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CHAPTER 1




o
TV = ’C‘ij \’j

1

o) _
T = ?11(0.11) 4 ?12(0.35) + '3'13(0.93)

T2(v) = = 2450 psi

W)
377 = - 140 psi

A
(b) To find component in direction of unit vector £ , compute

TE=F¢ - 1) &, = 180(.33) - 2450(.90) - 140(.284)

- 2185 psi

47
If there was a body-couple vector M , with components Mi » 1t would

follow that

. . - & E
eijk ’tj'k Sooae My 123 /C‘za MY ’t_:az

= 100 - 200=-{ ©O P$L




From Eq. A1), T = a ., a . T.. corresponding to the
1.4 q. (1.11) g i %qi C4i° P g

transformation X, = aij Xj . For the rotation given, the

transformation matrix is

W

J—‘ 0

2
1
5 0
0

1

1

It is a straightforward exercise to obtain the stress matrix 17Pq :

137 -137 0

= - 137 63 0
’tbq

0 0 500

Note that in calculating the above, the only non-zero terms in the

11 12 21

1
= ™ T T .
T @ 3 "t (@9 2q1 * %p1 ¥ )&, + (ayy agy) B33

ft-ij matrix are T , T - T , = . Thus

(a) The principal stresses are found from the equation
- 7:2 + ’tr - =
I 1 I11 .

In the present example the invariants of the given stress state

are easily computed as

Iy = ’t‘kk = 0 T, < !’E’:J

L
<

-1000 1000
7. = + ol + lo| = - 2x10° (psi)?
T 1000 1000

(e

27? = 2 x 106




(b)

The array of principal values can be writt

32 x 103 0 0

T = 0 0 0

A

0 0 -J2x lO3

th lts i . Trivially, = III
e results in (a) rivially 11: v
2 x10° o Zx10° o
II = + J— 3
0 0 0 {2 x 10

-2 x lO6 Thus, agreement!

%
See note below.

But iﬁi iﬁ = 1 —» ‘}l = J%%;%zfj%i

en

From this array we can again compute the invariants, to compare with

+

(c) To obtain the direction cosines, need to solve

1
For ?:1 = JE-X lO3 s after some algebra: \,

3]
1 wW2Y, - Y,

0 . And

T _ 64, -
(T.. AJ)JJ, 0.

L.J

0

1

1 1

Vo <

3 = T = ’c— =
since T 23 33 0,
the set:

(3 '2")1)1+ T, \)2
112‘)1’“ (T3, -V,

e,

these equations reduce simply to




The orthogonality relatiomns, for _%"1 # TZ # ,D’?’ that must be

satisfied are
2
0 Y., = 0+0+0 = 0

J""—l—(1+J—) 1 1 1 -1
Ja—zrﬂ+zr Ja—zf"vﬁ;+2l_ \/4254+2J‘

= 0+0+0 = 0

Have obtained correct principal stresses and directions.

4~

The stress quadric is Ti

(a) Uniaxial tension: t11 constant; other ‘t:',j

3'21 Th z
- *

%l % J represents a pair of plaﬂe‘. SUT'F&CQS

Plane stress: Let

v fi i

T'

2

T, - T
'gl 11+2?1§2 12 jz Ty, = x4

. g2 2 _ L, d
?1+2’E 1€2+’511 T

This is clearly the equation of a closed curve in the ‘;1 ,?2

plane, or a cylinder in gl s sz s i?’ space .

For simple shear: only T

which is the eq. of a rectangular hyperbola

VA ‘?\i; 5pbce..




1.7

To find (27 ) we can use Cauchy's formula. We assume that

nn’ oct
T . As
1

the x, are coincident with the axes of principal stress

the plane under consifration is at equal orientation to the prihcipal
v ' ~

axes, the components i of the plane's normal %/ must be equal,

Therefore, v& = 1/{3, i=1, 2, 3. Then

(Tyoee = 1Y = 2Py - . Y ¥

nn’oct ij i
- ’i’:’lx)i = L s

3( 1 2 3

The tectal stress vector on the inclined plane can be resolved into

two components, the normal component Im) = (‘t;n)oct » and the

shear component ﬁ@ = ’t;ct . If '%(V) is the total stress vector

on the inclined plane
2

CRER R L
put 7V 'l'ij Vj which is Cauchy's law, derived from Newton's law,
thus
.30 L Ty Vs T Ve = & VI ES Ve T2 v
R 7R R A
Toee = BVG-D+ BIG-9 + OG- - T, 42 2 482,
= % [2?‘12 + 22‘52 + 22"52 - 2"t'lt'2 -2l %, - 2'2“22"3]
Toee = 3127 - TP+ (T, - T+ (& - )
For the uniaxial tension test, let 21 = v, ’A'z = ’Z"B = 0,
Then 1}§ct = %~Y2 . Then the criterion of Mises-Hencky follows as

A~ 2 2 2 2
(T’l—c.z) +(C'§—2‘3) +(Z‘-l'—”t:-3) = 2Y

vz

or, more simply, ’t;ct = 5 Y for yielding.




