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Preface

This solutions manual is intended to aid the instructor in assigning homework problems from the
book, Singiresu S. Rao, The Finite Element Method in Engineering, 5™ Edition, Elsevier
Butterworth-Heinemann, Boston, 2011. Solutions of most of the problems are given in this
solutions manual. It is advised that the instructor review the problems and solutions before
assigning them so that he/she can see the possible alternate approaches for solving a particulaf
problem. Most of the problems can be modified either by changing the data and/or by expanding
the scope of the solution to generate new problems. The MATLAB programs described in
Chapter 23 are available at the web site of the book: www.elsevierdirect.com/9781856176613.
The author appreciates receiving comments on the book as well as any errors found in the book
or solutions manual. They can be sent by email to srao@miami.edu. Finally, I would like to
thank my wife, Kamala, for her tolerance and patience while preparing this solutions manual.

Singiresu S. Rao

May 2, 2011
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Chapter T

Overview of Finite Element
Method
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For R=4:

U
N s(x)___ 2‘,\.‘ R sim I": S( )= an R Tan —-E'
3 5.1962 10.3923
4 5.6569 8.0000
5 5.8779 7.2654
6 6.0000 _ 6.9282
7 6.0744 6.7420
8 6.1229 6.6274
9 6.1564 6.5515
10 6.1803 6.4984
11 6.1981 6.4598
12 6.2117 6.4308
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—~(2 (16) (40)(3) ! _ {34-28‘37 }
P 70 (05) {'} ~ ] 34,2857
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These egua;l:\'owg Y ;‘ela

T, = 65414 °C and T3 = 41:335°C
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@ @) element characteristic matrices:

4 3
c’|=.___._.7”(‘ = n (S") = 9:-5874 xto
128 /vl* l| 128( -6 x«o—s)(""’o) . S/LA-SEC
4 4 3
02= T"c‘g = W(Q) = 0.163%36 x10
1284 £, 128 (1€ x 16 &) (1500) :ns/},b—sec
L'
T da ™ (4" | 3
Cg= ———— = ¢ = 1.9635%lo
123 j4 ﬂg 128 (1r6 x 16 ° ) (2000) ;n;/LA-SeC
Fl‘Pe Mf with nodes | amd 2: 2
. - [}
EN O _ _
[k ]'c.[' ']:qssv-e[' ']'
-1 | -1 ] 2
Fl'(oe element 2 with nodes 2 ard 3:
2 3
2> - | - . ¢ = 2
Ek ]-Cz[_' ‘]— l636°[—| |-}3
F.‘Pe elovnant 3 with nodes 2 amd 4
2 4
(3) T R I -t ]z
k)= e [-n (]"?“'5 [:' 'Je
ASSemHeJ cka.ra.cfen‘sh'c ma.tru'x:
(9587.4 - 9587.4 o o |
- . (95874 ~163:6 - 19635
[5]: 9587- 4 —\-‘63‘4
-\-l‘?é?‘S)
o - 163-6 1636 Lo}
| o -19613.5 o 19635 |
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System ezua;h'On S:

e

- N PR
§587.4 -95874 o o () &\
_9587.4 17145 -163.6 -1963:5 1’2& K,

| : St ={g.f )
© -163-6 636 9 3 &,
| o -1963:5 o (3635 ﬁ.‘ | Q4|

wWhere @ is the external Clow vate of node -

Since the Presswes ak nodeg 1,3 amd 4 ore known,
P, is the unknown pressure i Ep- (1) with Q,=o.
BY uging he Kmouwn values, .= 20, f’3= 15 amd
t," |§ psi Eg- (1D com be rewritten i the form

(¢587-4 o o o |[ # 95874 ¥ 20
o n7Iy's o o ke 9587-4 P+ 1636 P3
~/ +1963-5 P4
o 0 163:6 © b3 = 223655
' 16 3:6 % I5¢ P3
LO °© °© '?63'?_ P4 1963-5 ®¥15.p, -
(2)
EZ' (@) 9ives the nodal pressures Qs .
223655 :
= ' = —0 = 20921 ps
P, =20 b5 BT i 19 psi

ps = 1S PST, P =15 psi

(b> Volume flow rates ' pipe elenend® :

&= <1 (him Pa)= 95874 (20 = 170121
= 8704-323 in feec
Q,=¢; (P-F) = 16360 (19-0921— (5D

= 669 4676 ;‘n;/Sec
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Q= 3 (Pa-by) = 1963:5 (110921 —15)
- = 8034.83F in /Sec

Tt cam be verifred that the inflow vate CIDNE eym-zq
& the total outs low ra.{-e( &, + &3 _

() TReynolds number for flow in each of the pipe

ele.mtn‘ll:s :
Re:ﬂ_?‘-: ‘fQO‘_—_LIf&
A wd* T4 M
&=
For pipe W,

A () (704 -2)

= 4 ._.: - S
Rev ( T'/A Af(,,_) TF(I‘GXIJG)(‘;>
= 04126936 X 106

For pipe elornent 2:
4 (.9 (669-5)
Re= L!(U.). T‘(' € %16 6>(2)
For rr’eei,w—»%i'a G
Re = L*(_L 4 (9) (803 y4- g ) e hG4ES X 1o
Tr(léxxo€>(lf>
(d> Since Re > 2000 in each pipe W(Ze_gmw»ﬁ),

tke flow is furbulent in oL Pépe elernets .

=o.024411] %10
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: NG (e> (e)
(e e _
= J2~ {‘k(uz - Y, >} (Uz Vi )
(e () \*
=h ok (v - U ) (s

Eg-(!) cam be e,&PreSS‘eJ v matrix dorm a3

(e)
(e> () &« -k U,
= 1 v Ly (2 >
™ 2 % | 2 } [—k K ] { Uz(e) ,

er e T == (€
“="'zU( [ k] U (3>
Where U (e> |
e - ' - vector of nodah W
U Uzm

of elemEnf

amd

[(k® ] = stiffness motrix of element .

ij c_omfa-fv:ns EﬁS‘ (2) OJY\.A (3), the Sfu'f-;Fness mo.“'r,")(

k] = « [_', "‘:] (4
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40 @ @—9- P
/’ kl ‘kz

e=-1 e= 2
P, (reaCh‘oh) Fp=o0 P3=F
glement stiffness matrices: v, Uz
01 _ t — i ] _ 5 i - Uy N (')
D< ]_ kl[—| { = |0 [__‘ |]u9_ /’m
Uz UB

@ L - _ S|t —1 | V2 N/ (2)
[k ]: kz[_' 1]"5’“" [_' ‘—JUB ™

ASS’emHeJ S'l:ff—f-ne.ff matrix oac-"l'ke SjS"{?em .

