27
Matrix formulation of state-variable models 3 13, 14, 15 28, 29, 30, 31, 32

! The answers to problems with an asterisk are given in Appendix G.

3.1
(a) Replacing # by v in Equation (2.21), we have

Miv+ Bv+ Kz = f,(t) + Mg

The state-variable and output equations are

r = v
1
v o= —M—[—Kx-—Bv+fa(t)+Mg]
1
wg = -Z;Ka:2

(b) Replacing # by w in Equation (2.24), we have
M + Bw + Kz = fo(t)
The state-variable equation are
2 = w
W= Elx_l—[—Kz — Bw + fo(t)]
Using Equations (2.22) and (2.23), we write the output equation as

1 1. (M g
WK = §K(.’I)0+Z)2 = §K (?g'*‘Z)

3.2
In the given equations, we replace z, %, and % by v, a, and @, respectively. Then the state-variable and output
equations are

= v

Ii

a
-7z — Bv — aa + fu(t)
v+a

e o e 8
|

i

12




3.3

Defining v = y, we rewrite the given equations as

v+4v+2y = =«
t+z+y = falt)

Choosing y,v, and z as state variables, we have

—2y—4v+z
T = —y-—x+ fult)

3.4
In the given equations, we replace &; by v, Z; by ©1, Z2 by v, and &2 by 3. We then solve for v; and v,
and write

) = U

. 1

vy — M;[—lel - Bvl + BU2]

Ty = Uy

) 1

by = _M_[Bvl — Kyx9 — Buy + fo(t)]

2
Yy = v —02

3.5
We rewrite (2.20) as

M’i)1+(Bl+Bz+Bg)v1 + Kyzy — Bouvy, = O

=Bovy + Mavs + Bovy + Koza = fo(t)
Then the state-variable and output equations are
j?l = M
. 1
v = -—M—[~—K1$1 + (Bl + By + B3)’U1 + Bz'Uz]
1
:i:g = V2
. 1
vy = M“[Bﬂ}l — Kyz5 — Bua + fa(1)]
2
y1 = Ba(vy —vyp)
y2 = Kz

13




3.6
In (2.19) we replace & by v;, & by Uy, z by v, and Z by ©,. We then solve (2.19) for v, and v, and write

1
Vy = -——-[-—Klil? - (Bl + BB)Uz + B2UZ] (B)
M,
s (©
b, = ,A%_[-Kﬂ — Moty — Koz — Bav, + fu(t)) (D)
2

Because (D) contains a derivative on the right side, we substitute (B) into (D) to obtain

1
T MM,

U, [(M2K1 — M1Ks)z + Ma(By + Bs)vy — My Kyz — Ba(My + Ma)v, + Mifa(t)]  (E)

The state-variable equations are (A), (B), (C), and (E). The output equations are y; = Byv, and y2 =
Ky(z + z).

3.7 With &; = v; and 22 = vy, we rewrite (2.25) as

My + K1z — Bus — (Ko + K3)zo = Mg+ fo(t)
M50y + Moty + By + (Kz + Kg)xz = Mg
Solving these two equations for ¥, and v, respectively, we have
. 1
v = j“‘/,‘:[’lel + (Kz + Kg)l'z + Bvs + Mg + fa(t)] (A)
. 1 .
vy = —[-Myt; — (K2 + K3)za — Bug + Mag| (B)

Mo
Substituting (A) into (B) and simplifying the result, we obtain

1
- M1M2

U2 [K1 Moz — (K2 + K3)(My + Ma)zo — B(My + Ma)vy — Ma fo(t)] €

The state-variable equation are ©; = v; and @3 = vy, plus (A) and (C). The output equations are fk, =
Kz, fx, = Koxa, and fx, = —K3zs.

