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Chapter 1

Overview and Background

Delta Functions
1.1. (a) The area of g(z) on [—1,2.5] is

2.5 2.5 2.5 2.5
/ glYde = 5 §(x)dx +3 §(x —2)dx — 2 §(z — 3)dx
—1 —1 —1 -1
= 54+3-0=8. (1.1)

The last delta function is outside the range of integration. (b) More generally for 2 € R*:

h(z) = / du-5/ 0(u du+3/ O(u—2 du—/ 5(u—3
= bu(x) + 3u(zr — 2) — 2u(x —
5,0§x<2
= {8 2<2<3 (1.2)
6, x=>3,

which verifies the result in part (a) when x = 2.5.

1.2. (a) From the sifting property of the Dirac delta function, the convolution is

g(x)*h(z) = [20(x—1)+46(x —2)+80(x —3)] * h(x)
h(x — 1) + 4h(z — 2) + 8h(z — 3). (1.3)

Substituting h(x) = exp(—z)u(x) gives a sum of weighted and shifted exponentials:
g(x) *xh(z) = 2exp(—(z — 1))u(z — 1) + 4exp(—(x — 2))u(z — 2) + 8exp(—(z — 3))u(z — 3). (1.4)
(b) From the scaling and shifting properties of the Dirac delta function, we have
d(ax +b) =d(alx +b/a)) = (1/|a])é(xz + b/a). (1.5)
Thus, from the sifting property:

d(ax +b) * h(z) = (1/]a])h(z + b/a) = (1/|a]) exp(—z — b/a)u(z + b/a). (1.6)
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1.3. (a) Composition with the differentiable function g(z) gives

Sg@) =Y % (L7)

where {x,} are the roots of g(z) and ¢'(x) is its ordinary derivative. Since g(x) = 2% —1 = (x — 1)(z + 1)
and ¢'(x) = 2z, we have
§(2% — 1) = (1/2)[6(z + 1) + 6(x — 1)]. (1.8)

(b) The function u(1/4 — x?) = 1 is nonzero (equal to 1) when its argument is nonnegative: 1/4 — 22 > 0.
This corresponds to —1/2 < x < 1/2, which is the support of the rectangle function. Thus

u(1/4 — 2?) = rect(z) = { (1): Lﬂe.ﬁ 1/2 (1.9)
1.4. (a) The discrete convolution is
glk] « hlk] = (26[k — 1] + 46k — 2] + 83k — 3]) = h[K]
= 2hlk — 1] + 4hlk — 2] + 8h[k — 3]
= 2(6[k —2]+ [k —3]) +4(6[k — 3] + [k — 4]) + 8(5[k — 4] + o[k — 5])
= 20k —2]+ 60k — 3] + 120[k — 4] + 80[k — 5]. (1.10)
(b) Similarly:
glk] «= h[k] = (d[k] + 3d[k — 1]) = h[k] = h[k] + 3h[k — 1]
(1/3)kulk] + (1/3)*2ulk — 1]. (1.11)

1.5. (a) The Dirac delta function with scaled argument can be written in terms of the rectangle function as
follows:
d(ax) = liIr(1)(1/|a|)rect(a:E/a) = (1/|a)) 111r(1)(|a/a|)rect(a;v/a). (1.12)

Since the rectangle function is even, «a/a in its argument can be negative. However, we must use the absolute
value of av/a when multiplying the rectangle function so that it has positive area. Note that since

(la/al)rect(ax/a) = (|o/a)—1/2,1/2)(ex/a) = (|o/al)] |- a/2a),|a/2a1) () (1.13)
has unit area, we finally have in the limit as a — 0:
d(ax) = (1/]a])d(x). (1.14)

(b) For the derivative of the Dirac delta function, consider a definition based on a smooth function such as
the Gaussian distribution:

1
6(z) = lim
() 02—0 /272

The derivative of the Gaussian pdf is an odd function:

exp(—22/20?). (1.15)

1 d x
\/ﬁ% exp(—$2/2a2) = — \/%0—3 exp(—x2/202), (116)

such that

/00 8 (x)dx = 0. (1.17)



Note also that

> ! _ 2 2
/_OO zd (x)de = 02_}0/ \/_03 exp(—z~/20%)dx

0 .’II2
= — lim (1/0 )‘/_OO > exp(—x2/2a2)d:v

02—0 2mo

(1.18)

Since the integral on the right-hand side is 02 (the pdf has zero mean), we find that the left-hand side is —1.