U~ vz Lz
5 i -1 © l - o Uy
Q:]: ° -t 1+5 -5 :'os -1 ¢ =5 |v2 (3
o -5 5 o -5 § jvs

EZu\‘{.'bru'u.m e,2ucd:c‘ons of the SY stem :

Uy P

{ - | o

g = (4>
© -85 5 Us looo

By using the condition U=o in Egp-(4D, i€ by
Aé\e%inj the row omvd column correSPOno(inj i U;
B ()5 We o blam

s (e -5 “*.:{o } D
(o _s 5 Us t0co |
Solution of E2 . (5> gives the nodal &/Kdola_um-wrt :

Ug= orolowm, Uz= 0012 m (6D
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L A« 4¢
4 2
O 8 \/W\Ar—@—vvwx;w—-—-’ P
e=| e=2 e= 3
I"_—’Fl i—u-Fz:o '——»F;:o —->FL’=P
(reaction)
gEle ment watrices: v, Va
P — ! 5 | -] WU
[k"]= k'[—: ! ] =10 E' J L2 N/
Va V3
@) - % to=17 5 v - Va
[I< ] 2 L s 2 xlo _ ' Us N/m
i _ Uz Y4 0
3) . = — 3
K = kg | ]— 3 % lo Vo= N
[ ] [~ | _ l:}Ul., /
AsSembled stiffness matrix of the sy stem:
vy V2 Uz Uy
5 ‘ "‘“l o o U,
[,'5]: N e I T A ST LN
/o
o -2 2+3 -3 U3
0o o -3 o UL'
Ezu,:lclmtum eva.a.to'n& O‘Bf the Sjg'(’em :
Tr =+ o o] [u] P
lo; | 3 v
- -2 0 2 _ o (t
P! ’
6 -2 5 -3 Uz o
| o o -3 31| Yy 1006

By IncorPora*:"f) the boundary condition U =0, EZ‘('>

reduces to

s 3 -2 o

1o -2 5 -3
| o -3 3 |

Solution ef Ep-(2):

Uq -
Us }
Yy

-2

Ug = 1o

o

-—

. |

m, Ua:l‘SXlO

looco

2

(2)

~2
m, UJ.': |.9?33x10 m.

Copyright © 2011, Elsevier Inc. All rights reserved.



UI:O

v =0
> =" "2 b Y=
2 €=\ e= zb ex= 3
— | e P I - — 7
‘ (reach‘an) ' (Y‘ea._c'h‘on)
E\ehﬂenf matrices o.m.ﬂk OMD{ WWS e douix of

the SjS’l,’e,m ore Aame ai the ones given in the So (ution
of Problem 1-14.

Ssystem ez/w:(fbn'um e_zg.atzm: ( be fore ada@{(g«:fj the

Known boundaxy conditions):

{ - o o U) P

(05 - 3 -2 o U2 P=looo (1)
o -2 5 -3 U3z - o
K o -3 3 Uy Py

Using the known boun&arj corditions, U‘: Uy =0
Eﬁ'(') reduces o

(05 3 -2 {Uz}z {[aoc} Cz)
-2 5 Us °
solution of E;. (2) is:

Upg= 0004545 m, Ujz= croc |818 m (3)

1-21
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[-—— Ui=o i——->~u2- Y3 *—>.U4
e=1 e=2 e=3
|_'r. | l’*’rz=|> P_,:;:o l_"’9=°
(rea-_ci'«‘gn) »

Ele me~vt A&'W maFitces ane ,ga.n-n.a.a.z the ors 3u'ven
i the Solution of Problem 1.14.

system @—vayex-'_m ( before aaﬂolj\‘nﬁ the known Eouno‘a.rg
condition):

B 1 o o o ||V } (P )
mS -\ 3 -2 o Uz.g— ﬁloc:oc 5 D
o -2 g -3 ﬁ Us °
L o o -3 3 L) L9
S‘ys{'em ezua-kz‘ons (w_f—‘fer usinj tke bo uhola-r’j
condition , Uy =0): |
s 3 -2 o Vo oG o |
{0 _ 2 5 ~3 Ug = o (2>
o -3 3 Uy o
Solution of Ez-('z) :
1.0
- UQ_ -2
U = Us = 1.0 o m (3)
UQ {.0
1-22
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—> U= 0 — Vg ——w-ul’
@ «) k3 «s
?—'V- ANV~ “WAA— = AMANA—e
e= e=3 @ e="5 @ P
[ ] :
—— kz @ kL’ —— U3—O
€=-2 e:['

Element stiffness matrices:

(VN Va
5 -
[k(njz (o [' |:] o N/m
-1 I U2
Uy UVa
- Vi
(@)= 2x0 | ' T W
-1 | Uz
Uag Uy
(3) 5 -1 Uag
U‘ = 3 %10 !
] - o, N/
. Usg Uz
[k(‘l')]_—_ 4,('0 [[ —-]__\Uz N/m
-\ (—. Usg
Uy Us
5
U(G')J: 5 X 10 l —'] Uy N oo
- i Usg ,

ASSEWLIEA‘S{'(:F:FY\ES‘S matrix of the SjS'l:em.‘

Uy vy U3 Uy Us
I+ 2 -1 -2 o o o Vi
I 2¢3+Y4  —4 -3 o | va
[K]: 0 -2 1+ Y
n
o -4 4 © o Vg
o -3 s) 2+5 -5 v,
© c c -5 5 Ug
e -

1-23
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system egu-"ibr.‘um ezua:l:\‘ons' (before a’ﬂ"ﬁ‘“j the
boundery conditions):