3.8

M, \Z € - - M.V, < —
—>£3(x,~%,) 22 —> K5 (X3 -Xa)
3
Kix <— M, K (xz-x)<— M.
"'t >8,0b-V) 2
B,v, < 2 ! B, (v, ~v))<— >8:(%-%)
My ¥ = > fa(8)
Summing the forces shown on each of the M 3
free-body diagrams, we have K)(X 2 -X;)""" — a;;(%“yz)
My + (Bl -+ Bg)'vl -+ (Kl -+ K2)$1 — Boug — Koy = 0
—Bou; — Koxy + Moty + (By + B3)vs + (K + K3)za — Bavz — Kzzz = 0
—B3vy — K37y + Msts + Bsvs + Kzzz3 = fa(t)
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The state-variable equations are

7 = 0

0 = ML1[~(K1 + Kj)z1 — (B1 + B2)vy + Kazo + Bavg]

T2 = g

Uy = -A;—Zrngl + Byuy — (K32 + K3)zz — (B2 + B vz + Kiz3 + Bavs]
T3 = wv3

by = A—%[Km + Byvy — Ksms — Byvs + fu(t)]

The output equation is mp = Mjv; + Movy + M3vs.

3.9 K(x=X) Bly,-%)

We sum the forces shown on each of the free-body diagrams, where v
and vo denote the downward velocities of M; and Ms, respectively.

Ml‘l.)l +B'U1 + Kl.’l}l - B’UQ - K12)2 = Mlg
—Bu, — Kq1z7 + Msv9 + Bug + (Kl + KQ)Z‘Q = Mgg + fa(t) A1,

The state-variable equations are

i)l = " ] R
. 1 Mj My,
v = *A—l—[—KlfL'l — Bvy + Koo + Bvy + Mlg]
1 e
B o= v 9 Kx %4
. 1 Y . . f
Uy = E[le + Bvy — (K + K2)zp — Bug + Mag + fo(t)] {' ;
The output equations are Mz_
g1 = T — X2
1 & !
a; = E[—Klml - Bvy + Koz + Bug + Mlg]
Ki(x-x) ) Bl-v)
3.10
Rewriting (2.20) with £; = v1, £2 = v, and K; = 0, we have
My + (By + By + Bg)’Ul —Bsvy, = 0
—Bov1 + Moty + Bova + Koza = fa(t)

Solving these equations for ©; and vz, we obtain the following state-variable equations:

. 1

v = M——[-—-(Bl —+- Bg + Bg)'vl + B2v2]
1

Ty = vy

. 1

Uy = —M———-[Bzvl - K2.’E2 - B2'02 + f¢1<t)]
2

The output equations are y; = B(v; — v2) and yo = Kszs. The energy stored in My, M,, and K> does not
depend on the displacement z;. Also, z; does not appear in either output equation, so it is not needed as a
state variable.
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3.11 2Kx, My, By,

We sum the forces shown on each of the free-body diagrams, where v; and vy 4
denote the downward velocities of M; and M, respectively. 1 T

MliJl +B’l)1 +3KIE1 —-K.’EQ = Mlg
—Kz1+ Mg+ Kxy = Mgg+fa(t) Ml
Solving these equations for v, and ¥,, we have the following state-variable equa- ‘L l
tions:
Mly k(xz' I)
Ty = v
.1 ' .
vy = —M—l[—’3K(E1-—Bvl +K.Z‘2+M1g] K(xz_x,) szz
Tz = v f
. 1
Vg = M‘[Kml“K$2+M29+fa(t)] 3
2
The output equation is y = z3 — ;. Mz
My 9 Fa(®)
3.12 R .
Ky (x3=X,) My, B, (%-v)) Falt) £, Ml By
5 J ot
M/ Ml

R t oy 1

Kalx,-%) M %=V,
7‘2(1“ K%, Mly 2(%2-%) zj '3’(3 ')
We sum the forces shown on each of the free-body diagrams, where v; and v, denote the downward velocities
of M; and M>, respectively.

