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SOLUTIONS

SECTION 1

1.2.  (a) Only (3 is onto. (b) All are one-to-one.
(©) a(N) = {2,4,6,... }; BN) = {2,3,4,...}; 7(N) = {1,8,27,...}.

1.4. 6 1.6. 6
1.8.  ...there exist x1,xo € S such that x; # x5 and a(z1) = a(z2).
1.10. ...there is exactly one x € S such that g =y.
1.12.  Omnto. One-to-one. f(P)={x:x > —4}.
1.14. Not onto. Not one-to-one. f(P) = P.
1.16.  Omnto. Not one-to-one. f(P)=R.
1.18. pB(A)=N. g(B) =N. g(C) = B.
1.20.  All non-zero n.
1.21. (a) n™.
(b) If m > n, there are none. If m < n, there are

nn—1)(n—-2)---(n—m+1).

1.22. (a)2.  (b)6.  (c) 2" —2.
1.23.  (a) ...iff each horizontal line intersects the graph of f at most once.
(b) ...iff each horizontal line intersects the graph of f exactly once.
1.24. (a) {(a,b):a=1o0ra= -1}
(b) {(a,b) : a # 0}
1.25. (a)
(n+2)/3 forn=1,4,7,...
y(n)=1< (n+1)/3 forn=2,5.28,...

n/3 for n =3,6,9,...

(b) ¥(1) =1, 7(2) = ~v(3) = 2, v(4) = 7(5) = 7(6) = 3, and so on. A
formula is y(k) = n for (n — 1)n/2 < k < n(n+1)/2, for each n € N.

(c) Let p,, denote the n'"* prime (p; = 2, po = 3,...). Define v by v(pF) =n
for k=1,2,3,...; v(m) can then be anything for m not a prime power.
(There are many other solutions of course.)



1.26.

1.27.

1.28.

1.29.

1.30.

1.31.

Assume that a : S — S is one-to-one but not onto. Choose a € S, and
define §: S — S by B(x) =y iff a(y) = =, for each x € a(5), and [(z) =
for © # a(S). Then f is onto but not one-to-one.

Assume that o : S — S is onto but not one-to-one. For each x € S, choose
exactly one y, € S such that a(y,) = =.

Define 5 : S — S by f(x) = y, for each z € S. Then [ is one-to-one but
not onto.

Forye T,y € a(AUB) iff y = a(z) for some x € AU B iff y = a(z) for
some z € A or some z € B iff y € a(A4) Ua(B).

(a) Fory € T, if y € a(A N B) then y = a(x) for some z € AN B and so
y € a(A) and y € a(B), that is, y € a(A) N a(B).

(b) Let S =T ={1,2}, A= {1}, B={2}, and (1) = a(2) = 1.

Assume that « is one-to-one; by Problem 1.28(a) it suffices to prove that
a(ANB) O a(A) N«a(B) for every pair of subsets A and B of S. If y €
a(A) N a(B), then y = a(xy) for some z; € A and y = «(x2) for some
x9 € B. But « is one-to-one so 1 = x3. Therefore y € a(A N B).

Assume, conversely, that a(A N B) = a(A) N «a(B) for every pair of subsets
A and B of S. If a(z1) = afzy) for z1,29 € S, then with A = {x1} and
B = {z2} we have a(A) N a(B) = {a(z1)} = {a(z2)}, and so a(AN B) =
{a(z1)} = {a(z2)}, whence A = B and x; = xs; therefore a is one-to-one.

Let T denote an infinite subset of S, and let o : T' — T be one-to-one but
not onto. Define 5:S — S by (t) = a(t) for each t € T, and ((s) = s for
all other s € S.

List the positive fractions systematically, as shown.
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2.2.
2.4.
2.6.
2.8.

2.10.
2.12.
2.14.

2.16.
2.18.

2.19.

2.20.

2.21.

2.22.

2.23.

3

Now follow the path indicated, circling an entry if it is not equal to some
entry previously circled. Finally, write down the circled entries, in order, to
obtain the one-to-one correspondence with the natural numbers.

SECTION 2

(yoa)(n) = 4n?. Image = {4n? : n € Z}.
(BopB)(n) =n+ 2. Image = Z.