1.6. (a) From the results of Problem 1.5, we conclude that

o(ar —n) = d(a(r —n/a)) = 1/(|la)d(z — n/a)

and

> d(ax—n)=(1/lal) Y - n/a).

n=—oo n=—oo

(b) The roots of g(z) = sin(nz) are z, = n € Z. From Appendix B (or the solution of Problem 1.3):

d(sin(mz)) = Z WT(COS(mT (1/m) Z 0(z —n),

n=—oo
where | cos(nm)| =1 for n € Z.
Continuous-Time Signals and Systems

1.7. The Laplace transform (with zero initial conditions) yields
s2Y () 4+ 2sY (s) + Y(s) = X (s),

giving the transfer function

Y (s) 1
H(s) = = .
() X(s) s24+2s+1
It has two real poles at s = —1, and since the system is causal:

h(t) = texp(—t)u(t).
1.8. Using the Laplace transform approach, we have

2 exp(—5s)
s+1 s+1

H(s) =
The unit-step response is obtained from the following PFE:

Y(s) = L—i—exp(—k’)s)

s(s+1) s(s+1)
2

-2 2 +exp(_5s){l_ . }

s s+1 s s+1

Thus

y(t) = 2u(t) — 2exp(—t)u(t) + u(t — 5) — exp(—(t — 5))u(t — 5).

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)



Using instead convolution:

y(t) /OO [2exp(—T)u(T)u(t — 7) + exp(—(7 — 5))u(T — 5)u(t — 7)] dr

= 2/0 exp(—T)dT—l—/5 exp(—(7 — 5))dr, (1.28)

where unit-step functions have been used to give the limits of integration. Note that ¢ > 0 for the first
integral and ¢ > 5 for the second integral. Thus

y(t) = =2exp(=7)[gu(t) — exp(~(7 = 5))[5 u(t - 5), (1.29)
which is the same as (1.27).

1.9. For x4 (t) = exp(—5|t]):

0 oo
Xi(s) = / exp((5 — s)t)dt—i—/o exp(—(5+ s)t)dt

e 1
= —(5=9s)t)dt + —— 1.30
/0 exp(—(5 — s)t)dt + poE (1.30)
where the ROC of the second term is Re(s) > —5. Thus
1 1 10

Xl(s) =

= 1.31
5—s+s+5 25 — 52’ ( )

which has ROC —5 < Re(s) < 5. For x2(t) = erf(t)u(t), it is perhaps easier to first recognize that the error
function can be written as the following convolution:

erf(t) = %/0 exp(—712)dr = % exp(—t2)u(t) * u(t). (1.32)

The Laplace transform of u(t) is 1/s with ROC Re(s) > 0, and

2 [ 2 2 2 = 2
ﬁ/o exp(—t~) exp(—st)dt ﬁexp(s /4)/0 exp(—(t + s/2)7)dt

= %exp(s2/4)/:)exp(—v2)dv, (1.33)

where we have completed the square and changed variables as v £ ¢ 4 s/2. The last integral can be written
as the complementary error function:

2 oo
— / exp(—1?) exp(—st)dt = exp(s®/4)erfc(s/2). (1.34)
VT Jo
Multiplying this expression by 1/s gives the final result:
Xo(s) = (1/s) exp(s?/4)erfc(s/2), (1.35)

which has ROC Re(s) > 0.



1.10. For x1(t) = rect(t):

1/2
X = | EPLsD= ~(1/9)exp=s0)
— (1/s)[exp(s/2) — exp(—s/2)]. (1.36)

with ROC anywhere on the s-plane (since the function has finite support). The Laplace transform for
x2(t) = 1/t exists only for Re(s) = 0, corresponding to the Fourier transform, i.e., the “region” of convergence
for Xo(s) is the jw axis. Consider first the Fourier transform of the signum function:

/:)O sgn(t) exp(—jwt)dt = —j /:)O sgn(t) sin(wt)dt, (1.37)

where we have used Euler’s formula and the fact that sgn(t) is an odd function to eliminate the cosine term.
Next, we demonstrate that technically the Fourier transform of the signum function does not exist because
it is not absolutely integrable:

/_OO Isen(t)]d # oo, (1.38)

Since the product of the signum and sine functions is even, we can write

—j/ sgn(t) sin(wt)dt —2j/ sin(wt)dt
0

— 0o

= (2j/w)cos(wt)|y” = (2j/w) cos(wt)],_.., +2/jw, (1.39)

from which we see the first term in the last expression cannot be evaluated. The second term is actually the
Fourier transform, which is shown by writing the signum function using exponential functions:

sgn(t) = QILH;O [exp(—t/a)u(t) — exp(t/a)u(—t)]. (1.40)
Then
o0 ) _exp(=(jw +1/a)t) < 1
/0 exp(—t/a) exp(—jwt)dt = ot 1/a LT ot ia (1.41)
and