1.8 For principal stresses, I = t‘l + /C"z +

T
II'(‘ = ®I2-2‘+ rz';?;+ Z‘ET’; Then

£
™
=]
o

2 _ 2 2 2
9T ., = 22"1 +2‘t‘2 +22‘3 - 2T
- A 2 oA ™
2087 + B + BT - a8, - 4T O - T T - 21,
) ’\2 = 2
g gloct Z(IT) _6117'.

The Green tensor is defined as (Eq. (}.32a)):

£ -1 Dik aik_

15 5(9xi 2%, ij

) .

Then by straightforward substitution, the following strain tensor arrays

are found:

(a) Simple dilatation: E .

1, a2
1 (AT -1 0 0

0

0

%—( 731 - 1) 0 0

0

(b) Pure deformation:

0

. . . £ _ 1,52
(¢) Cubical dilatation: 15 2()- 1) J‘ij .
. . - 1ipr
(d) Simple shear: 13 0 > 0
1 1
A ™ o

0 0

Note in (d) the normal strain 522 that occurs in the nonlinear

theory for simple shear. Expressed in terms of stresses, this is

often called the '"mormal stress effect".



(a) Simple dilatation: azilj%near A-1 0 0

(b) Pure deformation: &l:!.;near AL - 1 0 0

(c) Cubical dilatation: gi?“ear

]

(d) Simple shear: zj{;“ear o I[/2 o

0

0

For physical interpretations, consider first simple dilatation. Then

d?l_;\ 7R RN
—= = s = = . Thus we may note that
dx dx dx
1 2 3
A _ deforming length _ stretch ratio

initial length

Also, equally obviously, from case (d), we can identify r‘ as the shear

angle.

1.11

The initial volume of an element V is dxldxzdx3 . The deformed
e * —

volume is V = d'il d'sz d ;3 . Hence

* a = A A

\Y (?lldxl)(f\zdxz) (Ades) Pll 5 73V, using the

information of Prob. 9, part (b), for pure deformation.

From the definition of the Green strain tensor,

2 2 2
(ds*)“/(ds) = 1+ [2 gij dxi dxj/(ds) ]

Let ds = dx o (ds*)2/(dxl)2 = hzl . Thus

2
AP = 1+2 €, A = Vi+28




. %i =,/1 ¥1g, » 1=123% (o sum!)

Then, from above,

vk[V =

Then

vk /v T L+ £+ £+ £€,) T i1+ E,+ €, + 533

s VXV -1
- -

[Note, can also get

1f the strains are infinitesimal, 2 Eij

Ji+ 28 J1+28, J1+2&,,

= u. ,+u, ,<< 1.,
l,J J,l

£ =TT

11

1

2
i

P 1+ 2 Eii result from Problem (9) , part (b).]

1.12

Clearly €., = 0 implies wu, J+4+u, ., = 0. Thus
1] 1,] 1,1
o
-a——I;f=0--7u=ul(Y,Z); aa"%=0—)v=vl(x,z); g—:'”—‘O-—)w=w1(x,y).
2—9-+@—1=0-79ul+.av1@0. QE._F_E_K:()——’)E_]:_.}.BW]'@O
2y OX Y o x éaz 2 X Dz ax
oV Iw
v Pu_gy 2L 71 o,
Dz DY 2z 2y

The implications of

equations @ - @

> =

D> vy =

o%
(2= vy = -x +iy) s @ v
2z 3 2 1
oy ! ? ¥
Then Sx =0 5 = 7 0.
2 X 2 x
) v, = A(z)x + B(2) , W T c(y)x + D(y)
ov
Also ,ayl =0 =y = E@y Fz) , v = GOy +HE)
BW]_ N
And 7z =0 — uy = I(y)z + I » vy T K(x)z + L(x)

ovy 2
o= +f(2),@"‘7ul=-zax + g(y)
9uq ov
—= + h(z) ; @-—)vl=-z + 1i(x)

the vanishing normal strains can then be used with

as follouws:




ul(y,z) = E(2)y + F(z) I(y)z + J(y)