(yo)(n) =n* Image = {n?:n € Z}.

Denote it by . Then v(a) = 3, v(b) = 1, y(c) = 2.

(a) g(x) = —2z.  (b) g(z) = V= (c) g(x) = €.
(a) True. (b) False. (c) True. (d) False.

None is invertible. (This can motivate a discussion of the inverse trigono-
metric functions.)

ao 3 =up.
(a) Yes. Theorem 2.2 and Theorem 2.1(d).

(b) “If 8 o « is not invertible, then « is not one-to-one.” False. For an
example, see the answer to Problem 2.17(a) in Appendix E.

(c) “If B o « is invertible, then « is one-to-one.” True. Theorem 2.2 and
Theorem 2.1(d).

Assume S <Tand T < U. Ifa:T — Sisontoand 3 : U — T is onto, then
aof:U — S is onto. However, if S £ U, then there also exists v: .S — U
that is onto; this yields an onto mapping S o~y : S — T, contradicting
S < T. (Remark: This makes use of ideas from Section 2. The problem is in
Section 1 as a special challenge. The proof given can be conveyed without
the notation for composition, of course. Or the problem can be assigned
after Section 2 has been covered.)

The same equations that show 3 is an inverse of o show that « is an inverse
of 3.

IfS=7T=1{1,2}, U ={a}, a(l) = «(2) = 1, and B(1) = B(2) = a, then
(o« is onto but « is not onto.

IfsS={1},T=U ={a,b}, a(1) = a, and B(a) = B(b) = a, then Bo « is
one-to-one but 3 is not one-to-one.

If y € T, then
Bly) = (Boa)(x

y = a(x) for some x € S because « is onto. Therefore
) = (yoa)(x) =~(y) because foa =yoa. Thus f=1.



2.24.

2.25.

2.26.
2.27.

3.2.
3.4.
3.6.
3.8.

3.10.
3.12.
3.14.
3.16.
3.18.
3.20.

3.21.
3.22.

3.23.

If z € S, then a(8(x)) = a(y(x)) because oo f = o . Therefore f(x) =
~v(x) because « is one-to-one. Thus 5 = 7.

Let S = {1}, T = U = {a,b}, a(1) = a, f(a) = v(a) = a, B(b) = b, and
v(b) = a.
Let S =U = {1}, T = {a,b}, a(a) = a(b) =1, B(1) = a, and (1) = b.

(a) If @ and 3 are invertible, then both are one-to-one and onto by Theorem
2.2. Then (3 o « is one-to-one and onto by Theorem 2.1, parts (¢) and (a).
Therefore (o « is invertible by Theorem 2.2.

(b) If B o « is invertible, then it is one-to-one and onto by Theorem 2.2.
Therefore 3 is onto by Theorem 2.1(b), and « is one-to-one by Theorem
2.1(d).

SECTION 3

Not an operation.

Operation. Neither associative nor commutative. No identity.
Not an operation.

Not an operation.

The identity mapping from S to S.

(b) Let ux v = v.

...for some a,b,c, € S.

..exa # aor axe#a for some a € S.
axc=c,bxa=bbxc=d,bxd=a,d*xa=d,d*xc=0D0.

The positive rational numbers. (Since 2 € B, 2/2 =1 € B. Therefore each
positive integer is in B, and so, by division again, each positive rational
number is in B.)

2
In order, the answers are 1, 24, 3%, and n™ .

In order, the answers are 1, 23, 3%, and n™("+1)/2, (There is complete freedom
of choice everywhere on and above the main diagonal of the Cayley table.
This gives 1 + 2+ ---+n =mn(n+ 1)/2 choices.)

(a) Let uxu =wu and u* v =v*u =v. Then v * v can be either u or v, so
it can be done in two ways.

(b) No, because otherwise u = u *x v = v.

(c) If e and f were both identity elements, then e = ex f = f.



3.24.

3.25.
3.26.

3.27.

3.28.

3.29.

3.30.

3.31.

3.32.

4.2.

4.4.

4.5.

4.6.