0 . o0 ) 1
/700 exp(t/a) exp(—jwt)dt = /0 exp((jw — 1/a)t)dt = o 1ja (1.42)

Subtracting these two expressions and letting o — oo gives 2/jw. From the duality property of the Fourier
transform, we can write
o0
/ (1/t) exp(—jwt)dt = —jmsgn(w). (1.43)
—o0
As an aside, we prove the frequency-integration property of the one-sided Laplace transform, which involves
1/t and is given by

2(t)/t — /OOX(s)ds. (1.44)



Inserting the Laplace transform definition on the right-hand side and rearranging gives

/:OX(S)ds = /Ooox(t)/:oexp(_st)dsdt

= /000 x(t)(—1/t) exp(—st) Oodt
_ /0 la(t) /8 exp(—st)dt, (1.45)
which is the Laplace transform of x(t)/t.
1.11. For x;(t) = texp(—3t)u(t — 1), first note that
dis /O; exp(—3t)u(t — 1) exp(—st)dt = — /O; texp(—3t)u(t — 1) exp(—st)dt, (1.46)

and from the shift property of the Laplace transform:

/00 exp(—3t)u(t — 1) exp(—st)dt = exp(—3) /00 exp(—=3(t — 1))u(t — 1) exp(—st)dt

exp(—3) exp(—s)
= . 1.47
5+3 (1.47)
Combining these results gives
d exp(—s) exp(—s)  exp(—s)
X = — —3)— = — -3) | — _
1(8) (=8 313 P ){ s+3  (s+3)7
s+4
= — 3 1.48
exp(~(s +3) (1.43)
with ROC Re(s) > —3. For z4(t) = cos(2nt — 5)u(t — 2), we have from Euler’s formula:
cos(2mt — Bu(t —2) = (1/2)[exp(j(2nt —5)) + exp(—j (27t — 5))]u(t — 2)
= (1/2)[exp(—j(5 — 4m)) exp(2mj(t — 2)
+ exp(j(5 — 4m)) exp(—27mj(t — 2))]u(t — 2). (1.49)
Since - (—25)
, _exp(—2s
/_Oo exp(£27mj(t — 2))u(t — 2) exp(—st)dt = FETT (1.50)
the final result is
_ exp(—j(5 — 4m)) | exp(j(5 — 4m))
= exp(—2s)[scos(5 — 47) — 2mwsin(5 — 47)]/ (s + 47?), (1.51)
with ROC Re(s) > 0.
1.12. The poles of the transfer function are s = —1,—2. A PFE yields:
2s/(s+ Dls=—2  [25/(s+2)]s=1 _ 4 2
() 5+ 2 + s+1 s+2 s+1 (152)



Since the ROC is Re(s) > —1 and contains the imaginary axis, h(t) is a stable right-sided sequence:
h(t) = [4exp(—2t) — 2 exp(—t)|u(t). (1.53)
1.13. The poles of the transfer function are s =2, —1. A PFE yields:

Since the ROC is —1 < Re(s) < 2 and contains the imaginary axis, h(t) is a stable two-sided sequence:
h(t) = (2/3) exp(—t)u(t) — (4/3) exp(2t)u(—t). (1.55)

1.14. From the definition of convolution:

y(t) /_OO [exp(—=27)u(r) + exp(—7 + L)u(r — D]u(t — 7 — 2)dr

t—2 =2
/ exp(—27)dr + exp(1) / exp(—7)dr
0 1
= (=1/2) exp(—27)[5* — exp(1) exp(—7)| 2. (1.56)

The functions in the first integral do not overlap until ¢ > 2, and those in the second integral until ¢ > 3.
Thus

y(t) = (1/2)[1 = exp(=2(t — 2))]u(t — 2) + exp(1)[exp(—1) — exp(—(t — 2))u(t — 3)
= (1/2)[1 — exp(—2(t — 2))]u(t — 2) + [1 — exp(—(t — 3))]u(t — 3). (1.57)

1.15. Taking the Laplace transform of the DE yields the following transfer function:

sY(s)+4Y(s) = X(s) = H(s) =Y (s)/X(s) = . j_ e (1.58)
The Laplace transform of the input is
X(s) = /:30 exp(—t)u(t — 1) exp(—st)dt
= exp(-1) /_00 exp(—(t — 1))u(t — 1) exp(—st)dt
 exp(—D)exp(—s) _ exp(—(s+1))
B s+1 N s+1 ' (1.59)
Thus
_ _exp(=(s+1))
Y(s) = H(s)X(s) = [EE )
— (1/3)exp(—(s+ 1)) L}rl - SLJ , (1.60)
and
y(t) = (1/3)exp(=1)[exp(=(t — 1)) + exp(=4(t — 1))Ju(t — 1)
= (1/3)[exp(—t) + exp(—4t + 3)Ju(t — 1). (1.61)