3 -3 o o 6 | U P
s | -3 1o -4 -3 o U2 o z
e o -y 4 o o Us = P3
° -3 o 8 -5 Yy °
0 o o -5 5 Us Ps: logo

Sy stem e&uaf’ﬁ'ows (a.,gfe.- ugw'nﬁ e Known bouno\a.rg

conditions, U, =Uz=0):

5 (o -3 o UVa ( © 2 |
e | -3 8 _s|[{uyp =140 g 7
L O -5 Y US‘J loco
Solution of EZs~ (1)
Uz oro00 |4 28
v = Uy - 6004762 ™ (2)
Ug cr0067 62
1-24
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-Qcmz, E; =207 é[’a., 5 (': Lolm
© |

] e=2 .
——-> ?' =1 —_— Pz =0 / _— F; = P
(re@ ctiond

Az: 'ZCma, Ez-: 7' GPG),XZ:GO (4,1
E‘eme\'\t Sh'ffness matrices: ‘

[« = AEr [.‘ -:]z (trx'o-")(zo-/xlo?) [-:'

40 x 10

r u| Ua

7 T - U
= 207 %o ‘ ] N
[" { Uz [

- )

(1)‘ Ain[' ""J_(zxxoq)('ﬂxco) I —l]
[k ]= 2 - 6o xi6 2 - {
v U3

2.36¢7 w10 | V7! ] Ve N/
= 4 0
' -1 I U3 m
AssemL(eo\ St\.ff ness mﬁ-{'h'x
207 - 207 o
y ' N
va]z ‘e —20°7 20-742:3667 -72°'3667 /m
o - 2:3667 2:36€77

'Sjsl:em egui(fLrium ezua-'\?l‘ons befare a...t;lo\jmﬂ bouno(a.rj
conditions:

207 - 207 o U z " P

-

lo ~-20:7 2%-06¢ 7T -2:3667 U‘?-[: ° (1)
o —2.3G¢7 2.36¢67 ALU3 toco

Sy stem ezul(n'lpru'um ezuo-A‘CanS a,{‘[’er a'}v}e(j{nj ,oouna(arj
conditions
23:066 7 —2:3667 Ua o
to7 [ ]{ } :{ } (2>
-23667 2-3667 J (Y3 looa
1-25
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Solution of Eg- (2):
v - 00483
P TR AR
U3 O'L(708

stress in E(emeht {:

Uog —U
d—‘ - E’€| - El(—z__——-‘
£,
= 207 x 10~ (0-0493 "°>x!;q
4o x 10 2

2: 4995 ><|¢>6 N/mz

Stress in element 2:

o, = E; €, = E?_(Ua"%.)
‘ Lo

- 7,,‘(09 (o-q'loa —0-0983\‘;’1
60 x1o > /

6 2
= 4.995956 xi0 N/m

1-26
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— Ug -——'»Uq:o

4
; j{f; @

®
:
;

NN % SN
®

€ =1 e=2 e=3
— P| ——-'?FZ:O "'"F3=F , _—"P"
(reaction) (reaction)
Element stiffness matrices:
- 2 |
A= 'Sxaoqm, E, = 207xto??a,) /(,z 0.2 m
Aey _ (5 ’Ho-q)(io’lxtoa) 6
- : = 517'% %o N/ m
ﬂ-( 0.2
[ ) v
K? 7= 5115 S N
-\
A;Ea _ (3% -4 207 X6 : ¢
‘Z_Q’—-( M. )i > = 2070 % 10 N/m
z o

' 3 Po=)
(7= zomoxe’ [ 7)) M

-4 2
Ag= t xte  wm Ejz = '207)6(03 P , ﬂg': o4m

AsEs _ (xio” ") (207 x16%) = 5075 x 1o N/
13 04 i )

[k(nj = 5\-7'5“05 [_‘, —“ ] N/ m

Assembled s{:(ﬁfness matrix ¢

o =
5{7.5 —517-5 o 0
K 6
[NJ = 10 -517.5 517542070 —20770 ' 0 N/
m
o —2070 267.0+51:75 ~5(1%
0 s __;|.75 5(‘-75_
- 1-27
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System eguilibrium before applying boundary conditions:

[ 517.5  _s517.5 . o o |(ur P,

0 | =517 2o..5 -2070 o V2V _¢ o
°_ -207:0 258.75 -5175 | [ Us 2000

I ° o =575 51075 | { Uy Py

S‘jste\m EZuf“brfum ezu.auh‘ons a_f'b@.r ;n(Och\ra,{']'nj
He Bouna\ax\j conditions U,

YTOWS Obno‘

= Uy =0 (bj cleleh‘nﬁ

| a.nol 4 n O.Love, e&ua,'\'ith):

€ | 7245 —2070 Usg o l ‘

to = (1>
—2070 25875 Us 2000/

Solution of Eg. (1)

Y21 -y (o026 )
|

c-lo00 2

columns

stress ia e,(eme.ni: (A‘l’e‘a) 1

- : _ -4
OT'E.G‘=E|(U___2£U‘>=zo?xuo? (o 0286 °>co
l

o2
2:9601 x (o N/ ®
Stress v element (step) 2:

07= Es & = Ey <—__U3’U"’)
L2
= 49404 x10® N/t

Stress in element (Afep) 3:

: — o (¢ -4
E3 €3= E3 ( Uqu__Us >= 207 %10 (O e looz> 1o
3

o+ 4
- 5-18573 Xlos N/mz

” — [ "H
- 207x|09<° loo2 °0296)|o
0°3

O3

1

1-28
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@ sdealigat ot . dwide the frame tnto N heam eltments

b2 ‘; : L
) (2 (m]
i P
L2
Fl'j.-f (w)
) ]
0 n+y X

@ vterpolation model and eloment matrices
Y for slemarts tn || section , shaon in Fig (@) s
w0 wiaxial dssplacemerts ovt . U5 iy

Wz(e) WS‘ICJ
W}(e%f«_\ /A_\W‘e) e
j ugl - bb-i'.ng""bz'xz'f b;xs
L—>7c Lohere a,, a: gre determined b WA, Wy
a1, 0 by ba by are determined by Wa*, Wz’é)
- W!.m), W‘(e). ’

Strasnm Mcrg/j. DJL the elements .
(e) 1  pte) ©. db( N 2
i =t [ A e er (L) Ay

=1 T —
=1 W LKL W
§x4 £x]

1-29
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ﬁ)jLW&{mm‘(’/ﬂ S L3 gcectien , ¢haon in P4 (6D,

1e)
P

y Wﬁ)’f’* o ‘w0 unidsiad f{:k«p{m;cmzwﬁ xXHT bdez), M;i)

[;i iﬂ - {MXZCHQ?T@?+&f

w uj‘ez) = do+ d Y

where Ao, d, are Astermired 1’7 Wit WO,
Cm&uczxgmed%amwai%jmﬁmypﬁwf

@h W,

T (B)

cvain enegy 0% Lhos elomordt .