WHT =2, WY =W, T*Y =T, T*2 =Y, YW =W, Yy*T =1,
Y*Y =Y, Y*k2 =2, 2%k W=0T, 2T =Y, 2xY = 2.
Straightforward, using commutativity of addition of real numbers.
One example:
o of oo =[o o)== o o} [o o) =15 o]
0 0[]0 O 0 0 0 0[]0 O 0 0
Straightforward; verify that the product of the given matrix and the matrix

on the right-hand side of equation is the identity matrix.

If a=e, then ex (bxc) =bxcand (e*b) xc =bxc for all b and c¢. The
cases b = e and ¢ = e are similar.

If z € C(a) and y € C(a), then a* (x*xy) = (axx)xy = (x*xa)xy =
xx(axy)=xx(y*a)=(xxy)*a,sox*xy e C(a).

For a* (bx (cxd)) = (a*xb)x (c*d), see the second paragraph of Section 14.
The other cases are similar.

If yz€ S, then yxz =ex (yxz) = (e*xz) xy = z xy, where the middle
equality is the given condition with x = e; thus y * 2 = 2z *x y and * is
commutative. Using commutativity, we can write x x (y* z) = (x * 2) x y as
xx(zxy) = (zx2)*xy, so x is associative.

b=bxe=bx(axc)=(bxa)xc=exc=c.
SECTION 4

(a)

(b) Theorem 4.1(a).
(¢) No. For example, oy £ ~vof .
(d) a.

2 O W®
Hh 2 2|2
2 2 >

2 W R|o
2 @R

(a) Theorem 2.1(c) proves that composition is an operation on N(S), and
Theorem 4.1(a) proves that it is associative.

(b) Yes. (The identity mapping is one-to-one.)
c) S finite.

2 — oo« and so on.

(

(a) {04,042, 043,044}, where «
(b) {a,a?, ..., alt?}
(
(

c) {a,a?,...,a?*}. These 2k elements are distinct.

a) Q1,00 Qg p = Qg p = Qg b © (10, because Qq,b © Q¢ d = Qgc,ad+b-



4.7.

4.8.

4.9.

4.10.

4.11.

4.12.
4.13.
4.14.
4.15.

(b) One-to-one: agp(z1) = g p(ze2) iff axy +b=axe + b iff 1 = x9.
Onto: If y € R, then oy, p[(1/a)(y —b)] = y.

(C) (Cv d) = (1/@, _b/a)'
(a) agp is a dilation; the line shrinks toward the origin by a factor of a.

(b) ag,p reflects points through the origin and also magnifies or dilates if
la| > 1 or |a| < 1, respectively.

(c) ag,p translates each point |b| units to the left.

(a) The operation is associative and commutative and aq o is an identity
element.

(b) Same as (a).
(C) Qg b = 01, © Qg ,0-
D ={a;,:n e N}

Let S = {a,b,...}, and define 7 and 7 in M (S) by 7(z) = a for all z € §
and 7(x) =bforallz € S. Then moT =7 but Tom = 7.

(a) o lar ay a3 Q4 Q5 Qg

Qi |y Qg Q3 Q4 Qa5 Qg
Qg | g 1 Q5 Qg Q3 Q4
Qg |3 Qg 1 G2 Qg Qs
Q4104 Q3 Qg Q5 Q1 Q2
Qs | 5 Qg Q2 Q1 Q4 Q3
Qg | g Q5 Qg O3 Q2 ]

(b) a1

(c) The inverse of ay is as, the inverse of ay is ay, and each of the other
elements is its own inverse.

(d) No.
(e) Theorem 4.1.

Use the calculation in the proof of Theorem 4.1.
B=Bour=po(aoy)=(Boa)oy=is0y=".
Yes.

If @ and 3 are linear, x,y € V', and a and b are scalars, then («wof)(ax+by) =

a[f(ax+by)] = afaf(x) +b6(y)] = aalf(x)] +ba[B(y)] = a(aoB)(x) +b(ao
B)(y), and so a0 3 is linear.



4.16.

5.2.
5.4.
5.6.
5.8.

5.10.
5.12.
5.14.

5.15.

5.16.

5.17.

5.18.

5.19.