My91 + Bivy + (K1 + Ko)z1 — Byve — Kozy = —fi(t) + Mag
~Biv; — Koy + Matg + (By + Ba)va + (K2 + K3)zo = fo(t) + Mag

Solving these equations for v; and v2, we have the following state-variable equations:

T3 = v

. 1

o = —[=(Ki+ Ka)ay ~ Bioy + Kozz + Broa = fit) + Mag)

To = U3

. 1

T E/I—;[szl + Bivy — (K2 + Ks)xg — (By + B2)vz + fa(t) + Mag]

The output equation is ¥ = x; — To. Because the elongations of the springs are not all independent, there
are only four state variables even though there are five energy-storing elements.
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3.13

il v P s
, M > Ky (X2 -X1) K2 (x2-x)el4 K;D{;(t)-x,_]

B,V «—q

We sum the forces shown on each of the free-body diagrams, where v; = ;. ‘

Muvy + (By + Ba)vy + (K3 + Ka)z1 — Baia — Kezo = 0
—Byv; — Koxy + BaZo + (Ko + K3)za = Kizs(t)
Solving these equations for ¢; and o, we have
Ly = n (A)
v = —A%{_(Kl + K3)z1 — (By + Ba)vr + Komz + Baio] (B)
B = Biz[ml + Byvy — (K + Ks)zs + Ksas(t)] ()

Substituting (C) into (B), in order to eliminate the derivative on the right side, and simplifying the result,
we obtain
1

’[)1 = -]‘Z[—lel - Bl’Ul - K3.’172 -+ K3.’113(t)] (D)

The state-variable equations are (A), (C), and (D). The output is given by y = Ba(Z; — v1). Inserting (C)
into this expression and simplifying the result give the output equation

y = Kozy — (Ko + K3)zo + Ksz3(t)

3.14
K, x, 75, v, '
(4 (4 K - -
M= "7 bekyixz-x) 2(Ka =X ) f 4 b))

We sum the forces shown on each of the free-body diagrams, where v; = ;.

M, + Byvy + (K1 + Kg)il,‘l —Kozy = 0 (A)
—Kozy + (Ko + K3)zz = Kszs(t) (B)

From (B), we have the output equation

_ KQ.’L‘l -+ K3:173(i)

) (C)
K> + K3
Substituting (C) into (A), solving for 9;, and noting that &; = v;, we obtain the following state-variable
equations:
I = u
1 K>K3 2
mn = — || K+ 1 — Bjvy + :L'g(t)
M Ky + K3 Ko+ K3
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Because K> and K3 are in series, there are only two state variables even though there are three energy-storing
elements.

3.15
The first two equations can be rewritten as
d
C—ﬁ[asl —2us(t)] = =3y + 2z +us(t)
d
a—;[xg —ui(t)] = 2z +x2

We define two new state variables as g1 = z1 — 2us(t) and go = T2 — uy(¢). Note that z; = ¢q1 + 2us(t) and
Ts = go + u1(t). Substituting these expressions into (A) and into the given output equation, we obtain

g = —~3¢q1 + 22 + 3wz (t) — 6u2(t)
Go = 2q1 + g2+ ui(t) + duo(t)
y = q— g2 —ui(t) + 3uz(t)
3.16 M, % &x & [a®-x] Mx,
D T 4
1 i
M’ Mz

!
klx@-x] g 36,-v) N,} A& 3w

Because the motion of M is known, we need only the free-body diagram for M; in order to find the state-
variable equations. Summing the forces shown on that diagram, where ; = v, we have

Miv, + Buy + (K; -I—Kg)iltl = B, + K2$2(t) + Mg (A)

Because of the derivative of the input on the right side, solving for v; will not yield an appropriate state-
variable equation. Hence we rewrite (A) as

d B
Ml-(E [Ul - M;ﬂ:z(t):l = _(Kl + Kz):l)l -~ Bv, + Kz.’l)z(t) + Mg (B)

We now define the new state variable ¢ = vy — (B/Mi)z2(t). Then vy = ¢+ (B/Mi)z2(t). Substituting
these expressions into (B), we obtain the following state-variable equations:

_ B

T = g+ —M—Iwz(t) ©)
. 1 y N\ 1
i = o [—(Kl +Ka)on = Ba+ (K = 3 ) m2(0) + Mg (D)

In order to obtain an output equation for f,, we sum the forces shown on the free-body diagram for M.

f2 = —Bu; — Koz + Mais + B2y + Kg.’L'Q(t) — Msg
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Replacing v; by the expression in (C), we get

. . B?
fo = —Ksx1 — Bq+ Msiy + By + (K2 - —ZV[—> z2(t) — Mag
1
In this situation, it is not possible to obtain an output equation that does not contain derivatives of the
input.