1.16. (a) The Fourier transform of the integral is
Y(w) = / / z(T)h(t + 7)dT exp(—jwt)dt

_ /_OO x(T)/OO h(t + 7) exp(—jwt)dtdr

— 00

= /OO x(7) exp(jwT)H (w)dT, (1.62)

where a change variables gives the last expression. Thus
Y(w)= H(w)/ x(7) exp(jwr)dr = H(w)X (—w). (1.63)

(b) For the functions in Problem 1.14:

() = /_OO lexp(=27)u(r) + exp(—r + Du(r — )] ult + 7 — 2)dr
= /00 exp(—27)dr + exp(1) /00 exp(—7)dr. (1.64)
max(0,2—t) max(1,2—t)
For ¢t > 2:
y(t) = /0 exp(—27)dr + exp(l)/1 exp(—7)dr
= 1/2+1=3/2. (1.65)
For 1 <t <2:

y(t) = /;Ot exp(—27)dr + exp(1) /100 exp(—7)dr = (1/2) exp(2t — 4) + 1. (1.66)

Fort < 1:
y(t) = /OO exp(—27)dr + exp(1) /OO exp(—7)dr = (1/2) exp(2t — 4) + exp(t — 1). (1.67)

2-t 2—t

1.17. Substituting expressions for the inverse Fourier transform yields

/ T 2dt = /_ Z /_ O;X(f) exp(2n ft)df /_ Z X*(a) exp(—2mat)dadt, (1.68)

— 00

where we have used x(t)z*(t) to obtain the right-hand side (since z(t) is real-valued). Rearranging the
integrals:

/Oo 22 (t)dt = /Z /ZX(f)X*(a) /O; exp(—2m(a — f)t)dtdodf

— 00

- /_ h /_ T X)X (0)d(a — fdadf, (1.69)

we recognize that the third integral is the Fourier transform (with frequency a — f) of a constant, yielding



the Dirac delta function. Finally, from the sifting property of the Dirac delta function:
| wa= [ xinxewar =[xk (1.70)

Note that when z(t) is complex-valued, the left-hand side of Parseval’s theorem is [* |z(t)|?dt.

1.18. For xq(t):

1/10
() = 5[ exp(-jenf

—1/10

- j; Flexp(j2nf/10) = exp(—2nf/10)]
1

= 7 sin(w f/5) = sinc(f/5). (1.71)

(b) For z2(t), consider each function separately:

[eS) 0 [eS)
/ exp(—|t|) exp(—j2n ft)dt = / exp(t—j27rft)dt+/0 exp(—t — j2mw ft)dt

— 00 — 00

1 1 2
N 1—j2ﬂ'f+1+j27rf_1+4ﬂ'2f2’ (1.72)
and
/ cos(4dnt) = (1/2)/ [exp(j4mt) + exp(—jdnt)] exp(—j2m ft)dt
= (1/2)[6(f —2) +(f +2)]. (1.73)
From the product property of the Fourier transform:
/_Ooexp(—|t|)cos(47rt) Xp(—2 O = s * (/DI =2+ 87 +2)
1 1
[1+47r2(f—2)2 ATy -] R
1.19. Observe that y(t) corresponds to the following convolution:
1)
y(t)—;[mt_TdT—x(t)*(l/wt). (1.75)

From Problem 1.10, we found that although the Laplace transform of 1/¢ does not exist, its Fourier transform
is —jmsgn(w). Using this result, the convolution property of the Fourier transform yields

Y(w) = (1/m) X (w)[-jmsgn(w)] = —jsgn(w) X (w). (1.76)
The output y(t) is the Hilbert transform of z(t), and —jsgn(w) is the frequency response of the filter 1/xt.
Discrete-Time Signals and Systems
1.20. A z-transform of the expression gives

Y(2) +227Y(2) +427%Y (2) = X (2) + 2271 X (2), (1.77)



which has transfer function:

H() = Y(:)/X() = -t

Since y[k] has been written as a difference equation, the impulse response of the filter is assumed to be
right-sided. From the table of z-transform pairs in Appendix C, we have

(1.78)

1 —acos(w,)z™!
k o
ok)ulk] — , 1.79
a COS(W )’LL[ ] 1—2a COS(WO)Z_]‘ ¥ G/2Z_2 ( )

asin(w,)z

k sin(wok)ulk . 1.80
a” sin(wok)ulk] — T Sacos(o)e T 5 a2 (1.80)