) | e o dz .ez - 1) )
iz, (B e -Lpyad- 4

-1 '—#A)T\ (e — ()
—Z-Wn(e fk l,“, Ws:q

&) — wit®
Wue - ws'e
W.'_te)

WY

W‘W)

@) aemily of clement and duwation 6% system equation
1=

¥Vz

H <.
TL,{_({C) + ém'ﬂ 7—[4:_) - Wp

W?: P]‘V\/Zz:_ﬁz + Pz‘V\/zml

1-30
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WM”LY‘? B.C.: W\=Wr=Wh=v, Wam1 = Whon :W3M3 = 0.
WWW‘”{;M CtZ)’Lb{,Wﬂ&(\
E K]Gn-é)xun-a)' M{%h*‘)xl - P(;»—e),\;
sotve this qwéw% W can be obtained | 50 tie Axsplapment
wrt&r'}&mm frovctions Uy, Hf,), U, ui‘? ol be adetepmined .
(B stress dsstributbiort .
) For LI Sectier .
le) dll, _ 2__&].“
=E&7 = B (5 )
W for La sestcont

U;(e)_ té(e)_ E. (a(ul . &Z;{t_)

1-31

Copyright © 2011, Elsevier Inc. All rights reserved.



(€7 2
Eg. Q |9> f/(E(E) © <a w dx (E,O

gshane w(%> A given _‘JJ %,((-17)‘.

' (® -~ (e _
w= N )W 0 O N (0.1 N (0 W

(52
D;WQH@ ofg Ez (E:2> Twice with 77&{@,,((} +t a y:’el&S’

2 VR v ® g ® O
if = NS W, 4N, Wy +Np Wyt Ny W (e3)
P8

/" A G " 2 X
Na (n)= — — 1z —— x)= — 2oy + 6 ,_(E.lp)
3 1 g’ M ¢ g’ 2

substitution of Eps(E-4) emd (£:9) inte . (E.1)
lads £ terms  of 1 Type

= 10 [ @ D

e) 2
PRERONO L £ 2N,
) K(E) ﬂ(e)
(]
5 2 /((@>
E(evT(@ 3¢ % — 72 % 4 48 %
f(e)‘-’ ﬂce) I() o

=12 E(e)I(e)/ﬂ(evg (6.6
sheve EO1® 4 agtumed T Lo comstant  Evaluodion
agnilﬁ)mlﬂmgices)(ywﬁ,(;~l{zq Liads & E.(1-17).
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5, ;,/IE\?’T_ 'Bea,m i"f K?\%?
T J

fi
61 I~ t e
pL? R ¥
SI\ 5,— , 6,=
o ; : _ V. z€r 2EI
e - P, A
— . . / , 2ET
S?-L / 5. - p, A
9;3:37 Pa - 2" ET
Eoily Pl oamd P ek trt
S\—i— gz = {
6,'{‘ 87_:- o
3 g% 12 ET
R _ _ = %
Py (zez a(ze: > 1 N R g3 !
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3 2
F3[ & _+Fg/g
361 37 L or
- P
T
| Er

Reactions at [e:gf end can be
fD’AHCJ :)Cmm €&u,4'/.‘!;r.‘um e.zua_{,'ons

>1b~

3 2
F?’(' _ P;K :
—;’E}-—’ 7 27 ZE€eT

l . .
F“X , 6. = F‘fg

T ? 9 ﬁ
7
) 1-35
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. 63 +64 = |
/g,? 2 6ET — 4
ZZEI FRRVEEI 350 .
2 £1 =
_ 4—51 _ 4
5 . b, = 7 44
RAT L ORA g
2ET £+ “5—5%: k34
_€ez FLET
km";z'f ?—\ “‘f‘r’i‘l‘
I4

(

\ -

;EI Reactions of ol com be Fourd
from eﬁu.ﬁ-LEE‘r[um e?(.LO/tZGTV3
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\ A E — P!
i P
e =
. Zl:l Zz.:a
k— A —
F,:S’Omw £ ot lef(ﬂ-ﬂ;‘& 9,5 ©D oA
D - (s (een ) = (&) (i) (S

= £ .1 A+ AL
+ (25
P b, = bov cppibibin . Pzl

= K.

= g k:z )
9‘:_1,/
- - -{r
P /© t’;’?{’z:’
P-b—g&uwt—ub-‘( o ComAst 2=J(M%=o>g.f‘

:
e
‘
!