5.20.
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(a) If Boa = g, then « is one-to-one by Theorem 2.1(c). If « is one-to-one,
define 8 by f(x) = y iff a(y) = z for each z in the image of «, and define 3
arbitrarily for the other elements of S (if there are any); then fo a = tg.

(b) If o 8 = 1g, then « is onto by Theorem 2.1(b). If « is onto, then
for each y € S choose x € S such that a(x) = y and let S(y) = z; then

aofl=1g.
SECTION 5

Group; 1 is the identity, and s/r is the inverse of r/s.

Not a group, because 0 has no inverse.

Not a group, because of lack of closure.

Group, 0 is the identity, and —n is the inverse of n.

Not a group, because subtraction is not associative (also, there is no identity).
1 = 293Y is the identity and 27™3~" is the inverse of 2™m3".

Associativity is similar to that in Problem 5.13. The identity here is e defined
by e(z) =1 for each € R. The inverse of f is g, defined by g(z) = 1/f(x)
for each x € R. The operation in Example 5.6 is composition.

If |S| > 1, then M(S) contains elements without inverses. (See Problem 4.1,
for example.)

The elements of the identity matrix are obviously rational. And it follows
from equation (3.13) that if a matrix has rational entries, then so does its
inverse. The group is non-Abelian.

Associativity is proved in linear algebra. The identity is [1 O], and the

01
inverse of [“ b] is [d *b].
c d —c a

Here is a typical calculation involving a (there are 19 such products): b
(axc) =bxc= (bxa)*c. Hereis a typical calculation without a (there are
8 such products): bx (cxb) =bxa=>band (bxc)xb=axb=0b.

(&) QapO g1, _q-1p = Qgq—1 q(—a—1b)+b = @1,0; the composition in the other
order is similar.

(b) One example: ;1001 7 .10 Q1 1.

xla b 5.21. *|T Y z
ala b rT|\ry z
blb a yl\y z

zlz =y



5.22.

5.23.

5.24.

6.2.

6.4.

6.5.

6.6.
6.7.
6.8.
6.9.

6.10.
6.11.

6.12.

6.13.

Let ¢ denote the inverse of b, and let e denote the identity element. Then
a=axe=ax(bxc)=(axb)xc=bxc=e.

exa = a for each a € G and a* f = a for each a € G. The proof also assumes
the existence of at least one identity element. (Properties of equality are used
also. See Section 9.)

For a, 8 € G°, define a8 by (af)(x) = a(x)s(x) for each z € S.

SECTION 6
12 3 4 12 3 4 12 3 4
&) (1243) (b) (2134) (c) (3412)
12 3 4 12 3 4 12 3 4
(d) (3421) (e) (2134) (£) (1243)
12 3 4 12 3 4
(&) (1243) (B) (2134)
(a) (1)(26)(345) or (26)(345)
(b) (1234) () (12) (d) (14)(253)
(a) (1), (12), (13), (1 4),(23),(24), (34), (12)34), (13)(24),
(14)(23), (123),(132),(124), (142), (134),(143), (234),
(243),(1234),(1243),(1324),(1342),(1423),(1432)
(b) The first ten elements, as listed in part (a).
(a) 2 (b) (n — 1)!
(a) (agag—1---agaq) (b) Only £ =1 and k = 2.

=(23),8=(13),a=(132),and af = (12 3).
Use the suggestion and the fact that every element is a product of cycles.
...for some a,b € G.

Let S = {z,y, 2, -}, and define o and ( in Sym(S) by a(z) = z, a(y) = =z,
o(2) = y, B(x) = 2, Bly) = 9, A(z) = o, and a(s) = B(s) = 5 for all other
s € S. Then ao 8 # [oa.

M (S) contains all four mappings from S to .S, while Sym(.S) contains only
the two invertible mappings.

= (12 --- k) for small k will reveal the idea.



6.14.

6.15.
6.16.

7.2.
7.4.

7.6.
7.7.

7.8.

7.9.

7.10.
7.11.

7.12.
7.13.
7.14.
7.15.

7.16.
7.17.

7.18.

1 2 3 4
4 3 2 1
nin—1)(n—2)/3
a) agyy for k < s, and a; for k = s.

(
(b) bg41 for k < t, and by for k = t.
(cgm  (d)acf=pfoa.

