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Exercise 2.1.
Define ksi = 103psi pe = 10_6in/in
At a point in a thin plate the Cartesian stresses are G := 60ksi, oy = 6ksi and Tyy := 13ksi. If

1
the plate is made of aluminum (E := 10 x 106psi , V= ; ). Determine the components of the strain

tensor, &jj. In the stress free state the thickness of the plate, t := 0.25000in . What is the thickness at the

point for the stress state given?

Solution

Ox Txy 0 .
Gi= ——
Gjj:=|Txy Oy O 2(1+v)
0 0 0

The components of the strain tensor are:

1 1 -V Txy
€y = —(0x—V:0C gy =—|loy—-vVv-o g, =—(ox+o0 =—
x E( x y) ey E( y x) 2 E( x*toy) Ty G
The results are:
ex = 5800pe gy = —1400 pe €, = —2200pe Yxy = 3467 pue

The thickness at the point is given by: t=t+t-g,

Therefore: t' = 0.24945in



Exercise 2.2

. P
Given the Airy stress function, F(x,y,d,P) = -3 (x- y)2(3d —2y)
d
(a) determine the corresponding Cartesian components of stress;

(b) what problem is solved by this stress function over the region bounded by the lines y=0 y=d, x=0
on the side x positive?

Solution:

5
P
Recall oy(x,y,d,P) :=d—2 ——(x-y)2(3d—2y)]——>—2~-%--x2-(3-d—2-y)+8‘%-x2-y

dy’| & d d

2 -
d P 2 P 5
oy(x,y,d,P) == — - 3 x-y)"(3d-2y) _>_2._3,y G-d-2-y)
dx’ | (d g
d P 2 d p ) )
‘txy(X,y,d,P) =1 — _—3'(X-y) -(3-d_2y) el __‘(X'y) ~(3.d_2_y)
dx d dy d3
Txy(X,y,d,P) := -24- P2’y (3 d+2.y)"(_dZY)
d

Continued differentiation reveals that the given function satisfies the biharmonic equation,
and thus is a valid stress function.

On the edge x=0, the boundary conditions are:

0(0,y,d,P)> 0 ‘ny(O,y,d,P)-—)O

On the edge y=0, the boundary conditions are:
cy(x,O,d,P)-—> 0 ‘cxy(x,O,d,P)—> 0

On the edge y=d, the boundary conditions are:

Oy ALOLR DR, d,d,P) > 0

Therefore the problem solved by the given Airy stress functions is that of a cantilever beam with a uniforml:
distributed force on the top edge (y=d) of magnitude -2P.
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Exercise 2.3

Using the polar form of the strain definitions Egs. (2.10) and (2.11), verify Eq. (2.38).

Solution:
For plane strain the non-zero strain components in polar form are:
g =0 g M IO 0w 104
or r r oo or rod r
2 2
Then o _ 0% +.1.a u, 10U

0 00or roe’ roe

Mo _ Pwp 10w, 1 0u 1 10u 103

and = =+ >+ s+t ——r——
oro®  ordbor r° 00 roro®” rorod- r- 00 rorod

1 %u, 1oy, 13% 10y
bunfom(D) G %0 Traar 2 a0

€]

@

€)

Substituting (3) into (2) and noting that the order of differentiation can be interchanged IF the strains are

continuous (i.e., the condition for compatibility) yields

o 1010 _ 0w 10y
oro0 r 0 'O  roroe’

ol 10%,
=y(rae —ur)+; Y
2, 2,
=2%+r6_8i__ai’.+la g,

or or* or roe’?
Finally, multiplying by r results in Eq. (2.38):

10%, Lo, _g%ﬁ@ 10, 1 o,

rordd r* 0 ror or* ror oo’



Exercise 2.4
Using the polar definition of the Airy stress function, Eq. (2.39), derive the polar form of the biharmonic

equation from the compatibility equation (2.38)

Solution:
The compatibility equation in polar form is:

2 2
167,9 laY,e_25’59+ase 168_ 1 9%,

=2y I T 1
r orod ,.269 ror g2 raor 252 O
The constitutive equations in plane strain are:
1+v
8r = E [Gr —V(O'r +09 )]
1+v
g = 5 [c, —v(o, +0,)] )
2(1+v)
Yo =—(E—T,e

Substituting Eqns. (2) into Eq. (1) and collecting terms, we find that:
20, 201, 0 +Lalc,+gace _1dc, v 0 10 18

e P00 or P8 rar raor ot ror 100
The equilibrium equations in polar form are:
o, lot, o,-o

O, +0,)  (4)

g2 T8
+r 00 r (5a)
Ot, 100, 2ty
it S R A
or +r 00 r (5b)

Multiply Eq. (5a) by  and differentiate with respect to r and differentiate Eq. (5b) with respect to 6, then
substitute the results for the left hand side of Eq. (4). Collecting terms yields:
o 18 1 ¢