Nejiedr

Convectiem
§rom S’mhf
Surfaces

1273

CSuLL a%
P&RS). .
7 - - ‘rcﬁaﬁr\
H—c,a.i'M LLWUM’MJM&@WXLE
_ 4T

MWEM: - %

" Srvik
e ycamw C,orxilc» Vity e
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4
H—-CJ@ZUX ;,,jﬂu——f ok nede (D = "kgA(Zl;"Fi
Nrese A.F a-’"“""‘a"’%’ ULJK’XEC;&WJN‘Q‘@
= 'L"w
Unie il;_r:—rz_-r. F‘WLM
L
Q-j .
Foz - kA (Tl (o)

Sﬂ";;(“}‘j_‘]? w g&M e«mﬁ‘j -r\g'&’—@ A;_‘lx-,b'rtcfm—\_

7 (k)

EOADJCO‘M (? Qn»\ﬂ? Oa] Conmm lpe 'uvrnjc'l'th " *m_&t“‘btx
e at

T AR

Thes ‘l’FCg, WQM ot x o’&‘u’\l fin 1S
given b ke T A = A
g— ‘(}k_l’ "'AQ_ Al—j
IB—{:{{L O&/\WM (A -(-Az)/y,,i/g va&J o
WO‘E A| Of\’\A Az, 1wt O’u'_ou.ﬂ
AEICACIOY SR

)

Fo= — 4 A, (TI-TZ).
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0 °-=" ®© " "—::2 @

-_— F —> PZ:P —_ P';
(rch'(‘:oh) (reaction)
Tlement stcffness matrices:
| Ly Uz
(D2 . o= _ -1 Vi |
[x ]'k‘[—a l]'soo[—r l]Uz N / v ()
' UQ_ Ug '
> _ o - %0 - v
(® = 4o [, 7 = v0e ! 0 N @
Assembled 4tiffress ma.irix'. .
Soo0 —-500 s o
K| =
["’] =-500 500+ 800 —Ff0O0 N/mm (3>
o - 800 foo

Sys'l:em egugi(\'l:riurn ei/uavf't'Ons (befare adafalj.‘nj bouncqarj
conclc'{:“on$> '

5006 —500 o |V Fi
-500 13 ¢c0 ;goo U = 000 (">
o — 800 | 800 U3 P;

SjS‘{’em QU;...( ‘brium G_Z)A_atmvf (a..gc{'er a-a‘»dy%&r—? bo—wno(afg,

LOVLS 5 U| - U3—~0>
(lace ) vy, = 1000 (5>

Solution of Es. GO

Up= 0.7692 mm ©)
Reactions ok fixed ends : (Use £z (4)):
Pb= 500U, —500U; = —384-6 N
Ps= -800 Uy + 800Us = _ 515.4 N

Copyright © 2011, Els]eTéIan. All rights reserved.



— U= —Vz

@W%

» 2
—*F, —PP2=P — [3=0
(rea.ch‘on)
Element stiffness matrices: U, Va
K(') - | -} - 0 '[' -1 ] U) ()
L ] ky [-, :] 400 o (1 u, N/
Uy Us

[(®] - o ! "'] = 600 [_'| "(J 8: N /mm ()

Assembld s{'-‘ffnes: ma.'lfrfx Of the SﬂS'"Em:

[K -] 400 — 400 o
~ ~4oo 400 + Goo -600 N/rnm (3)
le] — 600 oo

SHS‘I’em e,&u;(l'br{um ezua«f’n'or)s (Before %M fﬁe
bOunAarj COno\iL—a‘on>:

400 - 400 o Uy Pi 2
-4oo tooo — 600 Ua = 4 800 ( (45
o —~ 600 GooO U3 ]

System eautl.‘bn‘um e,aua:l'.'on.s, by deleting row and
column 1 in Eg- (4> f5 incovrporate the condition, U=o:

[lqoo —éoojguz}_{g@o} | )
—600 600 Uj I QP

Solution of Ep-(5): U, =Uz= 2 mm

Reoction ak fixed node (From vrow ! of Eg.(‘f)>:

R= 400U, — 400Uy = — 800 N ¢)

1-40
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—_ U\z -—)-UZ __>U3 _»U"
4 ﬁVVVN"“"“W/VVNA/*'_“‘\ﬁVNNfVV“—“*
2 LY Kz LE
| €= I e= 3 l
P' Pz— -loo Pg: So quo
(reo.ch’ob)

Elemen{' s{:.‘ff ness matrices:

. -1 . — - N
[‘5(4) ]’ ke [:‘t l] with k.= 4o, %,=20, ky=60 T

Assemb(eA stiffness ma.'ltrax of the SjS'l:Em

40 -40 o o |
Kl=1l-y0 4o+z0 -20 o |
2] N/
o] ~20 20460 —-6o
| © o ~-60 6o |

system eguilibrium ez’/uo.-'h‘ons be fore opplying b.c:s:

(40 4o o O] U,z P, z

-40 60 -20 o Ug Y = ¢ 100 (n
o ~-20 fo ~60}|| Vs 50 J _

| o o -60 cof{ Yy o

SySJrem e_&u.a-tm% a..jl"‘er %‘“ﬂ the Kwnown bouno‘a,rj

condi tiom, Uy=o !

60 -20 e TJ( V2 (00
-20 §o -60 [ U3 )= 50 Z (2)
| © -60  Go | Uy o |
Selution of Eg.(2):
Up= =125 mm, Uz= 1'25 mwm , VUy= 125 mm

1-41
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-

p=2x107Ibf - sec/in’
p = 2.0slugs/ft’

' @ 71 =1 p.(e)
09]- [k =22 { H }
091- 1k 128u@|-1 1 ||p¥

For the pipe network . B
1 -1 I -1

=19.6350 for nodes 1and 3
-1 1 -1 1

[ (1)] 77(2
' 128(2x 107 f10000)

¢ 1 -1 1 -1
[K(z)] 1 56) =4.1417 for nodes 2and 3
128(2><10‘ )(15000 -1 1 -1 1

1
-1

1
-1

(3) -1 : 1 -1
[ ] 5 =23.9684 for nodes 3 and 4
128(2>< 10' )(20000 1 -1 1

-1 1 -1
[K(4)] : =39.7608 for nodes 3 and 5
128(2 x 10“ )(25000 1 -1 1

Assembled the global matrix is

[ 19.6350 0 ~19.6350 0 0 ]
0 41417 —4.1417 0 o |
[K]=|-19.6350 -4.1417 87.5059 -—23.9684 —39.7608
0 0 ~23.9684 23.9684 0
0 0 ~39.7608 0 39.7608 |
(7] (28]
P 20 ,
We know that P =< P,y ¢ =19 P ¢ thus we can write in terms of a diagonal matrix as
D 22
wps) (24
(0] [19.6350 0 0 0 0 1(p) [549.779
0, 0  4.1417 0 0 0 p, | 82.835
0,b=| 0 0  87.5059 0 0 |psp=92114178;
0, 0 0 0 239684 0 .| [527.306
o) L 0 0 0 0 39.7608 || ps | 254.259 |