Vl(x,z) = K(X)z + L(x) = A(z)x + B(z)
wl(x,y) = G(x)y + H(x) = C(y)x + D(y) .
From the equations for ul(y,z), E(z)y - I(y)z = J(y) - F(z)
L. E(z) = El = const., I(y) = Il = const.
Joouly,z) = E;y + I,z 5 similarly,
vl(x,z) = Klz + Alx :
wl(x,y) = Clx + Gly .
Jdu; vy
But 275 +,ax=El+Al—O—"")El‘—Al
Similarly, Cl = - Il . Gl = - kl .

u(x,v,z) = 0+ Ely + Ilz
v(x,y,z) = - Elx + 0+ Klz
w(x,y,z) = - flx - Kly + 0 .
If we write W = ng.\ + wzfi\ + W3ﬁ = - Kl,i\ + 113\ - Elfc\ » and
= xA:.+ y?+ zﬁ » We can easily see that
T = Wxr.

A constant translational displacement can always be added. If it

is denoted as ?o » Wwith aﬁ’o/axi = 0 for all 1, the most

general rigid body displacement can then be written as

? = ?O+Bx_r’.

1.13 We have just shown (Problem 11), that the volumetric change is

calculated as

VRV -1 = &£ = E 4+ & 4+ &£ .
ii XX vy ZZ N
Th in t f i */y — = &
us in terms of the deviator, (V*/V l)Deviator 44 *» ©F
- i . _3 . =
BV iator 1173°%4 = €;4-Fe = 0. Hence

the dilatation of the deviator is identically zero.




To determine the invariants, consider the array of primcipal strains,
since e Jij affects only the diagonal terms. Thus the principal

deviator strains are (with e = !'3—( 51 + 52 + 53) )

1
( fi - §-e) 0 0] 1 0 0
— _ 1 _ _
Zij = 0 (EZ_BE) 0 0 62 0
1 —
0 0 (53——3—e) 0 0 53
Then the invariants are determined from [Eij - Acgij = 0.
3 2 —
Then A° - Iz A+ 1157\ - i = 0
. - - - o _ £ _ -
S Ig £l+£2+ 53 El+ 2+53 3¢ = 0.
_F £ LEELE E - _ }
IIE 61 €3+ 82 53 + &9y (51 e)(E3 e)
F(E, - e)(Ey-e) + (& - e (&, - e
_ 1 2 _ 2 _ 2
_§ ¢ £ . _e _e _e
1112. = &8, % (€, - P&, D(E, -

second-order tensor is

a, a, A .

: ip "ja Prq

Then J . a, a J
A i3 ip jq A pd

. A ., a = c{

ij %ip “ip A ij

Thus the equation of a second -order ,isotropic tensor has been identified.

p
Q.
]

or

For rotation about the Xq axis,

Note, isotropy transformations:

\

i
1]
o
H
‘_I
o

A, . ., a, A A,
1] ip 19 P4 1]

I
(@]

3y, 339 Byg = 7 A3 ¥ B3

849 35, Ayy = T Ay = Ay T 0




17 335 Apy T Al A
A1 T B3804y = -Ay o Ay, = 0.

Similarly for the rotation about the

|

i
g

1
o

A

12~ 12

I}
(@]
I
=
<o

aij N
0 0 -1 Ay1

|

|
g

[
o

Now a rotation about the x, axis of 90° » followed by a rotation of

1
axis, produces ( ¥s

90° about the X,

¥

313 313 Aj3

b2 T 8y Ay A = AL = Al T Ay = Ay

A33 T 3385, 4y = Ay,

Thus All = A22 = A33 = )\

". Aij = }l Jij is the most general second order isotropic tensor.

For Dijkl = 1orij Jkl + ﬁ{k le + a,{l f carry out

jk ’

the fourth order transformation-
14
= +
Dijkl ﬂ'aim ajn %ro alp C;qmn J.op ﬁaim 8o ajn alp Jmo np

+ Taim alp ajn %o J p Jno

m

B A'a“im ajm akp alp + ﬁ %im *km ajn %In %im %1m ajn %kn

?"Orij O(kl +ﬂ‘rik d}l + KJil ij = Dijyg - QED.