In order to obtain these forms, the transfer function can rewritten as

14271 271

H(z) = . 1.81
ey A e e e (1.81)
Let a = —2 and cos(w,) = 1/2 such that w, = 7/3 and
1+271 k
S P e (—2)" cos(km/3)ulk]. (1.82)
Since sin(m/3) = v/3/2, the second term of H(z) with a = —2 needs to be rewritten as follows:
27t V3271 k
— = —(1 ———— — —(1/V3)(—2)" sin(kn/3)u[k]. 1.83
s = VA — —(U/VE)(-2) sinlhn/3)ulk] (1.83)
Combining these results yields the following causal impulse response:
hlk] = (—=2)* cos(kn/3)ulk] — (1/v3)(=2)* sin(km/3)ulk], (1.84)
which has ROC |z| > |2|, meaning that it is an unstable system.
1.21. The unit-step response is obtained from the following convolution:
ylkl = Y ((1/3)"uln] = 2uln — 1)) ulk —n]
k k
= > ;3" Z (3/2)[1 — (1/3)** Y ulk] — 2kulk — 1], (1.85)
n=0 n=1

where a closed form for a finite sum in Appendix E has been used. Note that u[k] can replace u[k — 1] in
the second term because it is zero for k = 0. In the z-domain with ROC |z| > 1/3:

1 _ 2271
1—(1/3)z=t 1—2z71

hlk] = (1/3)*u[k] — 2ulk — 1] — H(z) = (1.86)

so that

Y([z] = H(z)U(z) = (1.87)

1-(1/3)H1-21) (I-z1
where the z-transform U(z) = 1/(1 — z71) of the unit-step function has been inserted. A PFE of the first

term gives:
1 - -1/2 3/2

(1—(1/3)z=1)(1—2z"1)  1-(1/3)z"! R

(1.88)

10



and from the table of z-transform pairs in Appendix C:

e — -2/ (1.50)
S22 G (1.90)
7(1‘_2;1)2 — —2kulk]. (1.91)

These combine to give y[k] above.

1.22. For x1[k], we change variables in order to use a closed-form result in Appendix E:

Xi1(z) = i (k=122 uk — 1] = 271 i K227k
k=—o0 k=0
U142l 22(1 4 ol
= (1(_1:_1)3) = (1(_1:_1)3)’ (1.92)

which has ROC |z| > 1. Likewise for za[k]:

Xo(z) = i (1/2)Fulk] + 4Fulk + 1))2
k=—oc0
S S Y
k=0 k=-—1
1 z/4

T T2 1—a v (1.93)

which has ROC |z| > 4.
1.23. For xq[k]:

1

Xi(z) = Z 3Ful—k +1]27F = Z (32_1)’“22(2/3)’C

k=—o0 k=—o0 k=1
s 1 z

= N —1l=— —1=-—"" 1.94
l;)(Z/) =23 T3’ (1.94)

which has ROC |z| < 3. Likewise for xz[k]:

Xa(z) = Z 2(ulk] — ulk — 5])z "
k=—o0
. k 1—27°
= 2 Z_ = 2 . 1.95
kzzo 1 _ 271 ( )

Note that although the ROC is the entire z-plane, the last expression holds only for z # 1.

11



1.24. The sinc and rectangle functions form a DTFT pair:

x[k] = % rect(w/2m) exp(jwk)dw
1 (7 ) 1 exp(jwk)]|”
= — k)dw = — —2—~
or | CxpUwk)de = o8 ==
= (1/j2wk)[exp(jmk) — exp(—jmk)] = sinc[k]. (1.96)

Recall that 7 is implicit in the sinc function. Using the shift property of the DTFT for x1[k] = sinc(k — 1)
gives

X1(jw) = exp(—jw)rect(w/27). (1.97)
For xq[k]:
Xo(jw) = Y k(1/2)" " exp(—jwk)ulk]
k=—oc0
= 2 kfexp(—jw)/2]". (1.98)
k=0

A closed-form expression in Appendix E for the sum gives

exp(—jw)

Xo(jw) = . 1.99
U= T e 2P 199
1.25. (a) In order to view the sample mean as a filter, we rewrite it as follows:
k
z[k] = (1/k) > alk —n). (1.100)
n=0

This corresponds to an FIR filter, and at time instant & = 2, it has two complex zeros obtained as the roots
of 14 27! 4+ 272, They are given by z = —1/2 + j1/3/2, which lie on the unit circle. (b) Separating the
n =k term in the original sum (or the sum above) gives

k—1
T[] = %ﬁ S aln] +afk)/k = & - Lotk — 1] + a[k]/k, (1.101)

which is a recursive (IIR) filter with time-varying coefficients. An implementation using the direct-form II
filter is shown in Figure 1.1.