SECTION 7

(a), (b), and (d) are subgroups, (c) is not.

(a) Gr = Gery = {(1), (23 4),(24 3),(2 ), (2 4), (3 4)}

(b) Gr={()}. Gy ={(1),(123),(132),(12),(13),(23)}
This group consists of all translations.

0 is one-to-one: if f(a) = 6(b), then a(l 2) = b(1 2) so a = b by right
cancellation. If b is odd, then b(1 2) € A4,, and 6(b(1 2)) =

0
{(1),(123),(132),(124),(142),(134),(143),(234),(243),
(12)(34),(13)(24), (1 4)(2 3)}

Only (a) and (c) are subgroups.

Straightforward, using Theorem 7.1.

(a) Straightforward, using Theorem 7.1.

(b) For example, use all the 2 x 2 matrices with even integers as entries.
{n/2:n € Z} would do.

Use Theorem 7.1. (Modify the proof of Theorem 15.1.)
(12)(123)=(23)¢ HUK

Follow the suggestion at the end of the proof of Theorem 7.2. (Replace
“(aof)(t) =t for every t € T” by “(awo 8)(T') =T”, and so on.)

IT|=0 or |T|=1.

Since G = S,, G(7) consists precisely of all the permutations that can be
written as (3 o, when [ is a permutation of T' (leaving the elements of T’
fixed) and v is a permutation of 7”7 (leaving the elements of T fixed). The
symmetry of this characterization shows that Gy = G-

n=land T=¢orT =S orn=2and |T|=1.



7.19.
7.20.
7.21.

7.22.

7.23.

7.24.
7.25.

8.2.
8.4.

8.5.
8.6.

8.7.

8.8.

8.9.
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T|=n or |T|=n-1.

(a) (n—k)! (b) k!(n — k)! (See 7.17.)

1 1

If 22 =2, then 71 % (z*2) = 27! x2 = e, and therefore (z7! *2) *x =

exxr=2x=e.

Assume first that H is a subgroup. Then (a) here is true by (a) of Theo-
rem 7.1. Moreover, if a,b € H, then b=! € H by (c) of Theorem 7.1, and
then a x b~ € H by (b) of Theorem 7.1; therefore (b) here is true. Now as-
sume that (a) and (b) here are true; it suffices to show that (a), (b), and (c)
of Theorem 7.1 must be true as a consequence. By (a) here, condition (a) of
Theorem 7.1 is true. If a,b € H, then e = axa™! € H by condition (b) here;
therefore b1 = exb™1! € H by condition (b) here; axb = ax*(b~')~! € H by
condition (b) here; this gives condition (b) of Theorem 7.1. The preceding
argument also shows why (c) of Theorem 7.1 is true.

Use Theorem 7.1. First, axe = exa, so e € C(a) and C(a) # ¢. Second,
if z,y € C(a), then a*x (x*xy) = (a*xz)xy = (x*xa)xy =x* (a*xy) =
zx(y*xa) = (r*y)*a,so xxy € C(a). Finally, if z € C(a), then axx = x*a,
sox tx(axz)xx7t =x bk (xxa)xx” 27 xa=axx™! and 27! € C(a).

Similar to Problem 7.23.
a) Let S =7, T =N, and define o by a(n) =n + 1 for each n € §.
Let S=7,T =N, and defi b fi h S
(b) Let S = Z, T = N, and G = Sym(S). With « defined as in part (a),
a € G but a" ¢ G11, so G[ry is not a subgroup of G.

SECTION 8

Similar to 8.1. (Table 8.1 provides a check.)

The group contains only the identity and reflection through the bisector of
the odd angle (the one unequal to the other two).

There will be five rotations (including the identity) and five reflections.

po — (a) pr = (a d)(b c)
poo — (a b cd) py — (a b)(ed)
p1so + (a ¢)(b d) p1 — (b d)
p2ro0 = (a d ¢ b) pz — (ac)

Denote (a b)(c)(d) by «, and use the notation of Theorem 8.1. Then
d(a(a), a(c)) = d(b, c) # d(a,c).

No. For example, any two concentric circles would have identical symmetry
groups.

{Mo, H180, P1, ,02}