These equations can be solve to find that

p; =24.1604 psi

a. laminar flow in each pipe segment?
From the definition of Reynolds number

1-42
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Re.ynola"f number (Re> i given LJ

Re:fVo‘_ 2+ 0 v- 4 — v d
h M (44™) (@xw®) 0+ 0207736
where
= & - 753922 _ )5 09g) in/gec
A, 31416
vo= 82 . 172320 _ 9.9513 in/sec
Az T (15™)
4

v = 51-7824 = 23 = 0o-54%0 l'n/,gec
2 A3
TG

Q, _ 6:3735 _

vV = (1091 in/ gec
4 A ™ % /
v 7 (3)
Hence ,
v, dy. 23.99¢) (2
For elermendt 1 Re = : = — (22 = 230%. 0638
06020736 0:020736 Turbulent
Fordymﬁmi’zi Re = _\_,ﬁ_d_z_a - ?'7‘5‘3(.‘83 = 765389\
o:020736 ©-020736 L aminar
For element 3: R = Vvzdsz _ (0.5490(2:5) _ (271. §219
e~ T e 736 \r o2
0020736 6r020 Laminar
For element 4: o - _ﬁf_ﬁ‘.ﬁ‘.—- _ (- loqt (3:0) €o. 46o)
€” 0.020736  o.020736

Laminar

b. Pressure at node 3
From above we know that p; = 24.1604 psi

c. Volume flow rates in each pipe segment
0" (e, (p,-p,) )| [75.3904
c,(p,-p,)| [17.2313
\ — =
0®[ ey (ps-p)| |51.7814
0@| lelp-ps)) (637762

As a check , we can see that mass is conserved because total inflow at 1 equals total outflow at 2, 3 and 4.

in/s

1-43
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| | 4 |
4’ 3 >
c,= 1% m(3) = 0.268. x0 . -

123 /I‘l_t ) Izs(l'quEG)('Scwo)

4 4 3
c,= 42 ___g-rr(z) = 0.0374 X 10
128 A 82 128 (15 x15 &) (7000)

4 4
C3= Trd? = n (' 3 > -.—_o.lq'73 3103
128 14 L3 128 (15 x o ®) (4000)
4 4 _ 3
C‘t: TJ" =_Tr(?. D —0.0436 Xlo
(2824 %y 128 (4.5 x15 ) (6009
4 Y 3
Ce = _lr_ii_— = (2-5 % = 0.079% X110
23 4 &s (28 (1.5 x107¢) (8000
4 3
¢ = 7\—46 -~ A} (‘4) - 0:'00 2327 X110
6 (28 M L 128 (1-5 x:o'e) (5000
4 4 3
c, = Tdz = ™ (2 ) = 0.08727x 10
129 )‘_; £7 128 (;-9x19_6> (3000)
y 4 3
o = dg _ T (3 D = 0,6627 xlo
8 I29/;9~8 28 (15 xi6 &) (2009)
4 ", 4 | 3
C?: TA? = Al (2 s ) = o0l065 X0
(28 J2 Ry 128 (vs x16 €D (€ooo)
4 4 ~ 3
c - ﬁL _ o (2257 = 0:1065 %10
° 128 B le 128 (1rsxiz®) (600D
4‘ 3‘
[(9) - ¢ { ~ 1 « . Element characteristic
K] e | ' ; | t
I ] Y motrix of element @

€= 1,2,:, 10 )
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AS‘Seleea‘ charactertstic matrix:
K _
[N] -
— 1 ! 2 I : ! 4 I > ' é ! T § | 2 1l -
0:2651, © |, O |e265)1 O | o ' 6 + © | o , ©
— — _ — b - —_—— e e — — ——
ST 7 : ke .
o 0 7"';0-037#| © | o ' o ' o , ¢, o o
L e e e —— —_ e —— — —_ - ——t— -
} 003 12005 = [ ' : : | !
-0 1 (g3 o apa O o
7 , T 17 o © T (0032 ! ° : © : °©
e o oy e ] e e e | — l —— c—— -—--———-‘————'— — —-[— —————————
0 265}; ;- 10:2.65] | : |- ! !
, © o-l'-l'73:l°""l73)' ‘0 y O l; o {o.oq“% ¢ i ls)
| |o-09?61 | l [ :
R A - - - -k — e =
S lo-003211 = | _ | : l
O ' o 0003271 O lowg72T10: 6627 00g727, © , O . ©
3 ' l | 10:66271 , | | |
L s s e el el e et
© | 06 1 6 ([ 0 156621006627 0 1 o0 | o : o
1 | | | 1 | 1
SRR R el el il
| - [« 14 l— -
° 1o 'r © : ° '°'°87ﬁ|| O o.gg727,9°0797,001065] ©
| | i ! | lo 1065 1 | !
R ST T T Ty T ooy T T
| ! .
I l l- f | l" '0 0‘136: '-
0O ' o © |owok36) o | 0 00799p:0799 0-1665
> ! | , ) o106 65 | _:_
_..—_.'____l. ....__l..___i__—___‘._._. — _I...__...'_____. — —— o]
\ ' ! - lg» o
R e e e N
L e e e e e — = - e - e — =
: : ' : | ! - 1041065
&) ; o ! o f o ' O ! O ) l(.\-l¢>65l 0 l° '
- 1 '\ l, : - | | ' —

where the nodes of A'fferent orments one assumed axg

indcated below:

Elementl € | | .2 .3 . 4 5 6 A 8 - 9 10

Node .'_j_ u 3 4 4 4 3 5 5 71 _&_

PIE — — — o . = — - _ — - —_ — —

Nede |4 | 4 2 3 8 7 5 7 6 9 o
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SE‘S“"E\M eﬁwa.tm can be e&Presse& as