1.26. The impulse response h[k] has a finite duration of N samples with support k£ = {0,..., N — 1}. The
discrete-time convolution is

ylk] = Z a" uln — 1) (ulk — n] — ulk —n — N))

k

> ant - kiva"—l (1.102)
n=1 n=1

12



ay = (k-1)/k

Figure 1.1: Recursive implementation of the sample mean using the direct-form II filter.

which is zero for k£ < 0. For 1 < k < N, the second sum is ignored such that

b 1—ak
ylk] =Y a" ! = , (1.103)
n=1

1—a

where a # 1 is assumed in the last expression. For k > N, both terms of (1.102) are included:

k k=N k=N _ gk

= “. (1.104)

l-a 1l-a 1—a

_1—a 1—a

ylk] =

The second term is subtracted because the rectangular function has finite duration N. Using z-transforms:

—1

o] — X(z)= # (1.105)
N—-1
hlk] — H(z)=> 2" (1.106)
n=0
Thus N1
Y(2) = H(z)X(2) = # S (1.107)
n=0

corresponding to a right-sided sequence. It has inverse z-transform

ylk] = Z_: a" "k —n 1], (1.108)

n=0

Note that with increasing k, the number of nonzero terms in the sum also increases, up to a maximum of
N (the width of the rectangular function) when k& > N. It is left as an exercise to show that the time- and
z-domain results are the same.

1.27. From the definition of the cross-correlation function:

ylk] = > " tuln = [k +n] - ulk+n - N))
= Z an—l _ Z an—lj (1109)
n=max(1,—k) n=max(1,N—k)
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which is zero for k > N — 1. For -1 < k < N — 1:

ylk]

ylk] =

Using z-transforms:

Thus

V(&)= HEX(E) = —— Y = Y
m=—1

9] 00 N—-k—1
Z an—l _ Z an—l _ an—l
n=1 n=N—k n=1
N—-k=2 o 1—aNk1
a = 3
o 1-a

S oo N—-k—-1
Z a® 1 Z anfl _ Z anfl
n=— n=N-—-k n=—
N—k—1 —k—1 N—k—2 —k—2
a1l — Z a1 = Z a™m — Z a™
n= n=1 m=0 m=0
1 gN—k=1 _gk1 gk-1_  N-k-1
1—-a 1—-a 1—-a
—1
alk] - X(x)= 17—
1—az™!

(1.110)

(1.111)

(1.112)

(1.113)

(1.114)

corresponding to a left-sided sequence. The inverse z-transform of 1/(1 — az) is a *u[—k], and so the delays
in the sum yield the following result:

Y

[k] = i a=* [k 4+ m).

m=—1

(1.115)

Note that with decreasing k, the number of nonzero terms in the sum increases, up to a maximum of N
(the width of the rectangular function) when & < —1. It is left as an exercise to show that the time- and

z-domain results are the same.

1.28. From the definition of the z-transform, differentiating gives

dX(z)
dz

> dz=F >

Do alkl—— == Y kalkla
k=—o0 k=—o00
—z! i kalk]z*

k=—oc0

14
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Rearranging this expression completes the proof. This can also be shown as follows:

OOE kx[k]z=% = -z EOO :v[k]dz_k
dz
k=—oc0 k=—o0
d & » d
= —zakgoox[k]z ——ZEX(Z). (1.117)

1.29. Since the ROC is |z| > 1/2, both poles are inside the contour C, so that the sequence for each pole is
right-sided. Using Cauchy’s residue theorem, we evaluate the following expression for k£ > 1:

2 4 B 2(z + 1)kt
n; Res[H(2)2" ', p,] = Res [(Z TG 1) —1/2}
o 2(z 4+ 1)zF 1
e [ 2
o 2(z+ 1)t 2(z +1)zF1
B z—1/3 z:—l/2+ 2+1/2 |y (L.118)
For k£ < 1, Cauchy’s residue theorem gives zero. Thus
hlk] = [(=6/5)(=1/2)F 1 + (16/5)(1/3)*ulk — 1]. (1.119)
The result is verified using a PFE:
B 2(z+1) . —6/5 16/5
He) = ooape-1ip 712 1B
- (—6/5)#;22_1 n (16/5)#}32_1, (1.120)

which has been written in this form because the sequence is right-sided. The inverse z-transform of each
part gives the result in (1.119)

1.30. Since the ROC is 1/3 < |z| < 1/2, the sequence is two-sided and unstable because of the pole at
z =1/2. For k > 1, only the pole at z = 1/3 is inside the contour:

2(z + 1)kt 2(z +1)zF1

(z+1/2)(z — 1/3)’1/3] RSV = (16/5)(1/3)" tulk — 1]. (1.121)

z=1/3

Res [

For k < 1, it is easier to evaluate the residue at the pole outside the contour:

~Res 2(z + 1)kt 3 B _2(2 + 1)kt
R |2 = T e
= (6/5)(=1/2)F tu[—FK]. (1.122)
Note that for k < 1:
Res[H (2)2""1, oc] = —zli_)Iglo zH(2)2*"1 =0. (1.123)
Thus
hlk] = (16/5)(1/3)* tulk — 1] + (6/5)(—1/2)*tu[—K]. (1.124)
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This result is verified using a PFE:

B 2(z +1) _ —6/5  16/5
H(z) = (z+1/2)(z—1/3)_2+1/2 z—=1/3
51
= (-6/5)—— +1/2 (16/5)T/3z,17 (1.125)

which has been written in this form because the sequence is two-sided. The inverse z-transform of each part
gives the same result as above.

1.31. For a left-side sequence, the ROC is |z| < 1/2. Using Cauchy’s residue theorem, we evaluate the
following expression for k& < 0:

2 o1 3Zk—1
— Res|H “an] = R ,—1/2
SRl ) = R [ 1)
3Zk—l
R 3/2
+Res | =g ¥
3Zk—l 3Zk—1
= ——F= + —0 . (1.126)
z—3/2 sm—1jp 2T 1/2 =32
Note that for & < 0:
Res[H (2)2* 71, 00] = — lim zH(2)z""! = 0. (1.127)
Cauchy’s residue theorem gives zero for k£ > 0, so that the final expression is
hlk] = (3/2)[(3/2)* " = (=1/2)* u[-k] = [(3/2)" — 3(~1/2)"|u[~k]. (1.128)
A PFE gives
-3 3/2 -3/2
H(z) = = / + /
(z+1/2)(—3/2) =z+1/2 z-3/2
1/2 3/2
= -3 — 1.129
z+1/2  z-3/2 ( )
which has the inverse z-transform given above.
1.32. The DTFT is obtained from the z-transform by substituting z = exp(jw):
5 )
H(jw) = exp(jw) (1.130)

~ (exp(jw) — 1/4)(exp(jw) +1/5)°

The magnitude and phase can be obtained by writing each component in the denominator in polar form:

exp(jw) —1/4 = \/(COS(w)—1/4) + sin®(w) exp(j tan™" (sin(w)/(cos(w) — 1/4)))
= V17/16 — (1/2) cos(w) exp(j tan™ " (sin(w)/ (cos(w) — 1/4))) (1.131)
exp(jw) +1/5 = \/(COS(w)+1/5) + sin®(w) exp(j tan ™" (sin(w)/(cos(w) +1/5)))
= 1/26/254 (2/5) cos(w) exp(j tan ! (sin(w)/(cos(w) + 1/5))). (1.132)
Thus -

|H(jw)| =

[17/16 — (1/2) cos(w)][26/25 + (2/5) cos(w)]” (1.133)
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and

arg(H(jw)) = w —tan'(sin(w)/(cos(w) — 1/4))
— tan~'(sin(w)/(cos(w) + 1/5)). (1.134)
1.33. The DTFT is
N-1 N-1
X(jw) = > exp(jwok) exp(—jwk) = Y exp(—j(w — wo)k)
k=0 k=0

1 — exp(—j(w — wo)N)
I = exp(—j(@ — o))

: (1.135)

which we see is the DTFT of a delayed rectangle function, but with shifted frequency w — w,. Thus, by
factoring exponentials, we can write

exp(—j(w — we)N/2) sin((w — w,)N/2)

X(jw) = : - , 1.136
) = oxp( 0 — ) /2) sin( (@~ ) /2) (150)
which has magnitude
, sin((w — w,)N/2)
X = 1.137
and linear phase
arg[ X (jw)] = —(w — we) (N — 1) /2. (1.138)
Sampling of Continuous-Time Signals
1.34. (a) The multiplication property of the Fourier transform yields the following convolution:
1 o0
Xs(w) = 2—/ X (0)S(w —v)dv. (1.139)
™ — 00
From Appendix C:
p
S(w) = T n;m §(w — 2mn/Ty), (1.140)
which has used the sifting property of the Dirac delta function. Thus
1 [ -
Xw = /m X (v) n;ma(w — v —2mn/Ty)
1 oo
= = > X(w-—2mn/Ty), (1.141)