3.17

' _-’M 9' 7‘;_ D F‘""kzxsz')
kix,— M, 4._3(;;_\,,) B2, ~Vs) => M, ~= Mz Xa

Because the motion of Ms is known, we need only the free-body diagram for M; in order to find the state-
variable equations. Summing the forces shown on that diagram, where ; = v;, we have

Mi9, + Bvy + K127 = Big (A)

Because of the derivative of the input on the right side, solving for ¥; will not yield an appropriate state-
variable equation. Hence we rewrite (A) as

—_ %xz(t)] = -—Klzl - B'Ul (B)

We now define the new state variable ¢ = v; — (B/M;)z2(t) and note that v; = g+ (B/M;)z2(t). Substituting
these expressions into (B), we obtain the following state-variable equations:

i‘l = q -+ -fA%.'L‘Q(t) (C)
2
i = o [»lel ~ Bq- %xz(t)] (D)

In order to obtain an output equation for fs, we sum the forces shown on the free-body diagram for M.
fo = —Bvy + MsZs + Bzs + Kg.’L'z(t)

Replacing v; by the expression in (C), we get

BZ
fo = —Bq+ M3y + By + (Kz - —M—> .’1:2(75)
1

In this situation, it is not possible to obtain an output equation that does not contain derivatives of the
input.
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3.18

be— £ [ %, = X3 (¢
ﬁ(t)ﬁ M __)A/;[[x ;) ).] &(XZ-XI)*_ M i M .
) 2 =M - - v
Mo« - 2 (v, - %) B2y~ % 22

Because the motion of Mj3 is known, we need only the free-body diagram for M, and M, in order to find

the state-variable equations. Summing the forces shown on these diagrams, where v; = %1, and vo = &5, we
have

Moy + By + (K1 + Kz)z1 — Koza = Bidz + Ki23(t) + fu(t)
—Kozy + Myvy + Bovy + Koxo = Bgig

Because of the derivative of the input on the right sides of these equations, solving for ©; and v, will not
yield appropriate state-variable equations. Hence we rewrite (A) as

d
MIE {“1 - —@”3('3)] = —(Ki+ Ky)x; — Bivi + Kazo + Ky 23(t) + fa(t)

d
My— [’UQ — —%zg(t)} = Kexy — Kozy — Bovs

We now define the new state variables ¢; = vy — (By/M;)z3(t) and g = vy — (B2 /M2)x3(t). Then

B, B,
=q + —x3(t and Vy = @qg + —x3(t C
1 =0 M 3() 2 = Q2 M, 3() ( )
Substituting these expressions into (B), we obtain the following state-variable equations:
B
— B
1 q+ i, z3(t)
, 1 B?
« = 3 — (K1 + K3)z1 — Biqy + Kpzo + | K1 — A z3(t) + falt)
1 1
B
Ty = g2+ M%fﬂa (t)
1 B2
iw = —|[Kozy — Koo — Baga — —225(t
q2 Mt 2%y 2%2 242 M, z3( )]

The output equations are given in (C).

3.19

In order to retain z; and zo as state variables, we can solve simultaneously the first two equations in the
problem statement for z; and #. Adding twice the second equation to the first and dividing the result by
3, we get

T = gml + 2x9 — u(t)

Subtracting the second equation from the first and then dividing by 3 give

. 1 o 7
Ty = 3‘331 + x2 — 2u(i)
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