[5] f - :‘.i | D)
where
.[-—; = vecTor of noolai fressu.res

T
= {1’; P P f'z., Ps Fe F-’ Fs F? ho}

T
= {22 20 P3 By F5 18 P, Pg 14 l7}

amd (

& = vector of nodad external flow rates -

_fa @81 Sy O5 S %7 S Lo T,
T

= {Q, R 6 0 © &g o o0 & &,
By using the known nodaX W, EZs. (1) com Le
ex ged with l_;= £ P, ]o" Ps Py P }T as the veclor

0f unknowns ob
(e :-74805

[ 6.18797 -0.1473 =ci00327 © o P
—o-1473 0.4560 o o ~-00436 h, o
| 24 - o.081271 =1n-
—0+00327 o ¢ 15324 6.0872 o 1P5Lf‘1" ?284}
o o —0:08727 4,27367 -0-07%9 b, 1y qlo
i o -o0438 G -0-0799 °'23°‘2.JU’9, Kz
| )

Solution of Egs- (2) Jives the [pressures -

{1’3 by Ps B Fg}g {7-(2“ 3.6206 17:6163 15095y (33021}
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@ Using the relation
- . 1 [1 -1n
/ T =lg@F = —— i
<y R@L JM

The characteristic matrices for each element are

1 -1
[K(1]=L[ i 1}fornodeslandz

SIS

10
1 1]
[K(Z)]= l for nodes 3 and 4
4 _—1 1 |
1 -1 .
[K(3)]= l for nodes 2 and 3
6 _—1 1 |
F1 1]
[K(4)] = l for nodes 2 and 3
8 _—1 1 i
Assembled into the global matrix
0.1000 —0.1000 0 0
[K] |- 0.1000 03917 -0.2917 0
o 02917 0.5417 -0.2500
0 0 —~0.2500 0.2500
We know that
/ v 40
{
f/“ = VZ = V2
Vs £
v, 0
The system equations can then be expressed as
0.1000 0 0 0 V1
.0 0.3917 -0.2917 0 v,
0 -02017 05417 0 |[n|
0 0 0 025007,
This gives :
V2 =17V
V,=9v
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Therefore the currents are

er _VZT
R
(10} \y—p,| (22951
.9 R, 2.2951
ST IO AU Il RS
2 3
I R, 0.9836
Vz_Va
L R4

As a check, we can see that the total current remains constant JO = @~ 768 ¢ I,

1-48

Copyright © 2011, Elsevier Inc. All rights reserved.



RL’:
10

' — 20V
——‘\/\/\/\/‘—I—\/\/\/\
R3=I5 @ R.=30

Element chara cteristic matrices :

-y

[ -

L A o@)
/\NV\/—g@ AA/1

(<)
€97 L

[

Wl"t"\ Rl= 20, RZ: 25, Rg-—. '5_) FH: 10 QJI’J Rs = 30,

Assembled W&tc madFux
! 2 3

:] ;

o ‘,Z,Z)L;,.S

Copyright © 2011, Elsevier Inc. All rights reserved.

\sv

_ C 5
005+ 004y -00667 =—005 o o
40.0667 —0oY
£1-
~ -6 066G 00667 o 0 —-0:0333
-0.05-0-0Yy o 005+ _ o\ o
oo+
o |
° © o | 01 o
L © -o0-0333 0 o  o:0333
SyS‘Pem e,aua..{'.'ans :
— 7 r 8
01567 —o0:066"7 -0:09 o o VI °
-0:6667 o-lO o 0O -o0-0323 vV, ©
~o:0f G 0'19 -o-to o ¢V3)y = 2 o
0 0 —c:10* otlo O V,r o
o -0+0333 o e ©:0333 V,
" OTEI LTS L ©
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Since V, is the on‘j UnknNoewn in Ei.'(zj , wifl

V=0, V3 =20, V, =I5 W Vg =0, we express The

) =
f.‘rsf‘ QMOT\ c§ Ei/' (2) af
or

0:1667 Vv, = 00667 V, + 0:09 V3 = 009 (20) = 1.¢
ov

V= 14869 V
The currents i elementi cam be ur.-\fuﬂ-nf ol

I = Vg — Vi - 20~ 11- 4869 = 0.4256 Ampere
l R, ) 26

_ Vg—\l, _ 20-—11'4]369 - 0-?1105 Amrere
T2 %, 25

_ Va~Vi _ 20 -1486% _ ;5475 Ampere
Iz —2— =
Rz s
' - - 15
14 = u = 2o L = 0.5 Amrere
Ry 1o
.= Y2-V¥5 _ °2-° - o Ampere
5 RS 30
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—s U2 — U3
@ @ €= | @1 e=2 J@
——a-Fv ——->P2=o —_>F3=P

(reaction)

Element St ffness .ma.Jc rices
From Solutiow of Problem 1-10, element S‘l'if_{—neﬂ

matrix of au X,t'nearly ‘f"a.,k_uua! ben is given Ly
( ) (ed (&)

[k(n]:( ZAZ )’E'[(?)[_', __‘l:] B (0‘

with @© () ©>

A© (= A+ PR (2>
ZLQ)

) ‘) (\)

Heve A(|)= b4 m and A() = Zm ad A+ -3 '.“"
2

| () 30 x1io -1 _
E‘:I: 2 (Box T ]:2.2;,.05[' '}L‘,An

490 - -1 )

2 0?) - : ET1 - | :
[()] 2(30)( o -" 'l]:: 20 A0 [_' ‘] u/ln

Assembled st fjfhess ma,{'r.x of ‘Hie SjStEm

Ug Vs
¢ 2. 25 ~2.25 0 Vi
[5—] = 10 _2.25 2:25 4+ 2.4 -—2-0 | Ug (2
o —2.0 2:0 Us
SljS+em e&ui“b ri’wm e&u.a.ﬂom b{,ﬁ.&z a.da”/(?«&ng b.c.s:
" 2.25 -3,
| 6 2:-25 O Ul ’2 ’F' ,Z
e -2:25 4-25 -2.0 UZ. = o (Q)
o ~2.0 2.0 UgJ loo_f
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sjstem egu.‘(:‘br:um eg/ua;\'rons a@aﬂor% The
| b'C-, U,ZO (by Mnﬁ ‘HR{ Yo w Q.nﬂ_p‘ co(umn
corresPonol:nj o U, in Eg-(‘r)):

