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Chapter T

Overview of Finite Element
Method
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Using series expomsions of sin e and tan 6

g’ s
Sim 6=..8 - & _ =z 4+ .-
3i *

tan B = e+E_+T7‘,;_-6 + e
3

we &Fnd
I 71-3
s = 2nR (T - & ,?+_...>

Since the true value of $
s 9iven Ey 2TTR, we have
(1)

sP< s < s




For R=1:

u
n s, 20 R sin T, §™=an R fan =
3 5.1962 10.3923
4 5.6569 8.0000
5 5.8779 7.2654
6 6.0000 6.9282
7 6.0744 6.7420
8 6.1229 6.6274
9 6.1564 6.5515
10 6.1803 6.4984
11 6.1981 6.4598
12 . 6.2117 6.4308
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@ From Fig. 1-4 (shown below), e area 0’6, He cincle
(_J\Jwﬂ/]ac-rdin.g t the inscribed Pol”on is given b.,']
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Figure 1.4.
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The 4third and Fourth efjucb{'l'ons i (1) are given Ej

15



2EL (¢ W3_31W4> = P (2

£
2EL (_3? Wy + h 4> = o (z)
v
Solution of Ezs’ (2) and (3) is:
W, = F___/Q W, = FQ
3 2ET 4 2 EI

The deflection within the element can be
ex]oressecl as

W) = = (397‘ —2" )+ - CA D
al X)) = — x LI Gy ——22 :_F_ ,(._x
-J?(> — (el -1 )+ZEI(°° )EI( )

——

2, _
BEna\‘nj moment = M(x) = ET j;’; - F(f—‘l>
mEY- &

Stress in the e,le,rnerzf- =0 (=)=

where j = distance fro—r‘n he,u.‘l’raj ax’s.

s ()= (-0 % ; A=z L
1
_ — | — 3 ——=%— 3T
@ G((e):( :[5] _ %—:E 31._ ziL:j 3L _L:'— ::7_._
| -¢ -7 ¢ 3 3
B T S RS TR YA S
Wi W3 x,wr, W, W3 W,

L
— W —
with w.—.{_w;} and PZ{O}
These ezucu!:t‘ons can be rewrttten a3
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2 M(:v L3
€W3—‘3L W‘F =0, _3L~W3+ 2L W4-=
5 2EI
Solution: _ Mo L . m.L
Wg B 2ET 2 T/J‘-{' - EI
A%
Behdhnj mcme_'n{? e e|emen'l: = M('x> - ET &x'z_
IS _ l 2 3 ] ; 2
with 1 (2) = WB-E_(ng - 2% )_{.T«Q_F(«_ - Lx")
2
d AW i) w1 (6L —i2x 12 _
an ci*;c?‘() W; ;_3( >+ i(sx 2L>
= Mol L (g —q2x) 4 Mol L (6x-2t)
2L L EI L*
Mo
= = L : _M y
. ET > - |
g (x) = stress = M g g 01
I
w w W
wlff\ | W4r1'“ y WC/{F\ °
—_— - |
ASSemH\‘nj H-\e ef_te.me,n'f: M @
SE{ffness matrices l?j IL‘ L ,{’ A >

r‘e{'a.t‘nu'nj Oh‘j the non-zero

dejrees oﬁ f-reeclom, we obtain

¥3 Wy 3
¢ +6 —38+31 3L W3
7. 2EL . . a2 2 w. o =L
[kx]= NE -3h+3l %2 1 4° 7"z
sh = 22" We
_ teer (2 o) %L
3 2 1 rA
L 4 L Zl—
3 2 2
7 - 4"‘L- + L7
E?)..:.LLEY'C wm e,?/u.ai't‘o ns:
8 o) eL W3
4EI 4 L?— > W s P
3 ) 4 L 4 = o (1)
6L e 2% [ we o



Scalar form of - (1)