)G+ o T e @ +o0) =0 ©

But, from Airy's definitions in polar coordinates:
1oy 18y Py
o =:5‘*7§.§2‘ w0 =5

v 1oy 10V o
6r2 r 6r X
Finally: Eq. (6) becomes

(82 10, 10, .0 ,1o 1 0

o’ ror 2692)( rar ¥’ 00?2

G, +0, =

Yy =0 or V*Vi =0




Exercise 2.5
The general form of the Airy stress function for radially symmetric problems is of the form,

F=A logr + B logr + C” + D. Derive expressions for the polar stress components, o;,0p
for a large plate with a central hole of radius, a, which is subjected to a uniform radial stress, o, at

a large distance from the hole.
Solution:

From radial symmetry the stresses reduce to;

. =ld—F=i;+B(l+210gr)+2C
rdr r
_d’F A

0y =—=——+B(3+2logr)+2C
dr r
If the stresses are to remain finite as r—oo, then B=0.
Imposing the boundary conditions that o, = 0 on r=a and o, = g, as r—o, reduces the above equations to:
2 2
a a
o,=0,(1-—) and 0, =0,(1+—)
r r



Exercise 2.6

Plot the distribution of Ogp along the major axis of an ellipse in biaxial tension for a/b = 2, 5,10. What
conclusions can you draw from these results?

Solution:

Since a/b=coth(oly) For i:=1.3

Let o := acoth(2) o = acoth(5) a3 = acoth(10)

Then, for a unit applied load:

saa(x.0) = { sinh[2(x)][cosh[2(x)] + cosh(20t) — 2] ]
PP [cosh[2(x)] - 1]°

and the distribution of Opg along the major axis is

20 20 T T | |
\
o _
\
o pplos) 0 _\\ _
GBB(x,az) i \

RN
Sl T
T~. ::‘\‘*~~\~--.\
S = - TITFE ‘—‘?“_‘?‘-—"'?‘—".“MM
L -
0.2 0.4 0.6 0.8 1
X=0],X—02,X—03 :

Conclusion: The stress gradient rises sharply as the ellipticity increases
but the stress decays rapidly in all cases.



Exercise 2.7

Plot the distribution of Opg around the boundary of an elliptical hole for a/b =2, 5,10 for equal biaxial

remote tension.

Solution:
Since a/b=coth(oy)

Let a1 = acoth(2)

o := acoth(5) a3 := acoth(10)

Then, for a unit applied load:

(cosh(2ot) - cos(2[3))2

opp(B.o) = [ 2sinh(2a)(cosh(2a)  cos(25)) ]

and the distribution of Ggg around the elliptical boundary is

20

15

—_—— T




Exercise 2.8

Plot the distribution of Ogg around the boundary of an elliptical hole for a/b =2, 5, 10 for uniaxial
remote tension perpendicular to the major axis of the ellipse.

Solution:

Since a/b=coth(ctp) For i:=1.3
Let a1 = acoth(2) oy = acoth(5) a3 = acoth(10)

Then, for a unit applied load:

GBB(B’“) - e2(x|:(1 + e_za)sinh(Za) lj!

cosh(2a) - cos(2B) -

and the distribution of tangential stress around the ellipse boundary is:

25 T T T

20 .

= - e




Exercise 2.9
Show that Eq. (2.65) follows from Eq. (2.64).

Solution:
Since the maximum stress occurs along the major axis of the ellipse, from Eq. (2.64):
200\ 2
SCF =0y |, o fo =o| AHe_)simha,
=0 cosh2o, -1

Expanding out and noting the following identities:
cosh2a, —sinh20, =™ and ¢** —1=sinh20, +cosh20, —1 yields:

2sinh 20, +cosh 20, —1
cosh2o, ~1
But, sinh20., =2sinho cosha, and cosh20, —1=sinh’a, . Finally,
SCF =14+ 2cotho, =1+2| <20% | 1+2(3)
sinhot b

o

SCF =

Exercise 2.10

A large plate containing a circular hole of radius, R := 1.0 inch has a straight slot on one side only, terminating in a
smooth root radius of p := 0.05 inch. (a) If the overall length of the slot, a := 0.2 inch, estimate the stress

concentration factor at the tip of the slot. (b) If the slot is long relative to the diameter of the hole, estimate the stress
concentration factor at the tip of the slot?

Solution:
a) The SCF for a hole of any radius is 3. The SCF for a notch can be estimated from Inglis as

a
SCFHOtCh =1+ 2]%

Using the compounding argument of Inglis, the combined SCF is:

SCF combined = (3)SCFpotch and SCF combined = 15

b) For a long notch the SCF is dominated by local features at the notch tip and the hole is merely an extension
of the notch length, i.e., ap:=R+a. Therefore:

a1
SCFiong = 1+2 |~