6 4-25 - 2:0 Vg e
{to =
-2.0 zooJ{UB} {‘00} (5>

solution a! EZ. (F) :

Us _ . |
{ = loq ° L,Lyqq} o ()
Vs o 94 bt i ‘

Ave_ra-je /ﬂ'i'ess in e\emen'lT 1

“> My _0) 0y [Va — V)
O;V - E ea.v = E £ >
= 30 MoG o-klgh — O ,;L’
40
= 33.33 LU /in% @)

Stress in element 2:

O_CZ)z E(?—ﬁ e(ﬂ - E(ﬂ Uz — U,
_/@(z)

. - - -4
= zoxidt (o Shlth — o bl -

30 /

= Bo:00 ﬂ/.‘nz (8)
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P
“i .
— l:.,‘ —> P, =000 —> F=o ‘];9‘*: b
(reac von) L oo

Element stiffness matrices:

[K(')]= AL E! [-t' —r‘} _ QS%IJH>(207 cion) ['I' —-s]

2

o: ¢
vV, Vg
5 | - Vi
= 5178.0 x0 N/m )
-1 ] U2
E‘m} A2 [ =1 Y exie ) (Tixie]) [ —']
fo Lv 1l 09 =t !
Vz_ Ug
gg7-sxw0 | L 12 (
= ’ X110 . 2
[K(a)]= Az B3 1 -1 (Sxic;"j)(ll‘?qu> ) —)]
13 - ) o 4 -1 l
Uz Ul.' N
— . v3
= 1487.5 X 10 L - N /em (35
- { U‘/
Assembled £tiffvess matrix:
[ 51750 -51750 o o IR
[k] 5 l-5175.06 (51750 . _gg7.5 0 Va
VI B +887-5)
0 ~¢g7-5 (885 -~ 1487:5 | V3
+llt8‘7-5>
. v
L ° 0 ~tug7.s  HETS | Y
) Vg Ua Uy
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System epuilibrium eguations before opplaying

bou.ho(a-_rj conditions:

— N Y
r‘Sl'?E'-O ~-5175-0 o o UV, Pi T
’ < :'l
o —-887'5 2375-0 -1487'5 Ugr r@ .
| ° o 14875 (4875 || Yy \‘5""/
4)
SzS‘I’em eaua-—'t'(ons odter a«‘alolj‘nj He bouno(a:rv condition,
Ul=Oz
60625 - 8875 o Uzl §|ooo 2
5 ‘ ., —
o | _g87-5 237950 - 1487°5 Uaf’ c f
o -_--xq37»5 1487- 5 Yy ("5""’
oWwTion ¢ . (5 :
EZ 5

-5 -
Vp= 0.0966 xio > m, Ug=-0'466g8xie m, U, =-0-8029xi0 m

S"}'TCSS' in M1

_ _ Uy— U 9 (0.6966—0\ =° 4
d_! = El 61—5\( 2 \>= 207 xl1o0 (————6——‘)‘0 = 33.327 %10
. l ar
N /m®
stress in eloment 2
_5
;=& Gz’Ez[w-uz>=7lxm‘i 7o H66E 109768 4,
L2 | 0.8
= _32.9552 yio N/m>
Stress in element 3: 5
Uy - U q[-0-8029 0466 8\,
Gz = E;G;: Eg( 4 3 =||$xlo( lo
f3 04

= —99-98%97 x (oq N/m'z.
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Element cko.ra,c_'}’eh'sh'c ma.’l'n'ces:

[K(‘b]: kéi) [\ —-l] PR

=1 i

(e) Kk . (@ 0.2
k' = ¢ =°L' = 0:02667 ‘kz =_§—:0‘04
te (5 -
( (3
D) _
(K )= 02667 [' ! :\ |
-1 \ 2
(2) 2 _al 2
E{ ]: 6:0 4 [‘ ]
-1 ! 3
Assembled hanodincelic s ST
' ) 2 3
’—o-0266’7 ~0-06260677 6 ]

(k7=

~0:02 667 (00266 7+ - -X 2
ocol)
- o —~0-04 ooy’ 3‘
system e&uah‘ons be fore applying Llouno{o.\'j conduilion :
c.02667

-0:02667 o

T £ -—oz
—0012 66—7 0.06667 _o:oL’ T‘Z :_"‘ F.’_ =0 (l)
o — 004 ool T3 F3=O J

Since T?_ s 'H?e Only.unnnown’, e rn.-alawe e&ua..ﬁ“an °§

Ey. (1) can be rewritten as

—0:02667 T, 4 0-06¢¢c7 Tg — 0ol Tz =0
or

066667 Ty = 0.02661 T, 4 004 Tz = 5. 467

(o"o 70
or
To= 5467 /0.06667 = 82°
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T, = Ty, = 200°C
F:[K(E)]fzﬁ[l _l}f
f-1 1

For each element

ko5
31,
[K@)]:%sz:-l 1 —11:
[K@)]:%l_—ll —11_

Assembled into the global

-

[ 0.0800 —0.0800 0 0 0
—-0.0800 0.1100 —0.0300 0 0
[k]=| o ~0.0300 0.0433 -0.0133 = 0
0 0 —~0.0133 0.0258 -0.0125
0 0 - 0 ~0.0125 0.0125 |
We know that
(1,]  [200)
T, T,
T ={T, =41, ¢
T4 T4
ﬂ;, gSOJ
Thus the system of equations can be written as
"0.0800 0 0 0 o () [16
0 0.1100 —0.0300 0 0 ||T, 0
0 ~0.0300 0.0433 -00133 0 RI;=40 ¢
0 0 —-0.0133  0.0258 0 ||T, 0
0 0 0 0 0.0125||T; ) |0.625]

Here, I© represents the vector of heat fluxes applied at the nodes. We make the assumption that there are no
heat fluxes (i.e. no heat sources or sinks) within the wall so that F,, F, and F, are zero. Therefore the

temperatures are
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Lnbﬂ .::.’ﬂ w}ﬂ N)ﬂ »._.)ﬂ

200 .
190.6639
=+¢165.7677;°C
109.7510
50
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