48 W3+6L w, = FL (2)
| 4€I
4P we+ L Wg =0 = sz:—%:i ED)
(LW3+L2'W41-2L,2W6:0 (z,)
Egs- (3) amd (4) give
Woz - L w, 25w, - _ 2 [y
3 L 1T gL ¢ T T L W &)
Eps: (2),(5) and (3D yield
3 2 2
_ 7 PL W, = PL. W, = - PL 6
Wa J¢s EI 4T 128 &Y S 32ET (&
'R
BenoQ:'nj moment in element = M(x)= EL %
: x
2+
S’tTGSS n element = g (x)= M(x)-J = E 9 d w (.1)
() I e
[ 2
%2 = - E"#[ (GL*IZ“!) 7PL -+ __|_ (67‘"2‘-') PL
K L* (28ET
_ 4y P (EL-8"
7 T ( 128 ) (7>
> = ( 6'—37“3 L ex-4L) - O
o~ = — — (12% - + — (6%~ —_—
%% 7E l:,_% 7681 |? [28ET
I L '
- 2 -~
-+ Lz 6 x- )( 3251>]
-y L F‘ (x—l— 2L D
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ASSemLIeJ s{'u'JCJCngU ma;l'r[x) D(]) IS Sane al the
one derived n Problem I.6. E@u_;(_,;gr;um e F o3

48 o 6L W; )
4ET ,
L? o 4L LF I Me o= oM ()
cL 2 2L* Wg °
Solution of Ezg.(u);
2
L
W, = M, L ’ W4=SM°L: wézﬂﬂf_—
l2g EI c4 EI e EL
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3 32 _ 4 .
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Eppilibrium egpationst [ 7y = F

7168 EI 15¢ E1 W
'—‘9 L-; 3 L'L 3 F
256 g1 cu £ )y, [
3 T S N °
Solution is: 3 FL3 9 'PLZ
Wg: —_— > W —
4096 EI 4 lozy ET
S/t‘;z,&& A WI: N
: 1
u;%x): J PLg_,'_(sf.tz—Zx%s %’*
4o7c EI 213 fozy
3 2
L(x2- 4 %)
|
P S 2
= ZLx —5%
e (4 %
) L i
Q) L _ E — = EBEY - - ___- (9[_——?01>
o (X)) = Ea 7 da® {92 EL
_ __E__ (gg_,-lax)g
6y I

4696 EI
e ()
fo2y ET z 3
2 2
O‘(Z)(i): M(Z;a”* _ E%%E”:E}'l%%(,zx—L>
= T-ZE-S—E;(‘ZX—L) x.

- 1-11



= Ef‘j E@%) A(x) dx  wifh w(x)= (f-ﬁ)Uﬁ(z)Uz
= fXE (UZ,U,)?'AO éwch
o /e-
- 1 EA, (UZ;U’)ZI ¢ o
=4 EA, (Uz—j-zvqr(o 537.{.1) = L{U, UZ}D{I{{Z}
wih

= deinidie emengy = L fff(i_f/acx)-&z

o
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Step 1. Idealization :
- (2>

@ A
200 A E P
(I) i .__.,__b___ e o @  —
A' o [N \A(Zl) = (25
-._>§IC') —_ —_— §| §z
. 2
® { s
ﬂ, =5 ¢m, E(L)z 2xuo7 Nﬁmz ;3 4= 1,2
) 2 (1 (2
A(Jl' = 2 om , A2>= A(lz>_=' ) cmz, Az>= 1 c,rnz

S'bE«FQ. _T.h"l:erlaola.":t'on ‘moo{'e‘,

9“”‘"[ " @) (x“’)}{_i;}
§

S?l:ela_’;- Element ezu.a;l:fohs:

strain energy of element e =

] p)
with —©_ 2@ @© @ e (e _@l(e)
) ol:( ch)
) (e
Here Ace)(x)zA-‘(e)+ Az —Af(e ~
A (e)
Hence 2 A
(e) (e
E - e) (& L€
T['(e) strain energy = —= ¢, §f jA‘ +Az - A el
ﬁ(&) f(e)
AE g (&) @ z O( 5
= oy (e) (ey _(e
"‘“z_k_c?)— (§i * éz & 7151 ¢,
where A,l = average orea = (+ Az
; 2
Expressing 7w ey ®- L %’(e) T[ KT — (&)
$ >
we obtain _
(e) (e) i -1 — (e) § (E’)
E<Ce)] _ A E with 307
K(e) 3
; -1 1 2
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Y 2 2 '
(I):———-—Z+' =175 Cm , A():l">'+l—

av 2 oV

RSN R I S R

Step 4. Assemuj of ezua:l:u'ons:

‘ T o
[K)=of
~JT 0 9 7+5 _5

P

% { ) R P, ] ’r‘ea,c‘lh'oh a;['
node 1
1
¢ =

[ ]

Sl‘:els 5. AH;[j bounalcu‘y cond{'lrl‘ons and solve e(g/ua,+¢'ons:

t—tw

[; (o

since B =0, we delete first row and First
column i E‘g/yg.(ﬂ to obtain

(IF=F > T TR 0]
- 5 &5 1

Solution of Eps- (23 gives
§2= 1- 428 x}o_7 Cm , cf3=3»428 x:37Cm
S\l:e,a 6. Frnd stresses:
0 g g @
O"'U): E(')e('>= E ! 2, %, = (2 X‘°7)(I--’128 X _E)
(D] 5
= 0:5712 N/cmz

(2 (2>
P @B @ 2,7 -3

XU')
7y(3.428 x5 428x10—7 2
= o) (2422 0! - 08 N fem
5
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@ @) Element characteristic matrices:

4 4 3
¢, = d _ T (57D — = 9-5874 xto
i28 /r £ 128 (1-6 x10 ©) (1002) .‘.-.S/U:-Sec
4 4
d ™ (2
02=-Tr—-z—- = ( )_6 = 0.1636 x10
128 /4 lz 128 (1°€ x 10 )(I‘SOa) ;ns/M,_sec
L'
C3= Ll m (' 5€35%10°
A = 1. 35 Xlo
? (23 M £ 128 (l-éxlo-5>(2ooo) l s/u )
n - oec
Fu'Pe element { with nodes {ard 2 .
"y _ : *
[x ]’Cul:' —':]=9587-4{:' “]'
=1 | -1 | 2
Pipe element 2 with nodes 2 and 3:
2 3
@> _ ¢ - - . P - 2
ﬂ; :?" C2~[;, { j} = 16360 [;I I-] 3
F-‘Pe elovrent 3 with nodes 2 and 4:
2 4
(37 _ -1 I -1 2
(K ]—Cs[_, ‘]-n?sa.s [—. .
ASS&mLEJ characterstic rnatrfx:
(95874 -9587.4 o o |
- ) (959874 -163:6 = 1963.5
[5]3 9587- 4 1630 €
+1963°5)
o - 163.6 1636 0
| © ~1963.5 o 19635 |
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System ezua.:h'On S:

Pﬂ‘i 587.4 95874 o o —rh\[ (&)
_9587.4 117145 -163.6 -1963:5(|f &
o ~163-6 lg3-¢ ° o= a,f @
0 ~1967.:5 o (9635 | ) g

L
wkgre Q‘* s the eX'i—ernaal g’ow ra_'l:e ak node <.

Since the pressures ok nodeg 1,3 amd 4 gne Known,
P, is the unknown pressure in Eg- () with g,=0.

By u.s\'nn the Kmown vadues, P, = 20, f’3= 1S amd
s Fgl'; EZ. (1) com be Y‘eer'H',en i the form

k=
05879 o o o [ %) 95874 ¥ 20 b,
o H7Iy's o o b 9587.4 P+ 163+6 P3
5= + 19635 Py
o 0 1636 o b3 = 223655
16 3:6% IS¢ P3
(o) (o) o l?é?"i h, ) |963.5'*|5‘_l,q -
(2)
Eg. @) 9'ves the nodal pressures af:
223655 .
— . =z — . 0 S
t =20ps, P Th (9.0921 psi,

1
Ps= 15 PSt, P, =15 psi

(b) Volume f(ow rates 'n pipe M
&= (i - P2)= 95874 (20 - !9:0?2l>
= 8704:- 3273 |'ng/S'ec

&Zz-cz (Fl‘f’z) = (6360 (|9.oqz|_ D)
= 669 4676 in/sec
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Qs = €3 (12— Py)

1963-5( 19.0%2) -es‘)
803¢4.33% l'ng/Sec

Tt com be verified thatthe inflow vate (@) s eﬁml
t the total outflow rai'e( &, + 43)

©)H Re.jnolols numbe r for f(ow in each of the Pa‘[oe
elements :

ooty T

Lf

Y (19) (8704 -3)
= h(H) £ L .
e (iz) 4(“‘) ‘?T’(l*lec;s)(g)
= 0.126936 x 10

For pipe eloment 2:

(Iz)HCQ)(ééq >) =o-02'—f‘rl|x(o6
T (16 x 16 (2
For J’r’e @Q.Mr\-ﬂ/hi— 3

fes 4 (4 4 (.9 (8034-8) e 0 46465 X1
™ (IGXIJG)(‘f)

(d) Since Re = 2000 in each Ft‘re M(JW),
the f'ow is Turbulent in oL Pépe elevnents .
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(e
I——> U,(e) I-—+ v,
T WWWM—, Element

% e

e P2
When nodel forces P, amd P, act a./lmn.g the nodal
ditphocemends () amd UL, negpectively, the Afrain
gy d& tRe Apivirg (s given by
TC = (né'[' :force) (he{' W&M>

L
2
d (e (e)
e {‘k(Uz(e'_—-UfO)} (v, =, )
(e) PINE
=4 e (6 - U (>

EZ-(:) cem be e&l:ress“eeﬂ n matrix :f-orm a3

(e)
=4 §u' U?_{e)}[« _k]{u' } (2>

— 4 &« U2(e>
oy T
= (€ [ k@] TR (3D

= L
il 2_U

where ©>

= {U' ® } = veclor of nodael W
Uy

v
05 &’ement

.y

(:'k(ﬂ] = stiffness matrix of element .

By comparing Eps. (2) amd (3), the stiffness matrix
of the elovnemk com fe idenlipied as

[(®]- « L‘I ’j ()
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@ 40 ® o .
—
7 'kl ’kz

e=-1 e= 2
——— —n —_—
P, (reaction)  F2=0 P3=F
Element S"L’I._FS‘—T\G.SS' matrices: v, Vs
©]= T I R (1
[I.< ]_ kl[-q \ ] = 10 [_‘ |:JU2 N/]n
Uz U3
@ (. St -1} VY2 2)
B< J= 1‘2[_, l:l = 5xie {:_l i]Ua /'

ASS’emHEO\ stiffress matrix of the sjs’{-em :

Uy Vo U3

5 i - =4 1 =i o U
K]= Io 5
[rv -

145 -5 [ =10 [-1 g -5 (Y2 (3)
o -5 5 6 -5 5 |ug

Ezufh’bn'um ezuafa‘ons of the Sy stem :

o | 4 -1 o U £ .
0O -5 5 Us l0oo

By using the condition U =0 in Eg- (4D, i by
Ae\eh‘nj the row omd column COY‘rESFOno(l'ns t U,
Ez-(q)) we o blan

S 0 B

Solution o} E7'(s) 9|'VG$’ the noo[ai &L/SJOIM $

Uz: o0+*0|0 Yo, Ua: 0'cl2 m

(6>
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. 0. I_’Ul GID—’UQ s é‘)_“% ‘s @_’U#P
\)\N\/\r—°—vvww—-—"

=2 e=3
S Sy S
(reo.c‘hon)
gEle ment wmotrices: v, Va
| — | s [ -] WU
[K(‘)]z k'["l t] =10 Ln J U2 N/m
V. V3

\I

™ — s 1 - Vo
[Iﬁ(z‘)] K2 l] = 2%xlo [_’ ' ] U N/m

o 5 U’i U“ U
- ) )
[“(3)] = ks |, l] = 3t E -':] > N/
= - | UL,
Assembled stiffness mateix of the sy stem:
vy Uz Usg Uy
i s |
{ -1 o o Uy
5
[E] & o -1 t+2 -2 o va N
'/en
Py -2 2+3 -3 U3
o (@] -3 o] U[_'
Ezw.blvu.wm ev;.aﬁmﬂ O‘B” 'Hs’e 53$+em :
1 - o o U\ [ P
lo; I 3 v
- -2 o 2
‘ , = o L ()
6 -2 5 -3 Uz °
r—o 0 -3 3-" ._UL"J Lloo OJ

By l‘nc.orPoraJ‘fnj the bounola.rj condition U =0, E?'(l)

e O\U.Ce S ’I'o

5 3 - 2 () Uz o
o |-, s _3 |{Us } = ¢ o (2)
0 -3 3 Vi [eoe
- -2
soluHon ajl Ez-(‘?-): y ~2 m, qu [-9233x%x10 M,

-2
g= lo m, Uz =1.5xlo
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