S
n=—oo

which we see is the original spectrum repeated at integer multiples of 27/T, (and scaled by 1/T). For
completeness, we demonstrate that the Fourier transform of the impulse train is also an impulse train. Since
s(t) is periodic, it can be expressed as a Fourier series:

o0

s(t)= > snexp(j2mnt/Ts), (1.142)

n=—oo
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where s,, is the following nth Fourier series coefficient:
T, /2
= —/ t)exp(—j2mnt/Ts)dt = 1/Ts, (1.143)
T, /2

which has used the sifting property of the Dirac delta function. Thus

Z —exp (j2mnt/Ts), (1.144)

n=—oo

and the shift property of the Fourier transform leads to the result in (1.140). (b) The DTFT of the sampled
waveform is

X(y kzoexp —akT;) exp(—jwkTs) = [p—- (1a T (1.145)
where Ty # 1 must be included in the definition of the DTFT. The Fourier transform of x(t) is
X(w)= /OO exp(—at) exp(—jwt)dt = - ! ) (1.146)
0 Jw+ o
which gives
Xolw) T Z_ w—27‘m/T)—|—Oz (1.147)

This expression is equivalent to X (jw). However, since X (w) is not bandlimited, the overlapping components
in the sum for X(w) cause aliasing, and combine to give the closed-form result in (1.145).

1.35. For the rectangular pulse train:

oo

p(t) = > rect(t/T,), (1.148)
the mth Fourier series coefficient is
L1 izt
Pm = oo €XPl—J)aTm s
Ts j2mm /T T,
1
= Tomm lexp(jmmT,/Ts) — exp(—jmmT,/Ts)]
1
= —sin(mmT,/Ts) = (Ts/Tp)sinc(mT,/Ts). (1.149)
™m

Note that the corresponding Fourier series coefficient for ideal impulse sampling is 1/7s. The sampled

waveform is
oo

zp(t) = z(t)p(t) = > (Tp/Te)sine(mT,/To)x(t) exp(j2mmt/Ty), (1.150)
which has Fourier transform
Xp(w) = Z (Tp/Ts)sine(mT,/Ts) X (w — 2mm/Ts). (1.151)

Although the sinc weighting changes across the spectrum replicas, it is not a function of w and does not
distort the spectrum. It is possible to reconstruct the original signal using a rectangular lowpass filter as is
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used for reconstruction after ideal sampling.

1.36. The Fourier transform of z(¢) in natural frequency is

X(f) = 6(f—100)+8(f +100) + 2[5(f — 200) + 8(f + 200)]
+ (3/2)[0(f — 300) + o(f + 300)], (1.152)

and that of the ideal impulse train is

Z §(f —n/Ty) T Z 5(f —nfs), (1.153)

n=—oo n=—oo

S

where fs = 1/T is the sampling frequency. Thus

Xf) = 3 X(x Y 6 -nf) = Z X(f —nf.)

n=-—oo n=—oo

= Ti Z [0(f —100 — nfs) + 0(f + 100 — nfy)]

S
n=—oo

+ 2[0(f —200 — nfs) + 6(f +200 — nf,)]
+ (3/2)[6(f — 300 — nfy) +6(f + 300 — nfs)]. (1.154)

(a) The spectrum for f; = 300 Hz is shown in Figure 1.2(b) (only for n = 0, £1). Since f; = 300 < 2-400 Hz,
we find that aliasing occurs, as seen by the overlapping spectral lines. (b) The spectrum for f; = 500 Hz is
shown in Figure 1.2(c), which also has aliasing because fs = 500 < 2 - 300 Hz.

1.37. Since the spectrum of the reconstructed signal is obtained as X (w) = H(w)X(w), the result in the
time domain is a convolution z(t) = h(t) * 25(t) where h(t) the inverse Fourier transform of the rectangle
function:

w
h(t) = (Ts/2m) [W exp(jwt)dw = T,Wsine(Wt). (1.155)
Thus
x(t) = T Wsine(Wt) * i x(nTs)é(t — nTy)
= T.W Z Ysine(W (t — nTy)), (1.156)

where the sifting property of the Dirac delta function has been used. Observe that the samples {z(nTy)}
are weighted by time-shifted sinc functions which perform an interpolation of the function in between the
samples at integer multiples of 7.

Discrete-Time Filters

1.38. (a) For a direct-form I implementation, we multiply terms and rewrite the expression as a function of

z

5272 — 10273
1—-0.22"1 0632724+ 1.8273’

which gives the structure in Figure 1.3(a). Rearranging the feed-forward and feedback sections, and com-
bining the two delay lines into a single delay line gives the direct-form IT implementation in Figure 1.3(b).

H(z) = (1.157)
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Figure 1.2: Spectra for Problem 1.36. (a) Original waveform. (b) fs = 300 Hz. (c¢) fs = 500 Hz. Note that
the results only for n = 0, £1 are shown in (b) and (c).
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